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Abstract

The merits and demerits of various definitions of fuzzy prime filters of a
lattice are discussed. Characterization is given through level filters of that
lattice. The relation between the definitions is discussed with examples.
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1. INTRODUCTION:

In the last few years considerable study has been made in the field of fuzzy filters of a
lattice. There exist several fuzzifications of fuzzy prime filter. Therefore it is
necessary to critically analyze and compare these definitions.

2. BACKGROUNDS:
Here we discuss some basic definitions.

Definition 2.1:

A partial order set (L, <) is said to form a lattice if for every a, b € L, Sup {a, b} and
Inf {a, b} exist in L. In that case, we write Sup {a, b} =av band Inf{a,b} =anab.

Example 2.2:

Consider the poset ¢ (A) where A = {a, b}. Then (g (A), v, A) is a lattice where v is
the union and A is the intersection.
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Example 2.3:

Consider the poset @ (A) where A ={a, b, c}. Then (@ (A), v, A) is a lattice where v
is the union and A is the intersection.

Definition 2.4:

Let (L, v, A) be a lattice. A non —empty subset S of L is called a sublattice of L if for
every,x,y € S, Xvy,XaAyeS.

Definition 2.5;

Let (L, v, A) be a lattice. A non — empty subset S of L is called a filter of L if it
satisfies the following conditions: (i) X,y € S=x Aye S. (ii)x e Sandr € L with r
>X=>res.

Definition 2.6:

A filter P in a lattice (L, v, A) is called a prime filter of L if x v y € P, then either x
ePoryeP.

Definition 2.7:
Let X be a non — empty set. A mapping u: X - [0, 1] is called a fuzzy subset of X.
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Definition 2.8:

Let 1 be any fuzzy subset of a set X. Then,{ti € [0, 1] /i € Nand u(xi) =t} is called
the image set of 1 and is denoted by Im .

Definition 2.9:

Let 1 be any fuzzy subset of aset X and t € Im p. Then the set pe ={x € X/ u(x) >
t} is called the level subset of p. Clearly, gt < ps whenever t > s.

Definition 2.10:

A fuzzy subset 1 of a lattice L is called a fuzzy filter of L if, for all x, yeL the
following conditions are satisfied:

() M(X v y) = max {u(x), K(y)}
(i) pXAy)=min {u(x), uy)}

Definition 2.11:
Let u, 6 be any two fuzzy filters of a lattice L.

Join (u v 6) of pand 6 is defined by,
(v 0)(x) = Sup {min{u(y), 8(z)}} where x, y,z e L.

X=yvz
Meet (1 A 0) of pand 6 is defined by,
(1A B)(x) = Sup {min{u(y), 6(z)}} where x, y,z e L.

X=YyAzZ

3. FUZZY PRIME FILTER
Here are some Definitions related to fuzzy prime filter of a lattice.

Definition 3.1:

A non-constant fuzzy filter p of a lattice L is called prime fuzzy filter of L, if pvn <
M, for any two fuzzy filters p and n of L, then either pc porn < .

Definition 3.2:
A fuzzy filter p of a lattice L, is called strongly fuzzy prime filter of L, if for all
X,y eL, pxvy)=pux)oruxv y)=H(y).
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Definition 3.3:

A fuzzy filter p of a L, is called completely fuzzy prime filter of L, if p(a v b) = u(1)
then either p(a) = p(2) or p(b) = p(2).

Definition 3.4:

A fuzzy filter u of a lattice L, is called fuzzy prime filter of L, if the filter ., where t
= M(2), is a prime filter of L.

Theorem 3.5:

Let i be a non — constant prime fuzzy filter of a lattice L. Then Card Im p = 2; that is
M is two — valued.

Proof:

Suppose Card Im p > 3. Let pu(1) = s. There exists, t, m € Im p such thatt > m > s,
Letk = Lub.{u(x)/x € L}. Thent<k and s <k.

Consider the fuzzy subset o of L such that o(x) = %(t + m) for all x € L. Then, cis a
fuzzy filter of L. Consider another fuzzy subset 6 of L such that

sif xe u, . .
O(x)=1 " , where pum = {X € L /u(x) > m}. Here pnm is a filter of L.
kKif xelL~ u,

Then, 0 is a fuzzy filter of L.

Next, we prove: 6 v 6 c . Let X € L be arbitrary.
Now, (o v @)(x) = Sup {min{o(r,), O(r,)}} where r,, r, € L

X=nvr,

=min {c(a), 6(b)} forsomea, b e L

Suppose b € pm. Then, X € Wm, since b < x and p(x) > m and o(a) = ¥(t + m) and
0(b) =s. Then (o v 0)(X) = min {¥(t + m), s}=s <m < u(x). Hence (c v 0)(x) < u(x).

Suppose b ¢ pm. Then p(b) < m. Then u(b) < k. Here k < p(x), since pu(b) < u(x) as b
<X.

And c(a) = %(t + m) and 6(b) = k. Then (o v 0)(X) = min {%(t + m), k}=%(t + m) <
k < u(x). Hence (o v 0)(x) < u(x).

ThusovOcn
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Let u € L such that p(u) = m. Here  o(u) =%(t + m) > m = p(u). Hence 6 & .

Let v € L such that pu(v) =s. Here p(v) <mand v ¢ pm. Here 6(v) =k > s = pu(v).
Hence 6 ¢

Thus neither c < g nor 6 < Y. Hence W is not a prime fuzzy filter of L. This
contradiction proves that Card Im p < 3. Since [ is non — constant, Card Im p > 2.
Hence, Card Imp =2

Theorem 3.6:
Let u be a non — constant prime fuzzy filter of a lattice L. Then p(1) = 1.

Proof:
Here, Card Impu=2. LetImpu={t,s}and t<s. Then p(1) =s.
Supposes#1.Lets<m<1.Thent<s<m<1

Consider the fuzzy subset o of L such that o(x) = %(t + s) for all x € L. Then, ¢ is a
fuzzy filter of L.

Consider another fuzzy subset 6 of L such that

mif X ey
O(x)=1 . , where ps = {x e L /u(x) > s}.
tif xe u,

Here s is a filter of L. Then, 0 is a fuzzy filter of L. Let x € L be arbitrary.
Now, (o v @)x) = Sup {min{o(r,), O(r,)}} where r,, r, € L

=min {c(a), 6(b)} forsomea, b e L

Suppose b € ps. Then, X € s, since b < x and p(x) >s. And o(a) = %(t + s) and 6(b) =
m.
Then (o v 0)(X) = min {¥(t +s), m}=% (t + s) < s < u(x). Thus (o v 0)(x) < u(x).

Suppose b ¢ ps. Then p(b) < s. Here p(b) <k and k < p(x), since p(b) < pu(x)
as b <x. And o(a) = %(t + s) and 6(b) =t. Then (o v 0)(X) = min {2(t +s), t}=t <k <
M(X). Thus (o v O)(x) < ux).
Hence o v O c L.
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Let u € L such that p(u) =t. Here o(u) = %(t+ m) >t = u(u) = o < .
Letv e L such that p(v) =s. Here 6(v) =m>s=p(v) = 0 < u.

Thus neither o < P nor 6 < Y. Hence W is not a prime fuzzy filter of L. This
contradiction proves that pu(1) = 1.

Theorem 3.7:

Let 4 be any prime fuzzy filter of a lattice L. Then the filter p: of L, t = pu(1) is a prime
filter of L.

Proof:

Consider the filter p: of L, t = pu(1). Let A and B be any two filters of L such that A v

B c Jt.
Now we define the fuzzy subset p and n of L as follows:
u@ if xe A u@) if xeB
p(X) = { and  n(x)=

0 otherwise 0 otherwise

Then, p and n are fuzzy filters of L. Let u € L be arbitrary.

Suppose (p v n)(u) =0, then (p v n) < W, since, 0 < u(u), forallu € L.
Assume that (pv n)(u) = 0.

Then Sup {min{p(y), 7(z)}}# 0, since

u=yvz

(pvn)u) = Sup {min{p(y), 7(z)}j whereu, y,z e L

u=yvz
= min {p(uy), n(uz2)} >0 for some uz, u> € L such thatu=uz v uo.

= p(u1) # 0 and n(uz) = 0. Here p(u1) = (1) with ur € A And n(u2) = (1) with uz €
B.

Now u =uiv U2 € Av B. Thenu € W, since A v B < it and p(u) > t. Hence p(u) >
H(1), but p(u) < u(l) for u e L, since W is a filter of L. Therefore p(u) = p(2).

Again min {p(uz), n(u2)} = min {p(1), u(1)} = u(2)
Now, (pv77)u) = Sup {min{p(y), 7(z)}} whereu, y,z e L

u=yvz
< min {p(u1), n(u2)}, since all the other three cases are 0
=) =)



On Fuzzy Prime Filters of a Lattice 51

Thus (p v n)(u) < p(u) for all u € L. Hence (pvn) < Y. Since W is a prime fuzzy filter
of L, either p < por n < Y. Assume that p < W If A & Wy, then there exists r e A
such that r ¢ . Here p(r) = p(1) and p(r) < p(2), since p(r) < u(1) for all r € L, but
p(r) = u(1) > u(r). This is a contradiction to the assumption that p — p. Hence A c .
Similarly, if n c Y, then B .

Theorem 3.8:

Let p be a fuzzy subset of a lattice L such that Card Im p = 2, u(1) = 1, and the level
subset pus = {x € L/ pu(x) = 1(1)} be a prime filter of L. Then p is a prime fuzzy filter
of L.

Proof:

Let pu be a fuzzy subset of a lattice L such that Card Im p = 2, u(1) = 1. Then
Impu={t 1},t € [0, 1). Consider ps = {x € L/ u(x) = u(1) = 1}. Assume that s is a
prime filter of L. Let x, y € L be arbitrary.

Suppose X € Ys and y € Hs. Then p(x) = 1 and p(y) = 1. Here, min {u(x), u(y)} =1
and max {u(x), u(y)} = 1. Since ys is a filter of L, xvy, XAy € Hs. Then p(xvy) =
H(xAy) = 1.

Suppose X € usand y ¢ ps. Then p(x) =1 and p(y) = t. Here, min {pu(x), u(y)} =tand
max {u(x), u(y)} = 1. Since s is a filter of L and x < xvy, we have xvy € [s. Then
H(X vy) =1 Here u(x Ay)>t.

Suppose X ¢ Ps and y ¢ Ws. Then p(x) =t and p(y) = t. Here, min {u(x), u(y)} =t and
max {p(x), u(y)} = t. Here p(xvy) > t; w(xAy) > t.

Thus the two inequalities are satisfied in all the cases. Thus p is a fuzzy filter of L.

Let o and O be any two fuzzy filters of L such that 6 v 6 < 4. Suppose that ¢ 1 and
0 ¢ M. Then there exist X, y € L such that o(x) > p(x) and 6(y) > p(y). Here Im o €
[0, 1] and Im p = {t, 1}, but u(x) < o(x). Hence u(x) = t. Similarly, p(y) = t. Hence X,
Yy € Us. Then X VY ¢ WUs. Therefore, u(x vy) =t.

Now, (o v 0)(x vy)= Sup {min{o(u), 8(v)}} whereu,ve L

XVYy=Uuwv
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>min {c(x), 6(y)}
> 1, since o(X) > p(x) =t, 6(y) > p(y) =t
=H(x Vvy)
Thus (o v 8)(X v y) > u(X v y). Hence (o v 0) o . Therefore, (o v 6) « Y. This is a

contradiction to our assumption (o v 0) < . Thus either c < por 6 — 4. Hence pis a
prime fuzzy filter of L.

From the Theorems stated above, we characterize the prime fuzzy filter of a lattice by
the following Theorem:

Theorem 3.9: [Characterization Theorem]

Let p be a fuzzy subset of a lattice L. Then [ is prime fuzzy filter of L if and only
Card Im p =2, u(1) = 1, and the level subset ps = {x € L/ u(x) = u(1)} be a prime
filter of L.

Proof:
Theorems: 3.5, 3.6, 3.7 and 3.8 complete the proof.

Corollary 3.10:
A filter P of L, P = L, is a prime filter of L iff ¥p is a prime fuzzy filter of L.

Proof:

lif xeP

. isafuzzy subset of L. Here Card Im ¥p = 2. Since P is
0 otherwise

Consider ¥p(x) = {

a filter then 1 € P and hence ¥p(1) = 1. Clearly the level subset {x e L /¥p(x) = ¥p(1)}
= P. Then the proof completes from the above Theorem.

Proposition 3.11:

Let p be a non — constant prime fuzzy filter of a lattice L. Then Im p = {t, 1}, where
t €[0, 1). Hence the chain of level filters of p consists of us < L, where ps = {xeL/
H(X) = (1)}

Proof:

By Theorem: 3.6, u(1) = 1. By Theorem: 3.5, Card Im p = 2. Then there must be
another one element in Im p other than 1. Let it bet. Thent € [0, 1). Thus Im p = {t,
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1}. Then there are only two level filters of p. They are s = {x € L/ pu(x) = u(1) = 1}
and pt = {xeL / u(x) > t} = L. Clearly, ys = L. Hence the chain of level filters of p
consists of ps L.

Proposition 3.12:
Let i be any non — constant prime fuzzy filter of a lattice L. Then for all X, y € L,
H(X v y) = max {p(x), u(y)}-

Proof:

Here Card Im p =2 and p(1) = 1. Therefore, Im pu = {t, 1}, wheret< 1. LetXx,y e L
be arbitrary. Then, p(x v y) > max {u(x), u(y)}. Let A be the filter of L generated by
x and B be the filter of L generated by y such that A v B < Hk, where k = p(x v y).
Now we define the fuzzy subset p and n of L as follows:

uxvy) if we A u(xvy) if weB
p(w) = . and n(w) = .
0 otherwise 0 otherwise

Then, p, n are fuzzy filters of L. If (pvn)(w) = 0, then nothing to prove. Assume
(pvn)(w) = 0. Then Sup {min{p(u), 7(v)}}# 0, since

W=uvv

(pvn)(w) = Sup {min{p(u), 7(v)}} where w, u,v € L. Hence, min {p(u), n(v)} >0

for some u, v € L. Then, p(u) # 0 and n(v) = 0. And p(u) = n(v) = u(X v y).
Therefore,u € A,veBandw=uvvVv e AvBc lk Thus, w € pk. Then p(w) >k
and w(w) > w(xv y). Now (p v n)(w) < u(x v y) forall w e L, since all the other
cases becomes zero and (p v n)(X v y) < u(x vy). Hence (p v n) < p. Since pLis a
prime fuzzy filter of L, either pcporncH.

Assume that p < W. Here, p(x) < u(x) and p(xvy) < u(x), since x € A and p(x) =
H(XvY).

Suppose p(xvy) = 1, then p(x) = 1 and max {p(x), H(y)} = 1. Thus p(xv y) = max
(), u(y)}-

Suppose p(xvy) < 1. Then, pu(x v y) =t, but p(x) < p(x v y) and p(y) < p(x v y), since
X <X v y. Hence u(x) =t, p(y) =t and max {u(x), p(y)} = t. Here, p(x v y) = max
{u(x), H(y)}-

Assume that n < W. Then, n(y) < u(y) and p(xvy) < w(y), since y € B and n(y) =
H(Xvy).
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Suppose p(x v y) =1, then p(y) = 1 and max {p(x), u(y)} = 1. Thus p(xvy) = max

{u(x), uy)}-

Suppose (X v y) < 1. Then, u(x v y) =t, but p(x) < u(x v y) and py) < p(x v y),

since X < xvy.

Hence w(x) =t, p(y) =t and max {u(x), p(y)}=t . Here p(x v y) = max {(x), H(y)}-
Thus p(x v y) = max {u(x), 1u(y)} in all the cases.

Proposition 3.13:
Let p be a non — constant strongly prime fuzzy filter of a lattice L. Then p(x v y) =
H(X) or pu(x v'y) = u(y), forall x,y € L.

Proof:
Let x, y € L be arbitrary. Then p(x v y) = max {u(x), i(y)}. Hence p(x v y) = pu(x) if
max {p(x), H(y)} = i(x) and p(x v y) = p(y) if max {u(x), py)} = pu(y).

Remark 3.14:

The above Proposition shows that prime fuzzy filter implies strongly fuzzy prime
filter.

Theorem 3.15:

Let 1 be any non — constant strongly fuzzy prime filter of a lattice L. Then each level
filter of L is a prime filter of L.

Proof:

Let pu be any fuzzy subset of a lattice L. Now Card Im p = 2 and p(1) = 1. Hence
Impu={t, 1}, t € [0, 1) and t < 1. Then the only level filters of L are p1 and pit. Here
M1 < . By Theorem: 3.9, we have s is a prime filter of L. Clearly pt = L. Letawv b
e L. Then p(av b)>t. Supposea ¢ Land b ¢ L. Then p(a) <t and u(b) <t. Hence
max {u(a), u(b)} < t. This makes a contradiction to p(a v b) = max {u(a), pu(b)} as in
Proposition: 3.12 and this contradiction proves that eithera € L and b € L. Thus it =
L is a prime filter of L.

Remark 3.16:
The converse of the above theorem is not true in general.
Proof: By Example,
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Consider the lattice in Example 2.2, (¢ (A), v, A) where A = {a, b} .

Here, p = {(¢, 2/5), {a}, 2/5), ({b}, 3/4), ({a, b}, 3/4)},
n ={(¢, 1/4), ({a}, 1/4), ({b}, 4/5), ({a, b}, 1)} and
o = {(d, 2/3), ({a}, 3/4), ({b}, 2/3), ({a, b}, 3/4)} are fuzzy filters of L.

Clearly, the two level filters pais = {{b}, {a, b}} and pas = {9, {a}, {b}, {a, b}} are
prime filters of L.

Now, (n v p)(9) = Sup {min{n(y), p(2)}} where ¢, y,z e L

4=yvz
=min {n(¢), p(¢)}
=min {1/4, 2/3}
=1/4

(nvp)({e) = Sup {min{n(y), p(z)}} where {a}, y,z e L

a}=yvz

= Sup { (min {n({a}), p(¢)), (min {n(¢), p({a})), (min {n({a}), p({a})) }
= Sup { (min {1/4, 2/3}), (min {1/4, 3/4}), (min {1/4, 3/4}) }

= Sup { 1/4, 1/4, 1/4}

= 1/4

(v p)b}) = Sup {min{n(y), p(2)}} where {b}, y,ze L

{b}=yvz
= Sup { (min {n(¢), p({b})), (Min {n({b}), p(¢)), (Min {n({b}), p({b})) }
= Sup { (min {1/4, 2/3}), (min {4/5, 2/3}), (min {4/5, 2/3}) }
=Sup{1/4,2/3,2/3} =2/3

(mvp)daby)= Sup {minfn(y). p(2)}}where{a, b}, y,z L

{a,b}=yvz

=Sup { (min { n({a, b}), p({a, b}) }), (min {n({a}), p(b)}),
(min {n({b}), p(a)}), (min {n({a, b}), p(¢)}), (min {n(¢), p({a, b})})
= Sup { (min {1, 3/4}), (min {1/4, 2/3}), (min {4/5, 3/4}), (min {1, 2/3}),
(min {1/4, 3/4}) }
= Sup {3/4, 1/4, 3/4, 2/3, 1/4} = 3/4

Here, (n v p)(¢) = 1/4 < 2/5 = u(¢) and (m v p)({a}) = 1/4 < 2/5 = pu({a}) and
M v p){b}) = 2/3 <3/4 = u({b}) and (mvp)({a, b}) = 3/4 < 3/4 = u({a, b}). Hence
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(nvp) < M, but neither n < p nor p < W, since n({b}) = 4/5 > 3/4 = u({b}) and p({a})
=3/4>2/5 = p({a}).

Remark 3.17:

The fuzzy subset p in the above example is strongly fuzzy prime filter according to
Definitions: 3.2, completely fuzzy prime filter according to Definitions: 3.3 and fuzzy
prime filter according to Definitions: 3.4.

But p is not a prime fuzzy filter according to Definitions 3.1. And this shows that
Definition: 3.2, 3.3, 3.4 does not imply Definition: 3.1

Theorem 3.18:

Let 1 be any non — constant fuzzy filter of a lattice L. Then p is strongly fuzzy prime
filter of L if and only if each level filter of L is a prime filter of L.

Proof:

Let p be any non — constant fuzzy filter of a lattice L. Then, p(0) < p(x) < (1) for x
e L, where 1 is the greatest element and 0 is the least element of L. Lett € Im p be
arbitrary. Then  t<p(1). Let x, y € L be arbitrary.

Assume that p is a strongly fuzzy prime filter of L. Then p(x v y) = u(x) or
H(X v'Y) = 1(y)). If t =p(0), then pe = {x € L/u(x) >t} = L. Clearly, L is a prime filter
of L. Thus pt, t = n(0) is a prime filter of L. If pu(x v y) =t > pu(0) for some x,y € L,
then X vy € Wt Then, either u(x v y) = u(x) or u(x v y) = u(y). Hence either x e pt
ory € Mt This proves that i is a prime filter of L.

Conversely, assume each level filter of L is a prime filter of L. Suppose p(x v y) =
H(0). Then p(x v y) = u(X) = p(y). Suppose p(xvy) =t > p(0). Then x vy e pt. Here
X € Mt Ory € My, since Wt is a prime filter of L. Hence p(x) = p(x v y) or p(y) = p(x v
y). Thus p is strongly fuzzy prime filter of L.

Proposition 3.19:

Let p be a strongly fuzzy prime filter of a lattice L. If p(avb) = (1) for some a, b
L, then either p(a) = (1) or u(b) = p().

Proof:

Let p(avb) = pu(1), for some a, b € L. Then p(1) = p(avb) = p(a) or u(1) = p(avb) =
H(b).
Hence p(a) = p(2) or p(b) = p(l).
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Remark 3.20:

The above Proposition shows that strongly fuzzy prime filter implies completely
fuzzy prime filter.

Remark 3.21:

But completely fuzzy prime filter does not imply strongly fuzzy prime filter.
Proof: By Example,

Consider the lattice in Example 2.3, (¢ (A), v, A) where A = {a, b, c}.

Here, p = { (¢, .2), ({a}, .3), ({b}, .6), ({c}, -4), ({a, b}, .6), ({a c}. .5), ({b, c}, .6),
({a, b, c}, .6) } is fuzzy filter of L.

Then p is a completely fuzzy prime filter of L according to Definition: 3.3, since
H(X vy) = p({a, b, c}) implies either p(x) = u({a, b, c}) and p(y) = u{a, b, c}).

Let x = {a} and y = {c}. Here u(x v y) = pu{{a} v {c}) = u( {a, c} ) = .5, but
H(X) = u({a})=3#.5=p{a c}) = nx vy) and p(y) = p({c}) = .4 #.5=u({a, c})
= M(x Vv y). Hence neither p(x v y) = i(x) nor p(x v y) = p(y). Thus p is not a
strongly fuzzy prime filter of L according to Definition 3.2.

Example 3.22:

Consider the lattice in Example 2.2, (¢ (A), v, A) where A = {a, b}. Here, 6 = {(¢,
3), ({a}, .3), ({b}, .6), ({a, b}, 1)}. Then 06 is a fuzzy prime filter of L according to
Definition 3.4, since the level filter 6: = {x € L/ 6(x) = 6(1)} = {a, b} is a prime filter
of L.

Here 6({a}v{b}) = 6({a, b}) = 1; 0({a}) = .3 and 6({b}) = .6. Hence neither
0({a}v{b}) = 6({a}) nor 6({a}v{b}) = 6({b}).Thus 6 is not a strongly fuzzy prime
filter of L according to Definition: 3.2 as well as not a completely fuzzy prime filter
according to Definition: 3.3. Here Card Im 6 = 1. Hence 6 is not a prime fuzzy filter
of L according to Definition 3.1.

Remark 3.23:

The above Example shows that Definition 3.4 does not imply Definition 3.2 and
Definition 3.4 does not imply Definition 3.3. Also the above Example shows that
Definition 3.4 does not imply Definition 3.1.
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We conclude the relation between the four definitions as follows:

Prime fuzzy filter | =
Definition: 3.1 AF

Strongly fuzzy prime
filter

Definition: 3.2

—

&

Completely fuzzy
prime filter

Definition: 3.3

Y R

DISCUSSION:

U -

Fuzzy prime filter
Definition: 3.4

¢ 3

Now we discuss the Definitions with respect to the following properties:

(P1). A filter J of L is a prime filter of L, if and only if the characteristic

function ¥, is a fuzzy filter of L and is prime.

(P2). A fuzzy filter p of L is a fuzzy prime filter of L, if and only if each level
filter pt is a fuzzy filter of L and is prime.

(P3). Card Im p > 2.

All the four Definitions satisfy (P1).

Definition 3.1 satisfies (P2) in one direction only. That is, “If a fuzzy filter p of L is a
prime fuzzy filter of L, then each level filter p: is a prime filter of L. But it does not

satisfy the converse.

Definition 3.4 satisfies (P2) in the reverse direction only. That is, “If each level filter
Mt is @ prime filter of L, then the fuzzy filter p of L is a fuzzy prime filter of L”. But it
does not satisfy in forward direction.

The rest of the two Definitions satisfy (P2) in both the directions.

Definition 3.1 does not satisfy (P3). The other three Definitions do not hold any

condition on Card Im .
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