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Abstract

In the present paper we have first developed a dynamical model of two-species
ecosystem with time-dependent parameters. We have then extended the theory for
randomly fluctuating environmental parameters. As applications we have investi-
gated the stochastic behaviour of two prey-predator ecosystems.
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1. Introduction

An ecosystem in a static environment is characterized by parameters which are fixed
for all time. The parameters (such as birth rate, death rate, etc.) appearing in the
model equations describing the system are kept constants. In reality the parameters are
not fixed, they vary with the changing or fluctuating environments [1]. For example, the
birth rates, growth and death rates etc depending on various environmental factors such as
temperature, humidity, sunlight, soil moisture, nutrients and many others vary with time.
The variation of the parameters may be deterministic or stochastic. The deterministic
variation of parameters may be of the type of exponential or periodic growth rate and
logistically variable carrying capacity etc [2]. The stochastic variation of parameters
may be characterized by aperiodic noise (white noise or other colour noise etc.) [3].

In the present paper we have first developed a dynamical model of a general two-
species ecosystem and discussed the necessary mathematical tools for the stochastic
version of the dynamical system with time-dependent parameters. As application we have
investigated two prey-predator systems driven by randomly fluctuating environmental
parameters.
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2. Two-Species Ecosystem with Time-Dependent Parameters:
Dynamical Model and Analysis

We consider a two species ecosystem discussed by the system of differential equations

dN1/dt = F1(N1, N2, φ(t)) (2.1a)

dN2/dt = F2(N1, N2, φ(t)) (2.1b)

where N1 and N2 are the population sizes of the two-species system, φ(t) is a single
time-dependent parameter whose mean value over a long period of time is φ∗. We
assume that a steady-state solution of the system (2.1) (with φ(t) held constant at φ∗) is
asymptotically stable. We also assume that a small deviation in φ about the mean value
causes a small fluctuation in the static of the system. We denote the deviation of φ(t)

from the mean value by
f (t) = φ(t) − φ∗ (2.2)

Let (N∗
1 , N∗

2 ) be the steady-state population and also let x1 and x2 be the deviation of
(N1, N2) from the steady-state value (N∗

1 , N∗
2 )

x1 = N1 − N∗
1 (2.3a)

x2 = N2 − N∗
2 (2.3b)

Linearising the system of equations (2.1) about the steady-state (N∗
1 , N∗

2 ) we have

dx1/dt = F1(N
∗
1 , N∗

2 , φ∗) + (∂F1/∂N1)
∗x1 + (∂F1/∂N2)

∗x2 + (∂F1/∂φ)∗f (t)

= A11x1 + A12x2 + α1f (t) (2.4a)

dx2/dt = F2(N
∗
1 , N∗

2 , φ∗) + (∂F2/∂N1)
∗x1 + (∂F2/∂N2)

∗x2 + (∂F2/∂φ)∗f (t)

= A21x1 + A22x2 + α2f (t) (2.4b)

where

A11 = (∂F1/∂N1)
∗, A12 = (∂F1/∂N2)

∗, A21 = (∂F2/∂N1)
∗, A22 = (∂F2/∂N2)

∗

α1 = (∂F1/∂φ)∗, α2 = (∂F2/∂φ)∗ (2.5)

The solution of the system of the equations (2.4) and (2.5) is the sum of complementary
functions (transient, initial condition dependent) and a persisting ‘particular integral’
which is independent of initial conditions. Since we are interested in the persisting
fluctuations it is convenient to use Fourier transform to convert the two simultaneous
differential equations (2.4) and (2.5) into two simultaneous algebraic equations. Taking
Fourier transform of the equations (2.4) and (2.5) we have

iωx̄1(ω) = A11x̄1(ω) + A12x̄2(ω) + α1f̄ (ω) (2.6a)

iωx̄2(ω) = A21x̄1(ω) + A22x̄2(ω) + α2f̄ (ω) (2.6b)
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where

x̄i(ω) =
∫ T/2

−T/2
xi(t) exp(−iωt)dt i = 1, 2 (2.7)

are the Fourier transformation of xi(t), t ∈ [−T/2, T /2]. Solving the system of equa-
tions (2.6) we have

x̄1(ω) = T1(ω)f̄ (ω) (2.8a)

x̄2(ω) = T2(ω)f̄ (ω) (2.8b)

where Ti(ω) (i = 1, 2) are the transfer functions given by [1]

T1(ω) = A12α2 − A22α1 + iωα1

(ω2
0 − ω2) + iωβ

(2.9a)

T2(ω) = A21α1 − A11α2 + iωα1

(ω2
0 − ω2) + iωβ

(2.9b)

where the quantities

β = −(A11 + A22) (2.10a)

ω2
0 = A11A22 − A12A21 (2.10b)

are both positive for the original stable steady-state [4]. These quantities play significant
role in the characteristic behaviours of the steady-state [4].

3. Parametric Fluctuation:Stochastic Model

The system under consideration reveals stochastic or random nature under the effect of
fluctuating environmental parameters φ(t). Driven by the parametric fluctuation fi(t),
the population xi(t) turns to a random variable. For random parametric fluctuation fi(t)

the system of equations (2.4 ) and (2.5) reduces to the system of stochastic equations
[3]. For the stochastic analysis of the system we need two fundamental concepts of
stochastic process namely the auto co-variance and spectral density fluctuation of the
random variables xi(t)(i = 1, 2). The auto co-variance which is a measure of co-relation
between population fluctuation xi(t) at time t and a latter time (t + τ) is defined by [1,3]

C(τ) = < xi(t)xi(t + τ) >

= 1

2�

∫ T

0
xi(t)xi(t + τ)dt (3.1)

where <> denotes average over a very large time interval (0,T). The spectral density
Sxi(t)(ω) of xi(t) is the Fourier transform of the auto co-variance function C(τ). We
have, infact, the Fourier transform pair [1]

Sxi
(ω) =

∫ ∞

−∞
C(τ) exp(−iωτ)dτ (3.2a)

C(τ) = 1

2�

∫ ∞

−∞
Sxi

(ω) exp(iωτ)dω (3.2b)
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As a corollary of (3.2b) we get the variance of fluctuation of xi(t) as

σ 2(xi) = C(0) = 1

2�

∫ ∞

−∞
Sxi

(ω)dω (3.3)

The problem is now to study the effect of the environmental fluctuation fi(t) on the
population fluctuation xi(t). We can do this by relating the spectral density Sxi

(ω) of
population fluctuation xi(t) with the spectral density Sfi

(ω) of the parametric fluctuation
fi(t) . The relation is given by [1]

Sxi
(ω) = |Ti(ω)|2Sfi

(ω) (3.4)

Once the spectral density is known, calculation of the fluctuation intensity (or variance)
and auto co-variance is simply a matter of using the following relation [1]

σ 2(xi) = 1

2�

∫ ∞

−∞
Sxi

(ω)dω (3.5a)

C(τ) = 1

2�

∫ ∞

−∞
Sxi

(ω) exp(iωτ)dω (3.5b)

The evaluation of these expression (3.5) is possible once. We know the nature of the
driving fluctuation fi(t), namely the explicit expression of the spectral density Sfi

(ω).
We may consider two distinct cases [1]:

(a) The driving fluctuation is a aperiodic noise namely the ‘white noise’of unit spectral
density

Sfi
(ω) = 1 ∀ ω (3.6)

(b) The driving fluctuation fi(t) is of the periodic component of frequency ωp super-
imposed on the same noise background, so that

Sfi
(ω) = 1 + β[δ(ω − ωp) + δ(ω + ωp)] (3.7)

where β is a constant.

4. Applications:Parametric Fluctuation and System Stability

As application we shall investigate the dynamical behaviour of stability of two models
of prey-predator system with the effect of fluctuating environmental parameters.

4.1. Lotka-Volterra classical prey-predator system

Let us first consider the classical Lotke-Volterra prey-predator system [5]

dN1/dt = N1(a − bN2) (4.1a)

dN2/dt = N2(−c + dN1) (4.1b)
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where N1 and N2 are the population sizes of prey and predator species respectively. The
parameters a, b, c, d are all positive. We assume the growth rate of prey a to be time-
dependent a = a(t) and let a∗ be the mean value or stable value of a. The stationary or

steady-state of the system are (N∗
1 , N∗

2 ) = (0, 0) and
( c

d
,
a

b

)
. The steady-state (0,0) is

an unstable saddle point. We are, however, interested in the second steady-state
( c

d
,
a

b

)
.

Let the fluctuations or deviation of the population and the parameter be given by

x1 = N1 − N∗
1 , x2 = N2 − N∗

2 , f (t) = a(t) − a∗ (4.2)

Following the section (2) the linearised system of equations are

∂x1/∂t = A11x1 + A12x2 + α1f (t) (4.3a)

∂x2/∂t = A21x1 + A22x2 + α2f (t) (4.3b)

where

A11 = 0, A12 = −cb

d
, A21 = ad

b
, A22 = 0 (4.4a)

α1 = c

d
, α2 = 0 (4.4b)

β = −(A11 + A22) = 0 (4.4c)

ω2
0 = A11A22 − A12A21 = ac (4.4d)

Since A11 + A22 = 0, A11A22 − A12A21 > 0. The trajectories corresponding to the

stationary state
( c

d
,
a

b

)
with constant parameters is a periodic orbit. Let us now consider

time-dependent parameter (growth-rate) a(t). Then proceeding as in section (2), we have
the transformation functions [1]

T1(ω) =
iωc
d

(ac − ω2)
(4.5a)

T2(ω) =
ac
d

(ac − ω2)
(4.5b)
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Let us first consider the driving fluctuation fi(t) to be an aperiodic white noise of unit
spectral density. Then following (3.4), (3.5) and (4.5) we have

σ 2(x1) = Cx1(0) = 1

2�

∫ ∞

−∞
|T1(ω)|2dω

= 1

2�

∫ ∞

−∞
(ωc

d
)2

(ac − ω2)2
dω

= ∞ (4.6a)

σ 2(x2) = Cx2(τ ) = 1

2�

∫ ∞

−∞
|T2(ω)|2dω

= 1

2�

∫ ∞

−∞
(ac

d
)2

(ac − ω2)2
dω

= ∞ (4.6b)

The infinitely large values of the variances functions imply instability of the system.
This is consistent with the neutral stability of the classical Lotka-Volterra system which
becomes unstable with the effect of a small environmental parametric perturbation [5].

4.2. Non Lotka-Volterra Prey-Predator System

Let us now consider a non-Lotka-Volterra prey-predator system [6–8]

dN1/dt = N2
1 (1 − N1) − N1N2 (4.7a)

dN2/dt = N2(N1 − µ) (4.7b)

Here the parameter µ is assumed to be time-dependent. As before,

x1 = N1 − N∗
1 , x2 = N2 − N∗

2 , f (t) = µ(t) − µ∗ (4.8)

be the deviation (or fluctuation) of the population sizes and the parameter µ(t) from the
respective steady-state values. The steady-states are given by

(N∗
1 , N∗

2 ) = {(0, 0), (1, 0), (µ, µ(1 − µ))} (4.9)

We are, however, interested in the species co-existence state

(N∗
1 , N∗

2 ) = (µ, µ(1 − µ)) (4.10)

For N1, N2 > 0, µ must lie in (0,1). It is easy to show that the steady-state (µ, µ(1−µ))

is stable (stable focus) if µ > 0.5 and unstable if µ < 0.5. Infact, for µ = 0.5 there
is a super-critical bifurcation. Hopf-bifurcation theorem predicts the existence of stable
limit cycle [7,8]. This is the case for the driven system with constant value of parameter
µ. Let us now study the case when the environmental parameter µ is time-dependent,
i.e when µ is a fluctuating environmental parameter. We shall study the effect of the
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fluctuating parameter on the dynamics of the system. As before we have the linearised
system of equation

dx1/dt = A11x1 + A12x2 + α1f (t) (4.11a)

dx2/dt = A21x1 + A22x2 + α2f (t) (4.11b)

where

A11 = µ(1 − 2µ), A12 = −µ, A21 = µ(1 − µ), A22 = o (4.12a)

α1 = 0, α2 = µ(1 − µ) (4.12b)

Taking Fourier transform of the system of equations (4.11) and proceeding as before, we
have the transfer functions

T1(ω) = µ(1 − µ)

(ω2
0 − ω2) + iωβ

(4.13a)

T2(ω) = µ2(1 − µ)(1 − 2µ) − iωµ(1 − µ)

iωβ
(4.13b)

where

β = −(A11 + A22) = −µ(1 − 2µ) (4.14a)

ω2
0 = A11A22 − A12A21 = µ2(1 − µ) (4.14b)

Let us now study the effect of the parametric fluctuation on the system. Two cases may
arise. We first consider the over-damped system: β > 2ω0 implying µ >

√
3/2. This

belongs to the parametric region 0.5 < µ < 1 of the stability region. For the calculation
of the auto co-variance functions we define [1]

η = [β2/4 − ω2
0]1/2 (4.15a)

λ1 = β/2 + η (4.15b)

λ2 = β/2 − η (4.15c)

A bit of calculation leads to the expressions of auto co-variance functions [1]

C1(τ ) = 1

2�

∫ ∞

−∞
|T1(ω)|2 exp(iωτ)dω

= A1

βη
[−λ2 exp(−λ1|τ |) + λ1 exp(−λ2|τ |)] (4.16a)

C2(τ ) = 1

2�

∫ ∞

−∞
|T2(ω)|2 exp(iωτ)dω

= A2

βη
[−λ2 exp(−λ1|τ |) + λ1 exp(−λ2|τ |)]

+A3

βη
[λ1 exp(−λ1|τ |) + λ2 exp(−λ2|τ |)] (4.16b)
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Figure 1: Autocorrelation function C1 for the prey species in the non Lotka–Volterra
model (4.7) with overdamped situation [β > 2ω0]. (a) µ = 0.89, (b) µ = 0.92, (c)
µ = 0.95, (d) µ = 0.98 and A1 = 1.

where A1, A2 and A3 are constants.

For τ = 0, we have the variances of the populations

C1(0) = V ar(N1) = A1

β
(4.17a)

C2(0) = V ar(N2) = A2 + A3

β
(4.17b)

which are finite implying stochastic stability of the perturbed system in the sense of
second order movement [3]. Both the co-variances in (4.16), C1(τ ) and C2(τ ) approach
zero monotonically as |τ | becomes large [Figs. 1,2]. This implies the ultimate approach
to the steady stable state in the case of over-damped system.

Let us now consider the under-damped case (β < 2ω0) implies µ <
√

3/2. In this
case we define

ω1 = [(ω2
0 − β2/4)]1/2 (4.18)
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Figure 2: Autocorrelation function C2 for the predator species in the non Lotka–Volterra
model (4.7) with overdamped situation [β > 2ω0]. (a) µ = 0.89, (b) µ = 0.92, (c)
µ = 0.95, (d) µ = 0.98 and A2 = 1, A3 = 1.

Proceeding as before we find the auto co-variance functions as

C1(τ ) = A∗
1

β

[
exp

(
−1

2
β|τ |

)]
[cos(ω1|τ |)

+ β

2ω1
sin(ω1|τ |)] (4.19a)

C2(τ ) = A∗
2

β

[
exp

(
−1

2
β|τ |

)]
[cos(ω1|τ |) + β

2ω1
sin(ω1|τ |)]

+A∗
3

β

[
exp

(
−1

2
β|τ |

)]
[cos(ω1|τ |) − β

2ω1
sin(ω1|τ |)] (4.19b)

where A∗
1, A

∗
2 and A∗

3 are constants. For τ = 0, we have the variances of the population

V ar(N1) = C1(0) = A∗
1

β
(4.20a)

V ar(N2) = C2(0) = A∗
2 + A∗

3

β
(4.20b)

which are finite implying the stochastic stability of the perturbed under-damped system in
the sense of the second order moment [3]. The periodic characters of the auto co-variance
functions C1(τ ) and C2(τ ) implies oscillatory returns of the perturbed under-damped
system to steady equilibrium state [Figs. 3,4].
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Figure 3: Autocorrelation function C1 for the prey species in the non Lotka–Volterra
model (4.7) with underdamped situation [β < 2ω0]. (a) µ = 0.2, (b) µ = 0.4, (c)
µ = 0.6, (d) µ = 0.8 and A∗

1 = 1.

Figure 4: Autocorrelation function C2 for the predator species in the non Lotka–Volterra
model (4.7) with underdamped situation [β < 2ω0]. (a) µ = 0.2, (b) µ = 0.4, (c)
µ = 0.6, (d) µ = 0.8 and A∗

2 = 1, A∗
3 = 1.



Stochastic Analysis of Two-Species Ecosystems with Fluctuating Parameters 21

5. Conclusion

There are simple examples of systems with time-dependent parameters. Most population
growths infact involve time-dependent growth coefficients. The actual growth of a tree
during a year depends on time-varying ambient conditions of temperature and rainfall
which change from month to month but are essentially repeated a year later. The growth
of bacteria in soil is effected by daily and annual variations of temperature and so on
[2,9,10]. The variations of time-dependent parameters may be of this type. The variation
may be deterministic governed by exponential or power-law. The stochastic variations
may be stochastic depending on the stochastic nature of the fluctuating environmental
parameters.

In the present paper we have first developed a stochastic dynamical model of a two-
species ecosystem to study the effect of randomly fluctuating environmental parameters
on the dynamical behaviour of the ecosystem. As application we have investigate the
stability of two ecosystems with randomly fluctuating parameters. In the first case we
have studied the classical Lotka-Volterra prey-predator system and showed that the sys-
tem which is neutrally stable for constant parameter becomes unstable when fluctuating
parameter (Here the growth rate) is purely a periodic characterized by a ‘white-noise’.
The second system is a non Lotka-Volterra non-linear prey-predator system having the
single parameter µ lying within (0,1). The system is stable in the range 0.5 < µ < 1
and unstable in the range 0 < µ < 0.5. µ = 0.5 is a bifurcation point. Under the effect
of the randomly fluctuating parameter µ characterized by a ’white-noise’ the stability
of the system is not disturbed. Two cases arise, for over-damped system (µ >

√
3/2)

the approach to the stable steady-state is exponential where as for under-damped system
(µ <

√
3/2) the approach to the stable equilibrium is oscillatory. In both the cases we

have the parametric fluctuation governed by aperiodic noise.
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