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Abstract

In this paper, we first formulate the definition of weakly commuting and
weakly community mappings in generalized intuitionistic fuzzy metric spaces
and prove the intuitionistic fuzzy version of Pant’s theorem [9].
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1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh [15] following the concept of
fuzzy sets, fuzzy metric spaces have been introduced by Kramosil and Michlek [5 and
George and Veeramani [4] modified the notion of fuzzy metric spaces with the help of
continuous t-norms. As a generalization of fuzzy sets, Atanassove [2] introduced and
studied the concept of intuitionistic fuzzy sets. Park [9 using the idea of intuitionistic
fuzzy sets defined the notion of intuitionistic fuzzy metric spaces with the help of
continuous t-norms and continuous t-conorms as a generalized of fuzzy metric spaces,
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George and Veeramani [4] showed that every metric induces an intuitionistic fuzzy
metric, every fuzzy metric space in an intuitionsitic fuzzy metric space and found a
necessary and sufficient condition for an intuitionistic fuzzy metric space to be
complete Choudhary [3] introduced mutually contractive sequence of self maps and
proved a fixed point theorem. Kramosil and Michlek [5] introduced the notion of
Cauchy sequences in an intuitionistic fuzzy metric space and proved the well known
fixed point theorem of Banach. Turkoglu et al [14] gave the generalization of jungck’s
Common fixed point theorem to intuitionistic fuzzy metric spaces.

In 2006, Sedghi and Shobe [12] defined M -fuzzy metric spaces and proved a
common fixed point theorem for four weakly Compatible mappings in this spaces. In
2009, Mehra and Gugnani [6] defined the notion of an intuitionistic M -fuzzy metric
spaces due to Sedghi and Shobe and proved a common fixed point theorem for six
mappings for property (E) in this newly defined space. Our result is an generalized
intuitionistic fuzzy metric space in R-weakly commuting mappings. We first
formulate the definition of weakly commuting and R-weakly community mappings in
generalized intuitionistic fuzzy metric spaces and prove the intuitionistic fuzzy
version of Pant’s theorem[8].

2. PRELIMINARIES
Definition 2.1:

A binary operation * : [0,1] % [0,1] is a continuous t-norm if it satisfies the following
condition.

1) *isassociative and commutative,

2) *is continuous ,

3) a*1=aforall a€ [0,1],

4) a*b <c*d whenever a<candb<d for each a, b, c,d € [0,1].

Two typical example of a continuous t-norm are a * b =ab and a * b = min {a, b}

Definition 2.2:
A binary operation ¢ : [0,1] x [0,1] — [0,1] is a continuous t-conorm if it satisfies the
following conditions:

1) < isassociative and commutative,

2) < is continuous,

3) a® 0=aforall ae[0,1],

4) a®b<c O dwhenevera<candb<d,foreacha,b,c,de]0,1].

Two typical examples of a continuous t-conorm are a ¢ b = min {1, a + b} and
a O b =max {a, b}.
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Definition 2.3:
A 5-tuple (X, M, V', *, ©) is called generalized intuitionistic fuzzy metric space if X
is an arbitrary (non-empty) set, * is a continuous t-norm, ¢ a continuous t-conorm and
M, \V are fuzzy sets on X3x (0, o), satisfying the following conditions: for each x,
y,z,aeXandt,s>0.

a) MXVY,z)+N KXy zt)<I,

b) M (x,y,z,t)>0,

c) M(x,y,z,t)=1ifand only if x = y=2z,

d) M (x,y,z,t)=M (p{x, Y, z}, t), where p is a permutation function,

e) M (X,y,2,8,t)* M (a,z,2,5) <M (X, y,2,t+5),

f) M(x,vy,z.):(0,00) — [0,1] is continuous,

g N(XYyz1)>0,

h) ¥ (x,y,z,t)=0,ifandonly ifx=y =72,

) N XV zt)=N (p{X, Y, z}, t) where p is a permutation function,

) Ny zat)ON@zzs)>N(XY,zZt+s),

K) NV (x,y,z):(0,0) — [0, 1] is continuous.
Then (M, V') is called an generalized intuitionistic fuzzy metric on X.

Example 2.4:

Let X=Rand M (x,y,zt)= :

t+ [x—yl+ly—zl+|z—x| '

[x=y|+|y—zl|+|z—x|
t+ |x-y|+|y—-z|+|z—x

N (XY zt)=

as

| for every x,y, zand t > 0, let A and B be defined

AXx = 2x+1, Bx = X + 2, consider the sequence X, = % +1,n=1,2,...
Thus we have nll)l‘orcl) M (Axn, 3,3,1) = nll)rorcl’ M (Bxn, 3,3,t)=1and
I}LrgN (Axn, 3,3,1) = nhl?o N (Bxn, 3, 3,t) =0, for every t > 0.
Then A and B satisfying the property (E).

Lemma 2.5:
Let (X, M, V', %, 0) be an generalized intuitionistic fuzzy metric space. Then
M(x,y, z,t)and N (X, Y, z, t) are non-decreasing with respect to t, for all x,y,z in X.

Definition 2.6:
Let (X, M, IV, %, 0) be an generalized intuitionistic fuzzy metric space. Then
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(i) a sequence {x,} in X is said to be canchy sequence if for all t > 0 and p > 0,
lim M(xn+p,xn,xn,t) =1and lim N(Xn+p,xn,xn,t) =0
n—>oo

n—->oo

(i) a sequence {x,} in X is said to be convergent to a point x € X, if for all t > 0,
lim M (x,,xxt) =1and lim NM(x,,xxt) =0

n—oo n—-oo

(iii) An generalized intuitionistic fuzzy metric space (X, M, V', %, 0) is said to be
complete if and only if every Cauchy sequence in X is convergent.

Definition 2.7:

Let A and S be maps from an generalized intuitionistic fuzzy metric space
X, M, IV, %, 0) into itself. The maps A and S are said to be weakly commuting if
M (ASz,SAz,SAz,t) > M (Az, Sz, Sz,t) and N (ASz SAz SAzt) < N (Az Sz Sz,t)
forall zeXand t > 0.

Definition 2.8:

Let A and S be maps from an generalized intuitionistic fuzzy metric space
(X, M, V',*,0) into itself. The maps A and S are said to be compatible if for all t >0,
lim M (ASx,, SAx,, SAx,,t) =1, and lim N (ASx,, SAx,, SAx,,t) = 0, whenever

n—oo n—->oo

{x,} is a sequence in X such that lim Ax, = lim Sx, = z forsome z € X.
n—»>oo n—>oo

Definition 2.9:

A pair of self mappings (A, S) of a generalized intuitionistic fuzzy metric
space (X, M, N\, *, 0) is said to be point wise R-weakly commuting, if given x in X,

there exist R > 0 such that for all t > 0, M (ASx, SAx, SAx,t) > M (Ax, Sx, Sx, %) and

NV (ASx, SAx, SAx, t) < NV (Ax, Sx, Sx,%) clearly, every pair of weakly commuting
mappings is point wise R-weakly commuting with R=1.

Definition 2.10:

A pair of self mappings (A, S) of a generalized intuitionistic fuzzy metric
space (X, M, IV, %, 0) is said to be R-weakly commuting of type (P-1) if there exists

some R > 0 such that M (SSx,ASx,ASx,t) > M (Sx, Ax, Ax, %)
and IV (SSx, ASx, ASx, t) < V'(Sx, Ax, Ax, ) forall x € Xand t > 0.
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Definition 2.11:

A pair of self mappings (A, S) of a generalized intuitionistic fuzzy metric
space (X, M, NV, x, 0) is said to be R-weakly commuting of type (P-2), if there exists
some R > 0, such that M (AAx, SAx, SAx, t) =
M (Ax,5x, 5%, ), and V' (AAX, SAX, SAx, t) < IV'(Ax, Sx, Sx, ) forall x € X and t >
0.

Definition 2.12:

Let (X, M, IV, *, 0) be a generalized intuitionistic fuzzy metric space, A and S
be self maps on X. A point x in X is called a coincidence point of A and S if and only
if

AX = Sx. In this case , w = Ax= Sx is called a point of coincidence of A and S.
Definition 2.13:

A pair of self mappings (A, S) of a generalized intuitionistic fuzzy metric
space

X, M, IV, *, 0) is said to be weakly compatible if they commute at the coincidence
points if

Au = Su for some u in X, then ASu = SAu.

Definition 2.14:

A pair of self mappings (A, S) of a generalized intuitionistic fuzzy metric
space

X, M, IV, %, 0) is said to be R-weakly commuting of type (P) if there exists some R
> 0 such that M (AAx, SSx, SSx, t) = M(Ax, Sx, SX,%), and V' (AAx, SSx, SSx, t) <

(A, Sx,S%,2) forall x € Xand t > 0.

Lemma 2.15:
Let {x,} be a sequence in an generalized intuitionistic fuzzy metric space
(X, M, IV, %, 0), if there exists a constant ke(0, 1) such that

M(Xn'xn+1rxn+1'kt) = M(Xn—l'xn'xn't) and N(Xn'xn+1ixn+1'kt) <
N (Xn—1,Xn, Xp, t) forall t > 0. Then {x,} is Cauchy sequence in X.

Lemma 2.16:
Let (X, M, IV, %, 0) be an generalized intuitionistic fuzzy metric space and for
all

X, ¥,z €X,t> 0, and if for a number k €(0, 1), M (X,y, z kt) = M (x,y,z,t) and
Ny zkt) < N(xyzt)thenx =y =z
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3. FIXED POINT THEOREMS FOR COMMUTING MAPPINGS
Theorem 3.1:

Let (X, M, V,*, 0) be a complete generalized intuitionistic fuzzy metric space
and

f, g: X— X be mappings satisfying the following conditions:

(1) 9(X) = f(X)
(ii) f is continuous
(iii) There exists 0 < k < 1 such that for all x, ye X,
M (9(x), 9(y), 9(2), kt) = M (f(x), f(y), 9(2), 1),
N(9(x), 9(y), 9(2), kt) < M (f(x), f(y), f(2). ).
Then f and g have a unique common fixed point in X provided f and g commute on X.
Proof:

Let xo €X by (i) we can find x1 such that f(x1) = g(Xo) by induction we can
define a sequence {xn} in X such that f(xn) = g(xn-1) by induction again

M(f(xn)J f(xn+1), f(xn+1); t) = M(g (xn—l)' g(xn)r g(xn)r t)
= M(f(xn—l)' f(xn)' f(xn)' t/k)

2 eee
> M (f(x0), f(x1), f(x1), t/kn)-
N(f(xn)J f(xn+1)' f(xn+1); t) = N(g(xn—l)rg(xn)r g(xn)' t)
< N(f Gen-1), £ (), £ i), E/3)

< ...

< N (f (o), £ ), f (1), /o).

Hence, for any positive integer p,

MECF Gin) f Conspds f Conseds £) = M(F Cen), £ Cnan), (i), Yy ) # P times =
2 (f Cenepi) f o) f o), )
2 3(f G, FGe0), F(x1), Y pyn)

P times *

M (FGeo), fGe), £ ), Y ppmspea )

N @), f i), f Qnapd ) < N(FCen), f Cnaa), f Cnan), U/ ) 0 P times 0
W (F Conpi), £ Gons ) f o), )
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< N(f(xo),f(xl),f(xl), t/Pk") 0 P times ¢

N (FGto), £ Ged, £ ), Y ppman-i)
By Definition, Since
nlirg M(f(xo),f(xl),f(xl), t/Pk”) =1, and
Lim N (f Ceod, £ o), £ (), pyn) = 0.
It follows that
Lim M(f (), f Gonsp), f Gonsp) ) = 1% v 12 Tand
Lim N (f (), f Gon ), f (i) t) 2 00002 0,

Thus {f(xn)} is a Cauchy sequence and so, by the completeness of X, {f(xn)}
converges to point the completeness of X, {f(xn)} converges to point y and g(Xn-1) =
f(xn) converges also to the point y. It can be shown from definition that the continuity
of f implies the continuity of g. Therefore, {g(f(xn))} converges to g(y). However,
since f and g commute on X, g(f(xn)) = f(g(xn)) and so f(g(xn)) converges to f(y).
Since the limits are unique, f(y) = g(y), which implies f(f(y) = f(g(y)).

Mg, 9(9()), 9(g).0) =2 MFW), fF(g). fF(g). /i)

> Mg, 9(90)).9(9). /i)
> ...

= M), 9(90) 9(9()). /) -
N 9(g).9(g). ) < NGFG, F(gW). F(g). /)

<N, 9(9). 9(gW). b/

<.

<N, 9(9®), 9(9).t/jn)

It follows that g(y) = g(g(y)). Thus g(y) = g(g(y)) = f(g(y)) which implies that g(y) is
a common fixed point of fand g. If y and z are two common fixed points of f and g

then
1>M(y,z2zt)

=M (g, 9(2),9(@),t) =2 MF W), (@), f(2),/})

= M(y,z,z, t/k) > > M(,2 2, t/kn)
0<N(y,2zzt)

=N 9(2),9@),t) < NG, (2, f(2),/;)
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= N(y,z,z, t/k) <-<SNW,zz t/kn).
Thus by definition, since
nlirg M(y, Z,Z, t/kn) = 1and nlirg N(y, Z,Z, t/kn) = 0.
It follows that
1>M(y,2z,2,t) 21,0 < M(y,z,21t) <0,
Which implies y = z by definition.
Theorem 3.2:

(X, M, Vv, *, Q) be a complete generalized intuitionistic fuzzy metric space
and f, g be R-weakly commuting self mappings of X satisfying the following
conditions:

»H  fX)<g(X),
(i)  f(or) g is continuous ,
(iii) forallx,y,zeXand0<t<1
M(fx, [y, fz,t) 2 (M (gx, gy, 92, 1)),
N{fx [y fz,t) <y (N(gx gy, 92, 1))
where ¢,y : [0,1] — [0,1] are a continuous function such that ¢ (t) >tand v (t) <t.
If the sequence {xn} and {yn} in X are such that for all x, yeX and t > 0.
(iv) nl_%gl X, = x and nlirg;t Yo =7, nliroré z, = z implies
nlirg M (%p, Yn» Znp t) = M (X, y,2,t) and ii_zlo]\f(xn,yn,zn, t) = N(x,vy,2zt).
Then f and g have a unique common fixed point in X,
Proof :
Let Xo be an arbitrary point in X. By (i) choose a point x1 in X such that fxo=
OXa.
In general, we choose Xn+1 such that fx, = gxn+1 for all n > 0. Then forall t > 0.
M (fxn, [Xn+1, fXns1,t) 2 G (M (X0, gXnt1, GXn+1, 1))
= (l)(M(fxn—l' fxn, fxn, t))

> M(fxn—lf fxn' fxnr t) (321)
N(fxnr fxn+1' fxn+1' t) < LIJ (N(gxn' IXn+1 9Xn+1s t))
=Y (N (fxn-1, f X, f 2, 1)) (3.2.2)
<

N (fXp-1, [ Xns f Xy ).

Since d (t) >tand y (t) <tforall 0 <t< 1. Thus {M (fx,, fXns1, fXns+1, t)} IS aN
increasing sequence of positive real numbers in [0, 1] and {NV (fx,,, fXpn+1, fXn+1, )}
is a decreasing sequence of positive real numbers in [0, 1]. Therefore, they converge
to the limits L >1 and
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L' > 0, respectively. Now we claimthat L =1 and L'=0 for, Let L < 1.

Letting n — o in (3.2.1), we have L > ¢ (L) > L, which is a contradiction and so L =
1.

Similarly, let L' > 0. Letting n — o in (3.2.2), we have L' <y (L") < L', which is a
contradiction and so L" = 0. Now, for any positive integer P and t > 0, we have

M (fXn, [Xneps fXniprt) = M(fXn, [Xni1 [Xns1s t/P) ——
M(fxn+P—1:fxn+P'fxn+P: t/p)
= M(fxn,fxn+1,fxn+1, t/p) ke ok
M(fxn; fXn+1 fXns1s t/p)-
N(fxn, fXnsp) fXnip, t) < N(fxn: X4t fXn1s t/p) 00
N(fxn+P—1:fxn+P:fxn+P' t/p)
< N (fxn foXnen fXnen t/p) 00
N(fxn; fXn+1 fXns1s t/p)-
Since we have
nlﬂo’} M(fxn,fxn+1,fxn+1, t/P) =1,and nlfm N(fxn, fxni1 fxnia, t/p) =
0
It follows that
nlgor}) M (fxn, fXnsp, fXnep ) Z 15 x 121,

lim N (fxn, fxnep, fXnep, t) <0000 <0.
n—-oo

Thus by definition {fxn} is a Cauchy sequence and by the completeness of X, {fxn}

converges to a point z € X. Also {gxn} converges to the point z. Suppose that by (ii),

the mapping f is continuous. Then limffx, = f, and lim fgx, = fz, further since f
n—oo n—oo

and g are R-weakly commuting, we have

M (fG%n, §f X §f X, ) = M (f 2, g2, g, Y/ ) and

N (fg%n, 9f Xny §f %, ) < N (2, g%, 9%, /)

Letting n — o in the inequality by (iv), we have Jiroré 9fx, = fz.

Now, we prove that z = fz suppose z # {z. Then there exists t > 0 such that
M(z,fz,fz,t) <1 and N (z, [z, fzt) > 0. By (iii), we have

M(fxn, ff 2, ff X0, 8) 2 QM (GXn, 9f Xn, 9f X3, 1)) @Nd

N(fxn, ff2xn, fxn,8) < WV (GXn, 9f Xn, f Xn, 1))
Letting n—oo in the above inequalities,
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we have M (z,fz,fz,t) = & (M (z, fz,fz,t)) > M(z, fz, fz,1),
N(zfz,f2,t) < Y(NV (2 fz, f2,1)) < N(z, fz, fz, t), which is a contradiction. Therefore
z =fz
By (i) since we can find a point zzeX such that z = fz = gz:. Now it follows that
M (fxp, fz1, £2,0) = & (M (gfxn, 824, 824, £) )and NV (ffxy, fzy, fz4,t) <
Y (W (gfxy, 821, 821, 1))
Letting n — oo in the above inequalities, we have
M (fz, fz,, fz,t) = cl)(]\/[(fz, 874,874, t)) = 1and N (fz, fz,, fz,,t) <
(I (fz, gz4, 821,1)) = 0
which implies that fz = fzy since ¢ (t)=1and y (t)=0fort=1.
ie.,z=fz=1fz1=gz1. Alsoforanyt>0.
M (fz, gz, gz, t) = M (fgz,, gfz,, gfz,, t)
> M(le,gzl,gzl,t/R) =1,
N (fz, gz, gz,t) = N (fgz,, gfz,, gfz,, t)
< N(fz,, gzl,gzl,t/R) = 0.

Which again imply that fz = gz. Therefore, z is a common fixed point of f and g.
Now, to prove the uniqueness of the common fixed point z, let y (y # z) be another
common fixed point of f and g. Then there exists t > 0 such that M'(z,y,y,t) <
1and N(zy,y,t) >0
M(zy,y,t) = M(fz,fy, fy,t) = ¢ (M (gz, gy, gy, D))

= o(M(zy,y,0)) > M(zy,y,1),
N(zyy) = Nz fy,fy,t) < ¥ (V(gz gy, gy, 1))

=y(V(zy,y,1)) <N@Ezyyb.
Which is a contradiction since ¢ (t) >tand y (t) <t forany 0<t< 1.
Therefore, z =y ie, z is a unique common fixed point of fand g.
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