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Abstract

In this paper we extend the result of Turkoglu et.al[10] and prove a common fixed
point theorems for compatible maps of type (o) on generalized fuzzy metric spaces.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [11]. Since then, many authors
have tried to use this concept in topology and analysis and developed the theory of
fuzzy sets and applications. Especially, Deng [3], Erceg [4], Kaleva and Seikkala [7],
Kramosil and Michalek [8] have introduced the concept of fuzzy metric spaces in
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different ways. Grabiec [5] followed Kramosil and Michalek [8] and obtained the
fuzzy version of Banach's fixed point theorem. Many authors have studied the fixed
point theory in fuzzy metric spaces.

Jungck et al [6] introduced the concept of compatible maps of type (A) in
metric spaces and proved common fixed point theorems in metric spaces. Cho [1]
introduced the notion of compatible maps of type (a) in fuzzy metric spaces. In 2006,
Sedghi and Shobe [9] introduced D* - metric space as a probable modification of the
definition of D - metric introduced by Dhage [2], and prove some basic properties in
D* - metric spaces. Sedghi and Shobe [9] introduced o< -fuzzy metric space
which is based on D*-metric concept. In this paper we extend the result of Turkoglu
et.al[10] and prove a common fixed point theorems for compatible maps of type (o)
on generalized fuzzy metric spaces.

2. PRELIMINARIES
In this section we recall some definitions and known results in fuzzy metric spaces.
Definition 2.1:
A 3-tuple (X, M ,*) is called M-fuzzy metric space if X is an arbitrary non-
empty set
* js a continuous t -norm, and M is a fuzzy set on X3x[0,0), satisfying the following
conditions: foreachx,y,z,ae Xandt,s>0
(FM-1)M (x,y,z,t)>0
(FM-2)M (x,y,zt) =1liffx=y=1z
(FM-3) M (x,y,z,t) = M (p {X,y,z},t), where p is a permutation function
(FM-4) M (x,y,a,t) * M (a,z,z,5) <M (X,Y,Z,t+S)
(FM-5) M (x,y,z,.) :(0,00) — [0,1] is continuous
(FM-6)t111£M (xy,zt)=1

Lemma 2.2:

Let (X,M,*) be a M'-fuzzy metric space. Then M(X, vy, z, t) is non decreasing with
respect tot, forall x,y, zin X.

Lemma 2.3:

Let {xn} be a sequence in asm- fuzzy metric space (X, M, *) with the condition (FM-
6). If there exists a number k € (0, 1) such that M(Xn, Xn+1, Xn+1, Kt) > M(Xn-1, Xn, Xn, t)
forall t>0and

n=1,2,3 ..., then {Xn} is a Cauchy sequence.
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Definition 2.4:

Let A and S be self mappings of a M -fuzzy metric space (X, M ,*). Then the

mappings are said to be compatible if lim M (ASxn, SAXn, SAXn, t) = 1, for all t>0,
n—>oo

whenever {Xn} is a sequence in X such that lim Axn = lim Sx, = z for some zeX.

n—-oo n—-oo

Definition 2.5:

Let A and S be self mappings of a M -fuzzy metric space (X, M ,*). Then the
mappings are said to be compatible of type (o), if

lim M (ASXn, SSXn, SSXn, t):nlirgM (SAxn, AAXn, AAXn, t) for all t>0, whenever

n—-oo

{Xn} is a sequence in X such that lim Ax, = lim Sxn = z for some zeX.

n—-oo n—-oo

Proposition 2.6:

Let (X, M, *) be a M'-fuzzy metric space with t * t >t for all t € [0, 1] and A, S be
continuous maps from X into itself. Then A and S are compatible if and only if they
are compatible of type (o).

Proposition 2.7:

Let (X, M, *) be a M -fuzzy metric space with t * t>t for all t € [0, 1] and A, S be
continuous maps from X into itself. If A and B are compatible of type (o) and Az = Sz
for some

ze X, then ASz = SSz = SAz = AAz.

Proposition 2.8:

Let (X, M, *) be a M-fuzzy metric space witht * t >t for all t € [0, 1] and A, S be
compatible maps of type (o) from X into itself. Let {x»} be a sequence in X such that

lim Ax, = lim Sx, = zfor some z € X. Then we have the following:

n-—-oo n—-oo

Q) lim Sx, = Az if A is continuous at z,

n—-oo

(i)  ASz=SAzand Az =Sz if Aand S are continuous at z.

Example 2.9:
Let X = [0, ) with the metric D* defined by D* (X, y, z) = |x-y| + |y-z| + |z-x| and for

each t > 0, define M(x,y,z,t) = Tt(xyz) for all x,y, z € X. Clearly (X, ¢, *) is a

fuzzy metric space, where * is defined by a * b = ab. Define A, S: X ->X by
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Ax:{xz,OSx<1S ={Z—xz,OSx<1
2, x=1’ 2, x=1

Clearly A and S are discontinuous at x = 1. Consider the sequence {xn} in X defined
by xn =1 %

Then lim Ax, = lim Sx, =1 € X. Also ASxp— 2, SSxn— 2 ash — o and
n—-oo

n—-oo

4 1 4 2 2 4
SAX =1-— -2+ 24 2 2 AAx =1+2+
nz n* n n3 n2? n2

1 4 4 2
S+
n* n n3 n?

Then limM (ASx,, SAx,, SAx,, t) # 1 but, limM (ASx,, SSx,, SSx,,,t) = 1
n—oo

n—-oo

and limM (SAx,, AAx,, AAx,,t) = 1,asn — oo,

n-—-»oo

Thus A and S are compatible of type (o) but they are not compatible.

Example 2.10:
Let X = [0, o) with the metric D* defined by D* (X, y, z) = |x-y| +|y-z| + |z-X| and for

each t> 0, define M(x,y,z,t) = Tt(xyz) ,forallx,y,z e X.

Clearly (X, M, *) is a fuzzy metric space, where * is defined by a * b = ab.

Define A, 5: X »>X by ax = {1 T2 0SX <1 o f(1ox 0sx<]1

X, x=1 2x, x=1
Clearly A and S are discontinuous at x = 1. Consider the sequence {xn} in X defined
byXn= % . Then lim Ax, = lim Sx, =1 € X.
n—oo n-—-oo

Further, ASxn =2 - =, SAXn =2+ = AAXp=1+ =, SSxn = =
n n n n
Therefore lim M (ASx,,, SAX,, SAX,,t) = 1, limM (ASx,, SSx,, SSx,,t) # 1
n—-oo

n-—-»oo

and limM (SAx,, AAx,, AAx,,t) # 1,asn — .

n—-oo

Thus A and S are compatible but they are not compatible of type (o).

3. COMPATIBLE OF TYPE ().
Theorem 3.1:
Let (X, M, *) be a complete generalized fuzzy metric space with t * t >t for all t € [0,
1]and let A, B, P, Q, S and T be maps from X into itself such that
() PET(X) < AB (ST)(X), Q(AB)(X) = AB (ST)(X),
(i) There exists a constant k € [0, 1) such that
M?2(Px,Qy, Qy, kt) * [M (ABx, Px, Px, kt)M (STy, Qy, Qy, kt)]

* M2(STy, Qy, Qy, kt)
> [pM (ABx, Px, Px,t) + qM (ABx, STy, STy, t)|M (ABx, Qy, Qy, 2kt)
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forall X,y € Xandt>0, where 0 <p,q<1suchthatp+q=1.
@iii)) A, B, Sand T are continuous .
(ivy AB=BA,ST=TS,PB=BP, TQ=QT, AB (ST) =ST(AB),
(V) The pairs (P, AB) and (Q, ST) are compatible of type (o).
Then A, B, P, Q, S and T have a unique common fixed point in X.
Proof :
Let xo € X be arbitrary. By (i) we can construct a sequence {xn} in X as follows.
P (ST)Xan = AB (ST)X2n+1, Q (AB)X2n+1 = AB (ST)X2n+2, n =0, 1,2, 3, .....
Let zn = AB(ST)xn, then by (ii),
{M2(P(ST)x2n, Q(AB)Xpn11, Q(AB)X2p 41, kt) *
M (AB(ST)x2p, P(ST) X3y, P(ST) x5y, kt)
[M(ST(AB)x2n+1' Q(AB)X2n41, Q(AB)X2n 41, kt)]

* M2 (ST(AB)X2n41, Q(AB)Xpn11, Q(AB)Xop 41, kt)}

> [ PM (AB(ST)xzn, P(ST) x50, P(ST)x3n, t) + ]
~ LgM (AB(ST)x2n, ST(AB)X2n41, ST(AB) X341, t

M (AB(ST)x2n, Q(AB)Xan+1, Q(AB)X2n41, 2kt) and
{ MZ(AB(ST)X2n4+1, AB(ST)Xzp42, AB(ST) X242, ki) *

[ M (239, AB(ST) X241, AB(ST) X211, kt)
M (Zyn4+1, AB(ST)X 2042, AB(ST) X242, kt)

M?(Zap41, AB(ST)X2n42, AB(ST) Xop 42, kt) }

- [pM(ZZn; AB(ST)X2141, AB(ST)X2n41,t) + ]
B qM (Z2n) Zan+1 Z2n+1, )

M (Zyp, AB(ST) X242, AB(ST)X3n 42, 2kt) , then
{M2(Zon+1, Zan+2 Zan+a, kt) *
[M(Zan, Zan+1) Zon+ 1, KOM (Zans1, Zans2) Zon2, k)] * MZ(Z2n+11 Zon+2: Zon+2, KO}

PM (Zan, Zan+1) Zon+1, t) +

= M (Zyn, Zant 2, Zans2, 2kt)
qM (Zan) Zon+1, Zan+1, t) ok ment

SO

{M?(Z2n+1 Zan+2, Zonsa kt) *
[M(Z2n) Zon+1) Zons1, KOM (Zoni1) Zons2, Zons2 kE)1}

> [(p + OM (220, Zon+1 Zan+1, DIM (Zon, Zan+2, Zan+2, 2kt)
and
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{ M*(Zan+1, Zan+2) Zon+2 KO M (Zon, Zans1, Z2ns1, kt) *
M (Zan+1, Zan+2) Zan+2, k) 1}

= (p + QM (220, Zzns 1, Zan+ 1 OM (Zan, Zans2) Zan+2s 2kt)
M (Zzn+1) Zan+2) Zont2, KOM (Zon, Zant2, Zons2, 2kt)}

= (p + OM (Zzn, Zans 1) Zan+ 1 DM (Zan, Zans2) Zont2, 2kt)
Then it follows that

M (Zan+1, Zans2s Zan+2, kt) = M (Zan, Zont1, Zansr, £),for 0 <k < 1and for all
t>0.

Similarly, we also have

M (Zzn+2) Zan+3 Zan+s kt) = M (Zans1, Zans2) Zans2, t),for 0 <k <1and for
allt>0.

In general,
M (Zms1r Zma 2> Zma 2o kt) = M (Zimy Zma1s Zmey £), 20l =m=1,2,3, ...
for0<k<1and forallt>D0.

Therefore by Lemma (2.3), {zn} is a Cauchy sequence in X. Since (X, M, *) is
complete,{zn} converges to a point x € X and since {P(ST) x2n} and {Q(AB) X2n+1}
are subsequences of {zn} , P(ST)Xon — zand Q (AB) Xon+1 — z as n — oo,

Let yn = STxn and wn = ABXn, forn=1, 2, 3 ..., then we have
Py2n— z, ABy2n— z, STW2n+1— Z and Qwan+1— Z 8s N — oo.
Since the pairs (P, AB) and (Q, ST) are compatible of type (o), we have as n — o
M (P(AB)yzn, AB(AB)Y2n, AB(AB)y,p, t) = 1,
M(P(AB)yz2n, PPYsn, PPy, t) — 1,
M((ST)QWzn+1, QQYV2n+1, QQYV2n+1, t) = 1,
MQSTIWzns1, ST(ST)Wany1, ST(ST)Wapyq, ) 2 1,
Moreover, by the continuity of A, B, S and T and Proposition (2.8), we have
Q(ST)Wzny1 = STz, ST(ST)wany1 — STz,
P(AB)y2n = ABYyn, AB(AB)y;n = ABYz,, 85h — 0.
Now taking X = yzn and y = STwazne+1 in (ii),
We have
{M2(Pyzn, QST)Wan41, Q(ST)Wopyq, ki) *
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M(AByZn'PyZn'PyZn' kt) ]
M (ST (STI)Won41, Q(STIWanp1, Q(STIWop4q, kt)
* M2(ST(ST)W2n41, QSTIW2n41, Q(ST)Wopyr, kt)}

>[ PM(ABYzn, Pyan, Pyon,  £) + ]
— 1M (AByan, ST(ST)Wan 41, ST(ST)Wapny1,t)

M (ABYn, Q(ST)Wany1, Q(ST)Wopiq, 2kt) .
This impliesas n — o
{M?(z,5Tz, STz kt) x [M(z,z,z, kt)M (STz, STz, STz, kt)] =

M? (STz,STz, STz, kt) }= [pM (z,2,2,t) +
qM (z,8Tz, STz, t)|M (z,58Tz, STz, 2kt).

Then it follows that M'%(z, STz, STz, kt) = [p + qM (z,5Tz, STz, t)|M (z, STz, 2kt)
and since M (x, y, z,.) is non-decreasing for all x, y € X, we have

{M(z,5Tz, STz, 2kt)M (z,STz, STz, t)} = [p +
qM (z,8Tz, STz, t)|M (z,5Tz, STz, 2kt)

Thus, M (z,8Tz,STz,t) =p+qM (z,5Tz,STz,t)
= M (z,STz STz, t) > 1%1 =1, forall t>0.

So z = STz. Similarly z = ABz.
Now taking x = y2n and y =z in (ii), we have

M(AByZYU PyZTU PyZn'
M (STz,Qz, Qz, kt)

> [pM (ABYan, PYon, Pyon, t) + qM (ABYopn, STz, STz, t) | M (AByqn, Qz, Qz, 2kt).

{M?(Py,n, Qz, Qz, kt) * kt)] * M? (STz,Qz, Qz, kt)}

This implies as n — o

{M?(z,Qz,Qz kt) * M(z,Qz,Qz,kt)} = (p + )M (z,Qz, Qz, 2kt).
So,M (z,Qz,Qz, kt)[M(z,Qz, Qz kt) * 1] = M (z,Qz, Qz, 2kt)

and since M (x,y,y,.) is non decreasing for all x, y € X, we have
{M(z,QzQz, 2kt)M(z,Qz2,Qz,t)} = M (z,Qz, Qz 2kt).

Then it follows that M'(z, Qz,Qz,t) = 1,forallt>0. Soz =Qz.

Similarly, we have z = Pz. Now we show Bz =z and Tz = z.
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Taking x =Bz and y = z in (ii), we get {M?(P(Bz), Qz, Qz, kt) =
[M (AB(Bz),P(Bz),P(Bz),kt)M (STz,Qz, Qz, kt)] x M?(STz,Qz, Qz, kt)} =

pM (AB(Bz),P(Bz),P(Bz),t) +
qM (AB(Bz),STz,STz,t) ] M (AB(Bz),Qz,Qz 2kt),

which gives
{M?(Bz,z,zkt) x[M(Bz,Bz, Bz, kt)M (z,z,z kt)] * M2 (z,z,2 kt)}
> [pM(Bz,Bz,Bz,t) + qM(Bz,z,2,t)|M (Bz,z, z, 2kt

= M?(Bz,zzkt) > [p+ qM(Bz,z,2z,t)M(Bz,z, z, 2kt)]
and since M (x,y,y,.) is non-decreasing for all x, y € X, we have
{M(Bz,z,2,2kt)M(Bz,z,z,t)} = [p + qM (Bz,2,2,t)|M (Bz, z, z, 2kt)
Thus

M(Bz,z,z,t) =2 p+qM (Bz,z,2z,t)

= M(Bz,z,2,t) 2ﬁ= 1 forallt>0.

So Bz = z. Similarly, we have Tz = z.

Since z = ABz, therefore Az = z and since Tz = z therefore Sz = z.

By combining the above results, we have Az =Bz =Sz =Tz =Pz =Qz = z,
that is, z is the common fixed point of A, B, P, Q, Sand T.

Uniqueness:
Let v # z be another fixed point of A, B, P, Q, S and T. Then using (ii),

{M?2(Pz, Qv,Qv,kt) x [M(ABz, Pz, Pz, kt) M (STv, Qv, Qv, kt)] *
M?2(STv, Qv, Qv, kt)}

> [pM (ABz, Pz, Pz,t) + qM (ABz, STv,STv,t)|M (ABz, Qv, Qv, 2kt)
= {M?3(z,v,v, kt) x [M(z,z,z, kt)M (v,v,v, kt)] * M?*(v,v,v, kt)}
> [pM(z,2,2,t) + qM (z,v,v,t)|M (z,v,v, 2kt)

= M?2(z,v,v,kt) = [p + qM (z,v,v,t)|M (z,v,v, 2kt) and since M (x,y,y,.) is
non-decreasing for all x, y € X, we have

M (z,v,v,kt )M (z,v,v,2kt) = [p + qM (z,v,v, kt)|M (z,v,v, 2kt).

Thus it follows that M (z, v, v, t) = ﬁ =1, forall t>0.

So, v=1z. Hence A, B, P, Q, Sand T have a unique fixed point.
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Corollary 3.2:

Let (X, M, *) be a complete generalized fuzzy metric space with t * t>t for all t € [0,
1] and let A, P, S and Q be maps from X into itself such that

(i) PS(X) = AS(X), QA(X) = AS(X).
(i) There exists a constant k € (0, 1) Such that

{M?2(Px, Qy, Qy, kt) * [M (Ax, Px, Px, kt) M (Sy, Qy, Qy, kt)]
* M2(Sy, Qy, Qy, kt)}

pM (Ax, Px, Px,t) +

=" gmcax, sy, Sy, ¢ | M A% QY. QY. 2k0)

forall x,y e Xandt>0where0<p g<1lsuchthatp+qg=1,

(iii)  Aand S are continuous,

(iv) AS=SA

(V) The pairs (P, A) and (Q, S) are compatible of type (o).
Then A, P, S and Q have a unique common fixed point in X.
If we put A=S,B=TandP =Q in the theorem (3.1), we have the
following.

Corollary 3.3:

Let (X, M, *) be a complete generalized fuzzy metric space with t * t>t for all t € [0,
1] and let A, B and P be maps from X into itself such that
()  P(AB)(X) c AB,
(i)  There exists a constant k € (0, 1) such that
{M?(Px, Py, Py, kt) x [M (ABx, Px, Px, kt)M (ABy, Py, Py, kt)]
* M'2(ABy, Py, Py, kt)}
pM (ABx, Px, Px,t) +
~ lqM (ABx,ABy,ABy, t)
forall X,y € Xandt> 0 where0<p, q<1suchthatp+q=1,
(iii) A and B are continuous,
(iv) AB=BA, PB =BP,
(V) The pairs (P, AB) is compatible of type (o).
Then A, B and P have a unique common fixed point in X.
Example 3.4:
Let x = [-1, 1] with the metric D* defined by D*(X, y, z) = |x-y| + |y-z| + |z-X| and for

each t > 0, define M(x,y,z,t) = m forall x,y,z e X.

Clearly (X, ¥, *) is a complete generalized fuzzy metric space, where * is defined by
a* b =ab.
Let A, B, P, Q, Sand T be maps from X into itself defined as

] M (ABx, Py, Py, 2kt)
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Ax=Z,Bx=%,Sx=5Tx=% Px=—, Qx=—.
2 8 3 5
Then P(ST)(X) = [240 240] AB(ST)(X) = |, 240]and
QAB)(X) = [240 240] AB(STIX) = [240 '240
Thus (i) is satisfied. Also (iii) and (iv) are satisfied.
Now, define a sequence {x»} in X such that x,= ﬁ
Then lim Px, = lim ABx, = —,
n—-oo n—o 6
lim 54(P(AB)x,, AB(AB)Xy, AB(AB)x,, t) = 1and
11m m((AB)Pxn, PPx,, PPx,,t) = 1
n—»>oo
Thus the pair (P, AB) is compatible of type (o). Similarly, hm Qx, = lim STx, =

n-oo
1

15
lim M(Q(ST)x,, , ST(ST)x,,, ST(ST)x,,t) = 1 and
n—oo

rlli_r)lc}om((ST)QXnJ QQxy, QQxy, t) =1
Therefore the pair (Q, ST) is also compatible of type (a). For p :g, q= % k= i.

We can see that the condition (ii) is satisfied , Hence all the conditions of our main
theorem (3.1)are satisfied and the unique common fixed point is x = 0.
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