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Abstract

A second-order ordinary differential equation which is linear in the second-order
derivative term can be converted into an infinite number of inequivalent total
differential equations in three variables. If at least two of the latter equations are
integrable, they yield two first integrals of the ordinary differential equation and,
hence, the general solution.
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1. INTRODUCTION

A second-order ordinary differential equation with a two-parameter symmetry group
can be solved by quadratures by transformations of the independent and the dependent
variables [1]. In this paper, we describe an alternative method. Consider a second-order
ordinary differential equation of the form

a(z,y,y') + bz, y,y')y" =0, (1)
where 3/ = % and iy’ = %. Setting z = ¢/, equation (1) can be expressed as
dz
a(%?/az)‘i‘b(x;y’z)@ :07 (2)

or as the total differential equation

a(x,y, z)dx + b(z,y, z)dz = 0. (3)
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If a(x,y, z) consists of a sum of n terms, n > 1,

CL({E, Y, Z) = Z ai(xa Y, Z)a
i=1
then, with 7; + g, = 1, 1 < i < n, employing dz = 1dy, every term a;(z,y, z)dz,
1 <7 < n, can be expressed as

ai(l',y,Z)dl’ = (%—f—ul)a,(x,y,z)dx
= ’Yzaz(l',y,Z)dl’+/LzaZ(ZL’,y,Z)dI

1
= Viai('ra Y, Z)dx + Niai('rv Y, Z);dy
Thus, equation (1) can be expressed as the total differential equation

With F = (P, Q, R), equation (4) is integrable, i.e., there exists an integrating factor
which makes it exact, if and only if [2]

F - curl(F) = 0. %)

Every choice of v; (with p; = 1 — ;) yields a different total differential equation

of the form (4). If (at least) two of the total differential equations are integrable, their

solutions yield two first integrals of equation (1), elimination of the first-order derivative

terms from which then yields the general solution of equation (1). The integrability

of equation (4) is required because, otherwise, its solution would involve an arbitrary
dy

relation ¢(x,y, z) = 0 which, in general, would be inconsistent with z = .

2. SYMMETRIES AND INTEGRATING FACTORS OF TOTAL
DIFFERENTIAL EQUATIONS

Let G = {g. : € € I}, where I C Ris an open interval containing 0, be a one-parameter
local Lie group [3] acting on R3, g. : R® — R3,

e - (xvya Z) = (‘%agvg)

If, expressing equation (4) in the new variables (Z, g, Z) results in an equation which is
equivalent to

P(%,y,2)dT + Q(Z, 9, 2)dy + R(Z, y, 2)dz = 0,
i.e., equation (4) in the new variables, then equation (4) is invariant under G and the
group G is a symmetry group of equation (4). A necessary condition that G' be a



A Method of Solution of a Class of Second-Order Ordinary Ditferential Equations 3

symmetry group of equation (4) is that the components &, 1 and ¢ of the infinitesimal
generator

0 0 0
vV = f(l’,y,2>£ + 77($ay72)8_y + C(mayaz)a

of G satisfy the equations [4]

R(Pof+ P+ P.C+ P&+ Qne+ RG:) — P(Rol+ Ryn+ R.(+ PS.+Qn.+ R(.) = 0
(6)

and

R(Q.£+Qyun+Q.C+ P&, +Qny+ R(,) — Q(R.&+ Ryn+ R.(+ P, +Qn.+ R(,) = 0.
(7)
Equations (6) and (7) imply

Q(Paé+ Pyn+ PoC+ P&+ Qne+ RG:) — P(Qu€ +Qyn+ Q-(+ P&, +Qny + R(y) = 0,

(8)
and any two of equations (6), (7) and (8) imply the third. Without regard to a symmetry
group, any triple (£, 7, () which satisfies any two of equations (6), (7) and (8) yields an
integrating factor

p=[P(x,y,2)¢(x,y,2) + Q. y, 2)n(z, ¥, 2) + R(z,y, 2)C(z,y,2)] 1 (9

of an integrable equation (4) provided that
P(z,y,2)6(x,y,2) + Q. y, 2)n(x,y, 2) + R(z, y, 2)((x,y, 2) # 0.
3. AN EXAMPLE

Consider the ordinary differential equation

dy dy\? d?y
2y Y S Ty} |
ydx+3x (d$) + Y3 0 (10)

Setting z = Z—z transforms equation (10) into

& _

2uz + 3x2° + dxy
dz

0,
or the total differential equation

2yzdr + 3w dr + 4xydz = 0. (11)
Letv; + p; = 1,7 = 1, 2. Then equation (11) can be expressed as

2viyzde + 21 yzdr + 3v.x22dr 4 3pexz*de + dwydz = 0
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or, employing dxr = %dy,
2viyzdax + 2pydy + 3vexzidr + 3pexzdy + dxydz = 0,

1.e.,
(2m1yz + 3ypz2?)dx + (2p1y + 3porz)dy + drydz = 0. (12)

The values, if any, of v; (with y; = 1 — ;), @ = 1, 2, will be determined in order that
equation (12) be integrable. With

F = (2y1yz + 37222, 2uy + 3ppxz, 4ay),

curl(F) = ((4 — 3pa)x, (271 — 4)y + 67222, (32 — 2m1)2),

and the requirement that
F-curl(F)=0

results in the condition
ryz(12p72) + 2°2° (129 + Ypavy2) + ¥ (4pu (1 — 2)) =0,

which gives
p1y2 = 0, y2(4 + 3puz) = 0 and py (11 —2) = 0.

There are three solutions (v;, 14;), 1 = 1,2:

71:17 :U’1:07 72207 /JJ2:17 (13)
N=2, p1=-1,702=0 u =1, (14)

and . 4
94! y M1 y V2 3 M2 3 (15)

The resulting integrable total differential equations, corresponding to the cases (13),
(14) and (15), respectively, are

2yzdx + 3xzdy + dxydz = 0, (16)
dyzdx + (3xz — 2y)dy + dxydz = 0 (17)

and
(2yz + Txz?)dx — dwzdy + drydz = 0. (18)

Since any three first integrals of a second-order ordinary differential equation are
related, only two of the equations (16), (17) and (18) need to be solved.
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It is evident, by inspection, that equation (16) is invariant under the group defined by
(i)7 g? 2) = (e€'x7 y? Z)?
with the infinitesimal generator v = z-2. Then (£,7,¢) = (z,0,0) satisfies equations
(6) and (7),
(2yz,3xz,4zxy) - (2,0,0) = 2zyz

yields the integrating factor 4 = @, and equation (16) becomes

2yz d 3xz J dxy

x dz =0,
2xyz * 2xyz 4 2xyz

which is equivalent to

2 3 4
—dv + —dy + —dz = 0,
T Y z

with the solution
2In |z| +3In|y| +41n|z| = ¢,
or
22yt = k. (19)
Equation (18) is invariant under the group defined by

(,9,2) = (e°z, eQay, e°z),

with the infinitesimal generator v = x% + 23/@% + z%. Then (§,7,¢) = (z,2y,2)
satisfies equations (6) and (7),

(2yz + Tx2?, —4xz, dzy) - (z,2y, 2) = T2°2% — 2xy2

yields the integrating factor v = , and equation (18) becomes

1
71222 —2xy2

2yz + Taz? D 4oz ) 4y =0,
7?22 — 2xyz 7222 — 2xyz Tx22% — 2xyz
which is equivalent to
2y + Txz 4x 4y
— dy + ——————dz =0

T2z — 2xy g, 21y y+ Txz? — 2yz ==

with the solution
—In|z| 4+ 2In|7zz — 2y| — 2In|z| = ¢,
or ,
Trz — 2
(T2 —2y)" _ c. (20)

x22
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Thus, with z = %, two first integrals of equation (10) are given by equations (19) and
(20). In order to eliminate z, solve equation (20) for 2* and, by equation (19), replace it
by L2, to obtain the expression

(TVe F Ve)'k = 16y". 1)

Certain algebraic manipulations are required in order to eliminate the sign ambiguity
and the square roots. By equation (21),

16y" = k(492 + c F 14y/c/x)?
= k(49%2% + & + 294cx F 28 - 49v/c a1 F 28¢v/c\/ ).

Expressing the latter equation as

+28k+/cv/z (492 + ¢) = 2401kx? + kc? + 294kcx — 16y°
and squaring gives

784k*cx (497 + ¢)* = (2401kz?* + kc® + 294kcx — 16y7)?,

the general solution of equation (10).

4. THE SYMMETRY GROUPS

Let G = {g. : € € I}, where I C Ris an open interval containing 0, be a one-parameter
local Lie group, g. : R? — R?, g. - (z,y) = (Z,7). Then G determines a group
G={g.:c€1}7. (x,y,2) = (,7,%), where (#,§) = g - (x,y) and Z = Z_If
equation (1) is invariant under G, then the resulting integrable total differential equation
(4) may or may not be invariant under the group GG. We present the results for the
example in Section 3.

Equation (10) is invariant under the four one-parameter Lie groups G, G2, G3 and Gy,

with infinitesimal generators v!, v2, v3 and v*, respectively, where

0
Gl = {gel ZEER}7 gel-(x,y):(eax,y), VlIl‘%,
G2 = {QEZEER}v g?(ﬂ?,y):<l’,€y), V2:ya_ya

, ‘ 9
Gy = {gl:ceR}, g2 (v,y) = ("7 +/2)%y), v = 2!/~

3, O
Gi = {glie € R gl (ny) = (o, (7 + T/ 7). v = y i
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2 T3

The groups G;, G, G3 and G, and their respective infinitesimal generators V', v, ¥
and v*, are
€ y Je y J y Y, 5 am aZ,
G 0 0
Gy = {G2:c€R}, G- (v,y,2) = (z,e7y,e%2), V2 = ¥y T 25
— s s 12 ) 212,
Gy = {ga Le€ R}v ge - (xaya 2) = ((‘T +6/2) Y r1/2 —|-€/2),

or 2 Z@z’
G4 = {gg:a’iER},
T (29.2) = (o, (47 1 Te /)T (7 4 Te4) )
340 3 g 0

8y_1y

0 1 0
73— /2 1/2

v

Y 0z

All three of the total differential equations (16), (17) and (18) are invariant under the
groups G; and G,. Equation (18) is invariant under the group G5 but equations (16)
and (17) are not. Equations (16) and (17) are invariant under the group G, but equation
(18) is not.

S. CONCLUSIONS

In this paper, it is shown how a second-order ordinary differential equation which
is linear in the second-order derivative can be expressed as an infinite number of
inequivalent total differential equations in three variables. If at least two of the
latter equations are integrable, their solutions provide first integrals of the ordinary
differential equation, and the elimination of the first-order derivatives yields the general
solution. The solutions of the total differential equations are obtained by construction
of integrating factors by means of the infinitesimal generators of the Lie groups
which leave the total differential equations invariant. The relations, if any, between
the symmetry groups of an ordinary differential equation and those of the resulting
integrable total differential equations are investigated.

REFERENCES

[1] Olver, P.J., 1993, Applications of Lie Groups to Differential Equations, 2nd ed.,
Springer-Verlag, New York, USA, Chapter 2.

[2] Forsyth, A. R., 1996, A Treatise on Differential Equations, 6th ed., Dover, New
York, USA, Chapter 8.



Sam Melkonian

[3] Olver, P.J., 1993, Applications of Lie Groups to Differential Equations, 2nd ed.,
Springer-Verlag, New York, USA, Chapter 1.

[4] Melkonian, S., 2023, “Symmetry Groups and Integrating Factors of Total
Differential Equations in Three Variables,” Far East Journal of Applied
Mathematics, 116(4), pp. 377-391.



