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Abstract

In this paper provides definitions and describe the properties of Common
Limit in Range of G (CLRg) compatible mappings, and prove common fixed
point for four self-mappings that are compatible in an intuitionistic fuzzy
metric space.
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1. INTRODUCTION

Grabiec [2] demonstrated the Banach contraction theorem in the fuzzy metric spaces
introduced by Kramosil and Michalek [3], Park and Kim [6] also proved common
fixed point theorem in intuitionistic fuzzy metric space. Recently, Park et al. [7]
defined an intuitionistic fuzzy metric space while Park et al. [8] proved a fixed point
Banach theorem for the contractive mapping of a complete intuitionistic fuzzy metric
space. In this paper also presents an example of common fixed theorem for a pair of
occasionally weakly compatible mappings by using the (CLRg) property in
intuitionistic fuzzy metric spaces.

2. PRELIMINARIES
In this section, we recall some definitions and known results in intuitionistic fuzzy
metric spaces.
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Definition 2.1:

A binary operation = :[0,1] x [ 0,1] — [0,1] is a continuous t-norm if it satisfies the
following conditions:

Q) * IS associative and commutative,

(i) * is continuous,

(iii) ax1=a forall a€ [0,1],

(iv)ax b < c+xdwhenever a <c and b <d, foreach ab,c,de [0,1].

Definition 2.2:

A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is a continuous t-conorm if < is satisfies
the following conditions:

(i) ¢ is commutative and associative,

(ii) ¢ is continuous,

(i) a¢ 0=aforall aglo, 1],

(iv) ad¢b<codwhenevera<candb< d, foreacha,b,c,de]O0,1].

Definition 2.3[7]:
A 5-tuple (X, M, N, =, ¢ ) is said to be an intuitionistic fuzzy metric space (shortly
IFM-space) if X is an arbitrary set, = is a continuous t-norm ,$ is a continuous t-
conorm and M, N

are fuzzy sets on X? x (0,00 ) satisfying the following conditions:
forallx,y,ze X ands, t>0.

(IFM-1) M(x,y,t) t N (x,y,t) <1,

(IFM-2) M(x, y, 0) =0,

(IFM-3) M(x,y,t)=1ifandonlyifx =y,

(IFM-4) M(X, y, t) = M(y, X, 1),
(IFM-5) M(x,y,t) *M (y, z,s) < M(X, z,t +3),
(IFM-6) M(X, Y, .) : [0, 00 ) — [0, 1] is left continuous,

(IFM-7) lim M (x, y, t) =1,
n—-oo

(IFM-8) N(x,y, 0) =1,

(IFM-9) N(x,y,t)=0ifandonly if x =y,

(IFM-10) N(X, Y, t) = N(y, x, t),

(IFM-11)  N(X, Y, ) ON(y,z 8) >N (x, z, t +5),
(IFM-12) N(X, Y, .): [0, 0 )— [0, 1] is right continuous,
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(IFM-13) lim N(x, y, t) = 0.

n—-0oo
Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (x, vy, t)
and

N(X, vy, t) denote the degree of nearness and degree of non-nearness between x and y
with respect to t, respectively.

Remark 2.4:

Every fuzzy metric space (X, M, =) is an intuitionistic fuzzy metric space if X of the
form (X, M, 1-M, =*, ¢ ) such that t- norm * and t-conorm ¢ are associated, that is,
X0y =1-((1-x)*(L-y)) forany x,y € X.

Example 2.5[ 8]:
Let (X, d) be a metric space. Denote a *b=abanda ¢ b=min{1, a+ b} for all
a, b € [0, 1]and let Mg and Ng be fuzzy sets on X 2 x (0, oo ) defined as follows.

ot _ _dxy)
Ma(x, y, 1) = t+dxy) Na(x,y. 0 = de();;y)

Then (Mg, Ng) is an intuitionistic fuzzy metric on X. We call this intuitionistic fuzzy
metric induced by a metric the standard intuitionistic fuzzy metric.

Remark 2.6:

Note the above example holds even with the t-norm a = b = min {a, b} and the
t-conorm a ¢ b = max{a, b} and hence (Mq, Ng) is an intuitionistic fuzzy metric with
respect to any continuous t-norm and continuous t- conorm.

Definition 2.7[10]:

(i) A sequence {xn} in X is said to be a Cauchy sequence iff for each e >0 ,t> 0
there exists no €N such that M(Xn, Xm ,t) > 1- € and N(Xn, Xm ,t) < € for all n,m € no.
(if) A sequence {xn} in X is said to be a converge to a point x in X if and only if
foreach €>0, t > 0 there exists no € N such that M(Xn, Xm ,t) > 1- € and N(Xn,
Xm,t) < € for all n > no.

(iii) A intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be complete if
every Cauchy sequence in it converges to a point in it.

Definition 2.8:

Two maps A and B from a fuzzy metric space (X, M, *) into itself are said to be

compatible if limM (ABx,, BAxn, t) = 1 for all t > 0, whenever {xn} is a
n—00

sequence such that lim Axn, = lim Bx, = x for some x € X.

n—-oo n—-oo
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Definition 2.9:

Two maps A and B from a intuitionistic fuzzy metric space(X, M, N, *, ¢) into

itself are said to be compatible if lim M (ABXxn, BAXn, t) =1 and lim N (ABXa,
n—-oo n—oo

BAXn, t) =0
for all t > 0, whenever {xn} is a sequence such thatlim Ax, = lim Bx, = x for

n—-oo n—oo

some X € X.

Definition 2.10:

Two maps A and B from a intuitionistic fuzzy metric space (X, M, N, x, 0) into
itself are said to be weak compatible if they commute at their coincidence points,
that is, Ax = Bx implies ABx = BAX.

Definition 2.11:

Self mappings A and S of a intuitionistic fuzzy metric space (X, M, N, =, Q) are
said to be Occasionally Weakly Compatible (OWC) if and only if there is a point
x in X, which is coincidence point of A and S at which A and S commute.

Definition 2.12:

A pair of self mappings A and S of a intuitionistic fuzzy metric space(X,M ,N,
*,0) is said to satisfy the (CLRQ) property if there exists a sequence {xn} in X
such that

lim Axn = lim Bx,= Bu, for some u € X.

n—-oo n—-oo

Proposition 2.13 :
Let S and T be compatible self maps of a intutionistic fuzzy metric space (X, M, N,*,
0) and Su = Tu for some u in X then STu=TSu=SSu=TTu.

3. COMMON FIXED POINT FOR FOUR SELF MAPPINGS

Theorem 3.1:

Let (X, M, N, *, 0) be a intuitionistic fuzzy metric space, * being continuous

t-norm and ¢ being continuous t-conorm with a *b >ab,anda¢ b < ab, foralla,b €
[0,1].

Let P, Q: X x X—»X and R, S: X x X — X be four mappings satisfying following

conditions:

(3.1.1) The pairs (P, R) and (Q, S) satisfy CLRg property

(3.1.2) M (P(x, ¥),Q(u, v),kt) > ®{M(Rx, Su ,t) * M(P(X, y), RX, t) * M(Q(u, v),

Su, t)}
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and N (P(X, y),Q(u, v),kt) < Y{N(Rx, Su, t) 0 N(P(x, y), Rx, t) ¢ N(Q(u,
v), Su, t)}
forall x,y,u,v e X, ke(,1) and @,y : [0,1]—[0,1] , Such that ®(t) >t and Y (t)
<t
for 0 <t <l. Then (P, R) and (Q, S) have point of coincidence. Moreover if the
pairs (P, R) and (Q, S) are occasionally weakly compatible, then there exists
unique x in X, Such that P(x, X) = S(x) = Q(X, X) = R(X) = x.

Proof:
Since the pairs (P, R) and (Q, S) satisfy CLRg property, there exist sequences
{n}{yn} {Xn'Fand {yn'} in X such that lim P(Xn, yn) = lim R (Xn) = Ra,
n—oo n—-oo
lim P(yn, Xn) = lim R(yn) = Rb and lim Q(Xn‘, yn‘) = lim S(an) =Sa',
n—-oo n—oo n—oo n—oo

lim Q(yn', Xn') = lim S(y»") =Sb’ ,for some a, b, a', b" in X.
n—-oo n—-oo

Step 1: We now show that the pairs (P, R) and (Q, S) have common coupled
coincidence point. We first show that Ra = Sa’, using (2.13) we have,

M (P(Xn, Yn),Q(Xn, yn), kt) > ®{M(Rxn, SXn, t) * M (P(Xn, yn), RXn, t) * M (Q (Xn,
yn), SXn, t)}

N (P(Xn, ¥n), Q(Xn, ¥n), kt) < Y{N(RXn, SXn, t) ON (P(Xn, ¥n), RXn, t) ¢ N (Q (Xn,
yn), SXn, t)}

Taking n— oo, we get
M (Ra, Sa', kt) > ®{M(Ra, Sa', t) * 1 * 1}

> d{M(Ra, Sa', t)} > M(Ra, Sa', t)
M(Ra, Sa', kt) > M(Ra, Sa', t) and
N (Ra, Sa', kt) <y¥{N(Ra, Sa',t) ¢ 0¢ 0}
P{N(Ra, Sa’, t)}
< N(Ra, Sa', t)

IA

N(Ra, Sa', kt) < N(Ra, Sa', t)
Therefore Ra = Sa' .

Similarly, we can have Rb = Sb', Also,

25
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M(P(yﬂl X”)!Q(Xn'! yn")! kt) = (I){M(Ryn! an-’ t)* M(P(yn! Xn)’ Ryn, t) * M(Q(Xn'!

yn'), Sxn', )}
M(RDb, Sa', kt) > M(Rb, Sa', t) and

N (P(yn, Xn), Q(an, Ynl),kt) Slp{N(Ryn, SXn', t) ON (P(yn, Xn), Ryn, t) ¢ N(Q(an,
Yn'), Sxn', 1)}

N(Rb, Sa', kt) < N(Rb, Sa, t).
Therefore Rb = Sa'.
Hence Rb =Sa’=Ra=Sa’. Now, for all t > 0, using condition (2.13). We have

M (P(an yn),Q(a',b'),kt) = (D{M(Rxn, 83.', t) * M(P(Xn’ Yn), RXn, t) * M(Q(al! bl)l
Sa, t)}

M(Ra,Q(a',b"), kt) > M(Ra, Q(a',b"), t) and

N (P(Xn, Yn),Q(@’, "), kt) < Y{N(Rxn, Sa', t) & N( P(Xn, Yn), Rxn, t) ¢ N(Q(a, b"),
Sa, t)}

N(Ra, Q(a, b'), kt) < N(Ra, Q(a', b"), 1).

Therefore Ra = Q(a', b'").

Similarly, we can get that Rb = Q (b', a").

In a similar fashion, we can have Sa'= P (a, b) and Sb'=P (b, a).

Thus, Q (@', b)) = Ra=Sa'=P(a, b) and Q(b', a") = Rb = Sb' = P(b, a).

Thus the pairs (P, R) and (Q, S) have coincidence points.

LetRa=P(a,b)=Q (a,b)=Sa’'=xand Rb =P (b,a) =Q (b',a) =Sh' =v.
Since (P, R) and (Q, S) are occasionally weakly compatible, so

Rx = RP (a, b) = P(Ra, Rb) = P(x, y) and Ry = RP (b, a) = P(Rb, Ra) = P(y, x) .

Sx =8Q (a, b) = Q (Sa, b)) = Q(x, y) and Sy =SQ (0", &) = Q(Sb’, Sa’) = Q(y,
X).

Step 2: We next show that x =y from (2.13),
M(x, y, kt) = M(P(a, b), Q@, b), ki)

> ®{M(Ra, Sa', t) x M(P(a, b),Sa ,t) * M(Q(a', b"), Sa' ,t)} =1 and
N(x, y, kt) = N(P(a, b), Q(a', b"), kt)



Fixed point theorems in intuitionistic fuzzy metric spaces using (CLRg) property

< P{N(Ra, Sa', t) 0 N(P(a, b),Sa ,t) 0 N(Q(a', b"), Sa', t)} = 0.
Thus, X =y.
Step 3: Now, we prove that Rx = Sx, using (2.13) again
M(Rx, Sx ,kt) = M(P(X, y),Q(Y, X), kt)
> o{M(RX, Sy, t) * M(P(x,y), Rx, t) * M(Q(y, x), Sy, t)}
> O{M(Rx, Sx, t) * M(P(X, y), Rx, t) * M(Q(y, X), Sy, t)}
M(Rx, Sx, kt) > M(Rx, Sy, t) and
N(RXx, Sx, kt) = N(P(x, ¥),Q(y, x), kt)
<PY{N(Rx, Sy, t) ¢ N(P(x, y),Rx, t) 0 N(Q(y, X), Sy, t)}
<P {N(Rx, Sx, t) 0 N(P(x, y), Rx, t) ON(Q(Y, X), Sy, )}
N(RX, Sx, kt) <N(Rx, Sy, t)
Therefore Rx = Sx = Sy.
Step 4: We prove that Rx = x.
M(RX, X, kt) = M(RX, y, kt)
= M(P(x, ¥).Q(x, y), kt)
> P{M(Rx, Sx, t) x M(P(X, y), Rx, t) * M(Q(X, y), Sx, t)} and
N(RX, X, kt) = N(Rx ,y, kt)
= N(P(x, ¥),Q(x, y), kt)
<YP{N(Rx, Sx, t) ¢ N(P(x, y), Rx, t) ¢ N(Q(X, y), Sx, t)}
Hence x = Rx = Sx = P(x, X) = Q(X, X).
This shows that P, Q, R, S have a common fixed point and uniqueness of X .

Example 3.2:
Let X= [0, «) be the usual metric space. Define f, g: X— X by fx = x + 3 and

gx = 4x for all x € X. We consider the sequence {xn}= {1+ %}.
Sincelim fxp= limgxn = 4 = g(1) € X. Therefore f and g satisfy the (CLRg)
n—->oo

n—oo

property.

27
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Example 3.3 :
The conclusion of above example remains true if the self mappings f and g is

defined on X by f(x) = E and g(x) = %x for all x € X. Let a sequence {xn} = { %}

in X.

Sincelim fxp= limgxn = 0 = g(0) € X. Therefore f and g satisfy the (CLRg)
n—-oo

n—oo

property.

Example 3.4:
Let (X, M, N, %, 0) be a intuitionistic fuzzy metric space, * being a continuous t-
t

norm and ¢ being a continuous t-conorm with X = [0, «). Define M(x, y, t) = Pay—

and

_ _Ix-yl ;
N(x, y, t) = PyYEm— forall x,yin Xandt>0.
Define mappings f: X x X — X and g: X — X as follows.
f(x,y) ={x+y,x€[0,1],y € Xand “Ty X € (1,), ye X}.
We consider the sequence Xn = {%} andy,={1+ %} then,

1

f(nyn)=f(—+142) =142 f(yn, x0) =f(1+ — =

| —
N
11
N |-
+
Sk

() =0(2)=1+2 gy =gl +2) =3+
Jim M(f(xn, yn), 9(xn), ) — 1 =g(0) and lim M(f(yn, xn), g(yn),t) — 1 = g(0)
and lim N(f(xn, yn), g(xn), t) — 0 =g(1) and lim N(f(yn, Xn), g(yn),)— 0 = g(1)

therefore, the maps f and g satisfy (CLRg) property but the maps are not
continuous.
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