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Abstract

We propose two extensions of Eisenstein’s irreducibility criterion.
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1. INTRODUCTION

Probably the best-known result about polynomials irreducibility is Schone-mann
Eisenstein’s criterion ([2, §61 p. 100] and [3, p. 166]). Eisenstein’s version, published
in 1850, provided a sufficient condition for the irreducibility that depends on the
divisibility properties of polynomial’s coefficients.

In these paper we provide two extensions of Eisenstein’s criterion (Theorem 1 and
Theorem 2), along the line of the generalization given in [4, Theorem 1, p. 1159]
and [5, Theorem 2, p. 154].

2. THEOREMS AND APPLICATIONS

Let m be an integer with m > 2. We say an integer polynomial f(z) is “m-irreducible”
in Z[x] (respectively in Q[z]) if it cannot be expressed as a product of m nonconstant
integer polynomials. Otherwise, we say that f(x) is m-reducible in Z[x] (respectively

in Q[z)).
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We recall that, for Gauss’s lemma, if an integer polynomial can be factored into two
nonconstant rational polynomials, then it can be factored into two nonconstant integer
polynomials ([1, Article 42 p. 37]). The following extension of Gauss’s lemma can be
proved by induction.

Lemma 1. Let g(x) € Z[x] be a polynomial. If g(x) = G1(z)G2(z)...Gy(2), a
factorization in Q|x], then there is a factorization g(x) = ¢g1(x)ga(2) . .. gm(x) in Z[z],
whit g; = ¢;G;, with¢c; € F fori=1,2,...,m.

Therefore, if g(x) is m-irreducible in Z|x), then g(x) is m-irreducible in Q[z].

Now we attempt to extend Schonemann-Eisenstein’s criterion ([2, §61 p. 100] and [3,
p. 166]) to provide a simple condition for m-irreducibility.

Theorem 1. Let f(z) = a,z™ + - - - + ag € Z[zx] be a polynomial and suppose there is
a prime p such that p does not divide a,, p divides a; fori = 0,1,...,n — 1, and for
some m with 2 < m < n, p does not divide ay, then f(x) is m-irreducible in Q[z]. In

particular, for a primitive polynomial f(x), if m = 2, then f(x) is irreducible.

Proof. Assume that there are m nonconstant integer polynomials

T1 Tm

72
g1(x) = Zak,ﬂka ga(x) = Zak,zl‘k, s Gm(T) = Z g "
k=0

k=0 k=0
withn =7y +ry+-- -+, and r; > 0, such that f(z) = ¢1(2)g2(z) - - - gm ().

Since p | ag and p™ ¢t ag, there are my, my € {1,2,...,m} such that p | ag,,, and
Pt aom,- Then, wehave ) # D = {i € {1,2,...,m} : p| ao;} # {1,2,...,m}.
Thus we can assume D = {1,2,...,s}, in fact, if this were not the case, we could
permute the polynomials g;(x), g2(), ..., gm(x) so that the first s polynomials have
indices in {1,2, ..., s}.

Let K; = {k € N, 1 < k < r;:p{a;}forj =12 ...s Since
P 1 an = Q12 - - - A, m, it follows that K; # (), then there exist the natural
Ej = min(K;). Therefore, being s < m and r; > 0, we have ki+ko+--+ks <
ribry g <riFrod oA rgFrg oo+ =n.Thenp | ap 5%
because, by the hypothesis, p divides a; for: =0,1,...,n — 1.

On the other hand, we have

CLE1+E2+---+ES = : : aklalak272 T akm:m )

kitkot Ak =k1+ka 4 +ks
0<k;<r;
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where the summands having at least one index j € {1,2, ..., s} such that k; < Ej are
multiple of p. Then, p also divides the remaining summand, i.e. ag, ;ag, " Gf, s00,5+1°
-+ agm, and this is a contradiction. Lemma 1 ensures m-irreducibility in Q[z]. []

Corollary 1.1. Let f(x) = az™ + ap_1p" 2" L + -+ + ayp™'x + p™ ! be an integer
polynomial where 2 < m < n, p is a prime that does not divide a and each r; > 0.

Then f(x) has at most m — 2 rational roots.

Proof. By Theorem 1, f(z) is m-irreducible in Q[z]. If f(z) had m — 1 rational roots, it
would have m — 1 linear factors. Since n = deg(f(z)) > m — 1, f(z) would also have
another non-constant factor, so it would be m-reducible in Q[z], a contradiction. []

The following theorem provides another extension of Eisenstein’s criterion along the
line of the generalization given in [4, Theorem 1, p. 1159] and [5, Theorem 2, p. 154].

Theorem 2. Let f(z) = a,a™ + -+ + ag € Z[x] be a polynomial of degree n and
suppose there is a prime p and an integer h with n/2 < h < n such that p divides a;
fori=0,1,...,h, pdoes notdivide ay,, and p* does not divide ay,.

If f(x) = q1(x)g2(x), a factorization in Z[x], then min{deg(g,(x)), deg(g2(z))} <
n — h — 1. In particular, for a primitive polynomial f(x), if h = n — 1, then f(z) is
irreducible, and if f(x) has only trivial factors of degree less than n — h in Z|x], then
f(z) is irreducible.

Proof. Assume that f(z) = g¢1(z)g2(x), a factorization in Z[z], where ¢,(z) =
bo+ bix + - - -+ b and go(z) = co + 17 + - - - + 2™ F with h > k > n/2.

By the hypothesis p t a1, there are the smallest indices 7 and j for which p 1 b; - C5.

Note that a;,; =

p 1 a;,5. Since the smallest coefficient of f(z) that is not a multiple of p is a1, we
havei+j>h+1,theni>h+1—jandj > h+1—1.

D it =i+ bicj, where p divides any summand except b; - ¢;, then

On the other and, since i < deg g1(z) = k < hand j < deg(g2(z)) =n — k < k < h,
we have:

h+1—-j<i<h and h+1-i<j<h.
Then i and j are both nonzero. In other words, p divides both b, and ¢, and this is a
contradiction, because p? f ag = boco.

Since f(x) has no factors of degree k with n/2 < k < h, then f(z) does not even have
factors of degree n — k. Therefore, being n/2 > n — k > n — h, f(x) does not have
factors of degree k withn — h < k < hin Z[z]. O
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In the line of [4, Corollary 2, p. 1160] we can prove the following Corollary.

Corollary 2.1. Let f(x) = 2P — azP~' + p € Z|z|, where p > 5 is a prime which does
not divide a. Then f(x) is not solvable by radicals.

Proof. Setting h = p — 2, by Theorem 2, f(z) does not have factors of degree k with
2 < k < p — 2. Moreover we can check that f(z) does not have rational roots, then,
being primitive, f(z) is irreducible in Q[z]. Using elementary arguments you can also
prove that f(x) has exactly 3 real roots. The thesis follows applying [6, Proposition
VIII]. []
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