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Abstract

This paper determines a non-uniform bound on pointwise approximation of the beta

binomial distribution with parameters n, o and 8 by a negative binomial distribu-

. . o+ - .
tion with parameters o and —'8 It indicates that the result gives a good
a+pB+n

approximation when g is large.
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1. Introduction

Let X be the beta binomial random variable with parameters n € N, « > 0, and 8 > O.
It has the probability function as follows:ss

_(n Bx+a,n—x+pB) _
px(x) = (x) B B) ,x=0,1,...,n, (1.1)

no .
and variance

and has mean u =

o2 — naf(n+a+ p)
@+ B2 4+a+p)’
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where B is the complete beta function. It is observed that « + f§ — oo while y
remains a constant, then the beta binomial distribution with parameters n, « and B
o+ B
. . T T g g
Therefore, it is reasonable to approximate the beta binomial distribution by the negative
binomial with these parameters when « + f is large. In this case, Teerapabolarn [3] gave
a bound for the total variation distance between the negative binomial and beta binomial

distributions as follows:

converges to a negative binomial distribution with parameters « and p =

(@ + D(e+B+n)
(@+B)a+pB+1)

da(X,Y) < (1= p*) (1.2)

where ds(X,Y) = |P(X € A) — P(Y € A)| for A € N U {0} and Y is the negative

binomial random variable with parameters o and p. However, for A = {xq; xo € NU{0}}
and dy (X, Y) = |P(X = x0) — P(Y = x¢)|, the result in (1.2) becomes

(x+ D(x+ B +n)
o (X, <(1-p“ 1.
DX 1) <A =P et B+ 1) (13)

for every xo. It is observed that the bound is a uniform constant for the point metric
dx,(X, Y). In view of this situation, a non-uniform bound with respect to xg is required.
In this paper, we focus on deriving a non-uniform bound for d,, (X, Y') in (1.3) by using
Stein’s method and the beta binomial w-function, which are in Section 2. In Section 3,
we derive the desired result of this study, and the conclusion of this study is presented
in the last section.

2. Method

The following lemma is the w-function associated with the beta binomial random variable
X, which is directly obtained from [3].

Lemma 2.1. We have

_ (n—x)(e+x)

Y =T By

, x=0,1,...,n, 2.1

where
,  nap(n+a+p)

@+l tatp)
The next relation is an important property to obtain the desired result, which was

stated by [2]. If a non-negative integer-valued random variable X has px(x) > 0 for
every x in support of X and 0 < o2 = Var(X) < oo, then

Cov(X, g(X)) = 6 E[w(X)Ag(X)], (2.2)
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for any function g : NU {0} — R for which E|w(X)Ag(X)| < oo, where Ag(x) =
gx+1)—gx)and E[w(X)] = 1.

For Stein’s method in the negative binomial approximation, it can be applied for
a>0and0 < p=1—¢q < 1,forevery xo € NU{0} and bounded real-valued function
g8 = &x, : NU {0} — R defined as in Brown and Phillips [1]. So, Stein’s equation for
these conditions is as follows:

P(X =x0) — P(Y =x0) = E[g(a + X)g(X + 1) — Xg(X)]. (2.3)
For xo € NU {0} and x € N, [4] showed that
1—p* )
ifxg =0, 1,
aq
sup [Ag(x)| < 8(xo) = (2.4)
x>1 . 1 1 - pa .
mny —, ——— if xo > 1.
xo (a+xo—1)g

3. Result

The following theorem gives a non-uniform bound in pointwise negative binomial ap-
proximation to the beta binomial distribution.
o+ B

Theorem 3.1. Fora >0, p =1 —g = —— and xo € N U {0}, then
a+p+n

S(xp)a(a+ 1)n

dxo(X» Y) S .
(a+B)a+B+1)

3.1

Proof. From (2.3), we have
P(X =x0) — P(Y = x0) = E[agg(X + 1) + ¢ X Ag(X) — pXg(X)]
= aqE[g(X + D] + qE[XAg(X)] — pE[Xg(X)]
= aqE[Ag(X)] + qE[XAg(X)] — pCou(X, g(X)).
Using Lemma 2.1 and (2.2), we have E|w(X)Ag(X)| < co. From which it follows that
dyo (X, Y) = |agE[Ag(X)] + gE[X Ag(X)] — pE[o*w(X)Ag(X)]|
< E{l(¢ + X)g — o?w(X)p||Ag(X)])

@+ X)X
=E {m|Ag(X)|} (= 0).

We obtain
dey (X, Y) < E{[(r + X)g — o*w(X) p]|Ag(X)]}
= (1 — 0’ p)E|Ag(X)]
< 8(x0) (i —o°p)
- S(xp)a(a + 1)n
T @t Plat+p+1)]
which completes the proof. [




4 K. Teerapabolarn

4. Conclusion

In the present study, a non-uniform bound for the point metric between the beta binomial
and negative binomial distributions is derived by using Stein’s method and the w-function
associated with the beta binomial random variable. With this bound, it is observed that
the result in Theorem 3.1 gives a good approximation when g is large, that is, the negative

binomial distribution with parameters o and P can be used as an approximation
o n

of the beta binomial distribution with parameters n, « and g when g is large with respect
ton and «.
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