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Abstract

In this paper, using the concept of fuzzy L-filter, definition of fuzzy prime L-
filter in a lattice is defined. Some elementary properties, propositions,
corollary and theorems of fuzzy prime L-filters are derived. Also some
examples related to fuzzy prime L-filter are given.
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1. INTRODUCTION

Nowadays in modern mathematics, the concept of fuzzy is an emerging topic. The
concept of fuzzy sets was introduced in 1965 by L.A.Zadeh [11]. In that, the fuzzy
group was introduced by Rosenfield [8]. Yuan and Wu [9] applied the concepts of
fuzzy sets in lattice theory. The idea of fuzzy sublattice was introduced by Ajmal [1].
In paper [4], fuzzy L-filters and level fuzzy L-filters, theorems and examples are
given. In this paper, the concept of fuzzy prime L-filter in lattices is introduced. The
new definition of fuzzy prime L-filter is defined and examples are given. The
properties of fuzzy prime L-filter are discussed. The union and intersection of two
fuzzy prime L-filters are derived.

2. PRELIMINARIES
In this section, definition of fuzzy L-filter, level fuzzy L-filter and related examples
are given.

2.1 Definition[1]
Let L be a lattice. Let 1 be a fuzzy set in L. Then W is called a fuzzy sublattice of L, if
VX VYeL,

() u(xvy)=min{puXx), uy) }

(i) p(xAy) = min{p(x), uy)
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2.2 Example
Let L ={0, a, b, c, 1}. Let w:L— [0, 1] is a fuzzy subset in L defined by p(0) = 0.6,
p(a) = 0.5, p(b) = 0.4, p(c) = 0.7, u(1) = 0.8. Then p is a fuzzy sublattice of L.
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2.3 Definition[1]
Let u be any fuzzy sublattice of a lattice and let t[0, 1]. The sublattice p: = {xeL /
H(x) = t } is called a level sublattice of .

2.4 Example
From example 2.2, let t = 0.6.Then p:= {0, ¢, 1}. Then p is a level sublattice of p.

2.5 Definition[4]

A fuzzy subset u: L— [0,1] of L is called a fuzzy L-filterof Lif V X,y € L,
() pxvy)<max {ux), uy)}

(i) pxAy) <min{ux), wy)}-

2.6 Example
LetL={0,a, b, c, 1}. Let u: L— [0,1] is a fuzzy set in L defined by p(0) = 0.3, u(a)
=0.3, u(b) =0.3, u(c) = 0.3, u(1) =0.7. Then, p is a fuzzy L-filter of L.
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2.7 Definition [4]
Let uzand po be any two fuzzy L-filters of a lattice L. 1 is said to be contained in o
if LX) < p2(x), V xe L and is denoted by 1 < po.
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2.8 Definition [4]
Let u be any fuzzy subset of a lattice L and let te [0, 1]. Then wt = { xe L/ u(x) <t}
is called level fuzzy L-filter of p.

2.9 Example [4]

Let L={0, a, b, ¢, 1}. Let u: L— [0,1] is a fuzzy set in L defined by n(0) = 0.3, u(a)
= 0.3, w(b) = 0.3, pu(c)= 0.3, u(1l) =0.5. Then p is a fuzzy L-filter of L. In this
example, lett=0.3.

Then pt = po3 = {0, a, b}.

2.10 Definition

Let u be a fuzzy L-filter of a lattice L. The level fuzzy L-filters are defined by
m={xelL/ pux)<t}

us= {xelL/uXx)<s}.

Clearly, us < prwhenevert <s.

3. FUZZY PRIME L-FILTERS

3.1 Definition

A fuzzy L-filter p of a lattice L is said to be a fuzzy prime L-filter of L if

Q) u is not a constant function and

(i) forany two fuzzy L-filter cand 6 in L if v < ., then either c c por 6 < p.

3.2 Example
Let L = {0, a, b, 1} be a lattice and u is a fuzzy L-filter of L. Then,
u(0) =0.6, u(@) = 0.4, wb) = 0.4, u(1) =0.4.

Let o and 6 be any fuzzy L-filter of L. Then,
6(0)=0.9, o(a) =0.3, o(b) =0.3, o(1) = 0.3 and
0(0)=0.5,6(a) =0, 6(b) =0.4,6(1) = 0.4.
Here,cnO c u, 0 pbut 6 c .

Hence p is a fuzzy prime L-filter of L.
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3.3 Note
o < pumeans o(x) < p(x), for all xeL.

3.4 Definition
A fuzzy L-filter p of a lattice L is called fuzzy L-prime, if the ideal w, where t = p(0),
is a prime L-filter of L.

3.5 Proposition
Let u be any fuzzy L-filter of a lattice L such that each level fuzzy L-filter w, t €
Imy, is prime. If p(x) < p(y) for some x, y € L, then p(xvy) = u(x).

3.6 Corollary
If wis any fuzzy prime L-filter of a lattice L, then p(xvy) = min {u(x), u(y)}, for all
X,y e L.

3.7 Theorem
Let u be a fuzzy prime L-filter of a Lattice L. Then card Imp = 2.

Proof

Since p is non constant, card Imp > 2.

Suppose that card Im p > 3.

Let u(1) =sand k = Sup { w(x) / xeL }.

Then there exists t, m e Imup such thatt<m <sandt<k.

Let o and 6 be two fuzzy subsets of L such that o(x) =% (t+m), forall x € L and

K,ifx ¢ um ={xeL/puXxX)>2m}
0(x) =

s, iIfX € um .
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Clearly, o is a fuzzy L-filter of L.
To show that 6 is a fuzzy L-filter of L.
Letx,y € L.

Case (i):
If X,y € um, then 6(x) =s, 6(y) =S, Xvyeumand X A Y € um. Also,
B(xvy) =s =min { 8(x), 6(y) }
= 0(xvy) > min { 6(x), 6(y) }
0( xAy ) =s =max { 6(x), 6(y) }.
= 0(XxAy) > max { 6(x), 6(y) }.
Therefore 0 is a fuzzy L-filter of L.

Case (ii):
If X € um and y¢ pm , then 6(x) =s, 6(y) =K, Xvy ¢ umand X Ay € um. Also,
0(xvy) =k =min { 6(x), 6(y) }
=min{s, k}
= 0(xvy) > min { 6(x), 6(y) }
O( xAy ) =s =max { 6(x), 6(y) }
=max {s,k}
= 0(xAy) > max { 6(x), 6(y) }.
Therefore 0 is a fuzzy L-filter of L.

Case (iii):
If X ¢ umandy ¢ um , then 6(x) = 0(y) =k, Xvy ¢ um and XAy ¢ um . Also,
0(xvy) =k =min { 6(x), 6(y) }
=min{k,k}
= 0(xvy) > min { 0(x), 6(y) }
0(xay) =k =max { 6(x), 6(y) }
=max {k, k}
= 0(xAy) > max { 6(x), 6(y) }.
Therefore 6 is a fuzzy L-filter of L.

Claim:
ovbcp.
Let x € L. Consider the following cases:
Q) Let x = 1. Then,
[ov6](x) = max {min (s(y), 6(2))}
X=yvz
<% (t+m)<s
=u(1).
(i) Letx#1, X € um. Then pu(x) >m, and
[ovB](x) = max {min (c(y), 6(2))}
X=yvz



42 M. Mullai

<% (t+m)<m
= p(x),
since min{c(y), 0(2)} < o(y).
(i)  Letx#1,Xx¢& um. Thenforanyy,z e Lsuchthatx =yvz,y ¢ umand z

& Um.
Thus 6(y) = k and 6(z) = k.
Hence

[oA0](X) = max{min(c(y),0(2)}
X =yvz
=max {min (k,k)}
=k < u(x).

Thus in any case, [cVvO](X) < u(x).
Hence ovO < .
Now there exists ye L such that u(y) =t.
Then o(y) = %2 (t+m) > u(y).
= o(y) > u(y).
Hence o .
Also, there exists xe L such that p(x) =t.
Then x € um and thus 6(x) =s > m = p(x).
= 0(X) > u(x)
HenceOc .
This shows that p is not a fuzzy prime L-filter of L, which is a contradiction to the
hypothesis.
Hence card Imp = 2.

3.8 Theorem
Let u be any fuzzy L-filter of a lattice, such that 1 Imu. Let 6 be any fuzzy prime L-
filter of L. Then uno0 is a fuzzy prime L-filter of the lattice ut = { xeL / u(x) =1 }.

Proof
To prove: u is a fuzzy L-filter of L.
Let X,y € u. Then p(x) =1 and u(y)=1.
Now,
(i) p(xvy) =min { p(x), u(y) }
=min{11}=1
(ii) p(xvy) = max { u(x), n(y)
=max{1,1}=1.
Therefore  is a fuzzy L-filter of L.
Also given 0 is a fuzzy prime L-filter of L.
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Claim:

uNo is a fuzzy prime L-filter.
If 6 is constant, say 6(x) = c, for all xeL.
Then for all xepy,
[n6](x) = min { p(x), 6(x) }

=min{1,c}=c.

Therefore un0 is a fuzzy prime L-filter, since 0 is a fuzzy prime L-filter of L.
Assume that 6 is nonconstant.
Then there exists a € [0, 1), such that
1, if xeby

0(x) = {
a, if xeL-0;

where ;= {xeL/06(x)=1}.

= 0Oisaprime L-filter.
= Ot e is a prime L-filter of p.
Next,

1, if Xxebt Nt
[nB](x) ={

a, if Xe pt- (6N )
Hence un0 is a fuzzy prime L-filter of . [since if p is a prime fuzzy L-filter then
Cardlmp = 2].

3.9 Theorem

If { wi/ i € Z+ } is any collection of nonconstant fuzzy prime filter of a lattice L such
that juc p2 < ...C un < ..., then the following statements are true:

(@). v piis a fuzzy prime L-filter of L
(b). M uiisafuzzy prime L-filter of L.

3.10 Theorem
Let L be a lattice and let u be a fuzzy prime L-filter of L. Then pu(1) = 1.

3.11 Theorem

Let L be a lattice and let p be a fuzzy subset of L such that cardimu = 2, u(0) = 1, and
the set u1 = { xeL: w(x) = (1) } is a prime L-filter of L. Then p is a fuzzy prime L-
filter of L.
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CONCLUSION

The concept of fuzzy prime L-filters is established by giving examples, theorems and
some properties. Using these, various results can be developed under the topic fuzzy
prime L-filter.
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