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Abstract

We study a Euler-Bernoulli beam using a special boundary feedback at the free and.
The closed-loop system is shown to be non dissipative. This gives rise to difficulties
in analyzing the well-posedness and the stability of the considered system using
the traditional dissipativity based-method. The major difficulty in answering this
question comes from its special boundary conditions: the physical variables and
their conjugate variables are assigned simultaneously at the same boundary point.
Despite the lack of the dissipativity we obtain the Riesz basis property. As conse-
quences, both the spectrum-determined growth conditions and exponential stability
are concluded.
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1. Introduction

Let us consider the following Euler-Bernoulli beam subject to the boundary bending
moment feedback:

ytt+yxxxx:O,0<x<1, t>0,
y(o’ t):)’x(oa t) :Oa tZOa
yexx(1,2) =0, t >0,
_yxx(l’t) :ayxt(l,t)+/8YX(1»t), t>0.
It has been proved when 8 = 0 in [13] and when 8 > 0 in [17] that the above system

is Riesz spectral, and is exponentially stable in the energy state-pace. Formally, let
u(x,t) = yx(x, t). Then u satisfies the following set of equations

(S)

Uyr Fuxexx = 0, 0<x <1, >0, (D)

u(0,1) = uyxx(0,7) = 0,1>0, 2)
uw(l,1) = 0, 1t>0, 3)

—ux(l,t) = au(1,1) + pu(l, 1), t = 0. 4)

A question was proposed in [6]. What can we say about the well posedness of system
(H)—(4)

Let us recall the physical meanings of the variables (the reader can be referred to [6]
and the references therein):

y(x, t) = displacement yi(x, t) = velocity;
vy (x, t) = rotation vyt (x, t) = angular velocity;
—Vxx (x, 1) = bending moment Vexx (X, ) = shear force.

at point x and time ¢; and the mutual conjugacy of the physical variables is indicated as
follows:

)’(OT yt) <> Yxxx (OI‘ yxxxt)

Yx (OF Y1) <—> Yxx (OF yyxr).

The general applied mathematics principle for assigning boundary conditions is that the
physical variable and its conjugate variable cannot be imposed simultaneously at the
same boundary point. The major difficulty in answering the above question comes from
its special boundary condition: the physical variables and their conjugate variables are
assigned simultaneously at the same boundaries.The pair of conjugate variables u# and
Uxxy are assigned simultaneously at x = 0.

From the system theoritic point of view, the system (1)—(4) is not passive, hence its
associated generator in the state space with energy norm is not dissipative. This gives
rise to difficulties in analyzing the well-posedness and the stability of the system (1)—(4)
using the traditional dissipativity-based method. In this paper, we give a positive answer
to the question proposed above, using the Riesz basis approach. Actually, we go beyond
the question of well-posedness:
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— we show that the system (1)—(4) verifies the Riesz basis property which means that
there is a sequence of generalized eigenfunctions of generator of system (1)—(4)
which forms a Riesz basis for the state space with the energy norm (which is a
Hilbert space);

— the spectrum-determined growth condition holds;

— we obtain exponential stability.

These results show that there is more freedom in the design of boundary control for
the suppression of vibrations of flexible structures. Therefore the applied mathematics
principle mentioned earlier can be relaxed.

The rest of this paper is organized as follows: we rewrite the two systems in their
operators forms, then we study the spectrum and prove the Riesz basis property for the
system. The exponential stability of (1)—(4) is also concluded.

2. Energy space and energy norm

In this section we rewrite the two systems in their evolutive forms. Let us introduce the
following spaces:
L = {u e H*0,1); u(0) = ux(0) = 0}

K={uvueL velL*0,1)}=LxL*0, 1)},
V= {u e H*0, 1); u(0) = uwxx(0) = 0}, 5)
H={wuviueVv,vel*0,D}=VxL0 1D}, (6)

D (0, 1) = the space of smooth functions with compact support,
D’ (0, 1) = the space of continuous linear functions f : D (0,1) — C.
The superscript 7' stands for the transpose and the spaces L?(0,1) and H* (0, 1) are

defined as X
/ |y|2dx<oo}. (7
0

H*0,1) = {y 110,11 Ry, yD, ... y® e L2 (0, 1)}. @)

LZ(O,l):{y:[O,l]—>R

We consider the system (S) and let z = y;, R = (y, z)? . The space K is called energy
space of the system (§). We define the inner product on the space K as follows:

1
Y(y1,z21) € K,Y(y2,22) € K, {(y1,21), ()02, 22)) = / (1 ys + z1z2)dx + BYy1Y5-
0

The energy norm induced by the inner product is hence defined by

1
Iy, 2% = /0 [ + 2] dx + B (V)
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Letting
0 1
B=| da* 0
dx*
The system (§) can be written as
dR (t
@) = BR (1)
dt
R(O) =Ry €K,

where D(B) the domain of the operator is defined as follows:
D(B) = {(y,z)T e (H*0,)NL) x L
Yexx (1) =0, yxx (1) = —azx (1) — ﬁzx(l)}-

We consider the system (1)—(4) and let v = u;, W = (u, v)T. The space H is called
energy space of the system. We define the inner product on the space H as follows:

|
Y(u,v) € H,¥V(ur,v1) € H, ((ur, v1), (u2, v2)) = /o (ufus + viva)dx + Bujus.

The energy norm induced by the inner product is hence defined by

1
Il = [ [0+ 2] dx +
0

Finally letting
0 1
A= a* . 9
o ©
dx*
The system (1)—(4) can be written as
dw () AW (1)
dt (10)
W(0)=Wye H,

where D(A) the domain of the operator is defined as follows:

D((A) = { u,v)T € (H*©0,1)NV) x V‘uxx (D) =0,u, (1) = —av(l) — ﬁu(l)}.
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3. Spectral Analysis and the Riesz basis property

In this section, we show that there is a sequence of generalized eigenvectors of the
operator A which forms a Riesz basis for the energy space H. The study of the spectral
problem associated with the evolutive system reveals that the spectral parameter appears
in boundary conditions. For this kind of problem, the classical theorem of Bari seems
very difficult to apply [5]. Let us recall the basic idea of Bari’s theorem: if {®,}7°
is a Riesz basis for a Hilbert space H and if another w—linearly independent basis
sequence{W, }7° from H satisfies

0

2
D I, — 0,17 < o,
n=1

then {W, }{° is also a Riesz basis for H.

In this paper, we use a method due to Shkalikov [14]. The basis idea of the method
is to build using the operator A a new operator called the Shkalikov’s linearized operator
which will give the Riesz basis property and then deduce the same property for the
operator A. Here, we must work in the complexified Hilbert spaces of spaces V/, L%(0,1)
and H. For convenience, we do not change the notation for these spaces.

Let A € C be an eigenvalue of A and let W = (u, v)” € D (A) be a corresponding
eigenvector. The equation AW = AW leads to the following set of equations

ru—v =0,
AV + Uyxxx =0,
Urxx (0) = uyxx (1) =u (0) =0,
uy (1) = —av (1) — pu(l).

Eliminating v from the above equations, we get

Uxxxx + )\2’4 =0,

uxxx (0) =0,
uyy (1) =0,
ux (1) = =(ar + plu (1),
u(0) =0.
Letting A = 2, we get

uxxxx+f4u =0 11
uyxx (0) =0 (12)
uxx (1) =0 (13)
uy (1) = —(at® + Bu (1) (14)

u(0)=0 (15)
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The Shkalikov’s characteristic polynomial ([13, p. 1314]) associated with equation (11)

is: w4+1:(wz_ﬁw+1>(w2+«/§w+l>:0. (16)

The zeros of the above polynomial are the complex numbers

14 —1+i —1—i 1—1i
w) = , Wy = , w3 = . w4 = -
V2 V2 V2 V2
The solutions of (11) can be then found in the following form:
u(x) = C1e" " 4+ Cre™ @ 4 C3e™ 3" + Cye™ ™. 17)
Let
F, = Tza)izem", i=1,....,4
G = (at>+tw+B)e™ i=1,....4

We get the following matrix equation:

Fi F F3 Fy Cq 0
Gi G, Gs3; G, ol |o
Pl Pey Pl ol G| |0
1 1 1 1 Cy 0

A necessary and sufficient condition for this matrix equation to have nontrivial solutions
for Cy, Cy, C3, and Cy is that the following characteristic determinant

FF F F Fi

G Gy, G3 Gy

A(r) =
D=1 5303 P} o} ol

1 1 1 1

vanishes. By developing A (t) with respect to the last row, we get

A(r) = T{ (w3 —wq) (F1G2 — F2G ) + (02 — w3) (F1G4 — F4Gy)
+ (w3 — w1) (F2G4 — F4G2) + (w4 — w1) (F3G2 — F,G3)
+ (w2 — wq) (F3G1 — F1G3) + (w1 — w2) (F3G4 — F4G3) }

Next, we set

Wij = (a)i—a)j) 1<i, j<4
FiGj—FiG; 1<i, j<4

=
I
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so that
A(t) =1 (WagTio + W3 T4 + W31Toa + Wa1 T30 + WosT31 + Wi2T34)
where

Was = ~2, Wz =iv/2, Way = (1—i)v2
Wi = —iv2, Was=(1+i)V2, Wa=-+2
Tin = |2t +2i (at® + ,8)] ™2

Ty = t° _i 2t +2i (on2 + ,B)] etV2

T = V2(-1—-i)7°

Ty, = 12|—i271+2i (ou:2 + ﬂ)} e~TV?2

T35 = V2(-1+i)7°
Ty = 2|27 +2i (oz‘r2 + ,8)] e=iTV2

After simplification, we get
A(t) = f7{ [—21—1 + 2v2ia + Zﬁiﬂr_z] el™V2

~ [0t 4 2v2ia + 2ﬁiﬁr—2] emiTV2

2t ¥ 2v2a + 2«/§ﬂt_2] e™V2

2t 1 2v20 + 2«/5,31—2] e ™V2 gl }

We observe that for |t | sufficiently large, the dominant term of each expression in bracket
is nonzero. In the view of Shkalikov’s theory, the boundary conditions are said to be
regular. We also mention that the previous characteristic determinant is the same as that
found for system () in [17] . Hence we obtain the following results:

Lemma 3.1. A has compact resolvent and 0 € p (A) . Therefore the eigenvalues of A
are countable and isolated.

Proof. Clearly, we only need to prove that 0 € p (A) and A7 lis compact on H. For any
G = (u,v) € H, we need to find a unique F = (f, g) € D (A) suchthat AF = G. In
other words such that the following set of equations is satisfied

g=u (18)

—frxxxx =V (19)
Jrxx (0) = fux (1) = f(0) =0 (20)
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fe (D) = —ag (D) = Bf (1) 2D
By integrating (3.9) we obtain for all s in [0, 1]:

_/sfxxxx(x)dx:/sv(x)dx
0 0

- [fxxx]g) = /(; v (x) dx.

Using the boundary condition (3.10) we have:

— frxx (8) = /S v (x)dx.
0

By integrating again we get for all z € [0, 1]:

1 1 N
_f frxx (8)ds = / / v(x)dxds
z z JO

1 s
— [ fxx (s)]; :/ /0 v (x)dxds.

Using the boundary condition (3.10) we get for all z € [0, 1]:

1 K
fox (2) = / / v (x)dxds.
z 0

By integrating again we obtain for all » in [0, 1]:

/fxx(Z)dZ—/ / / v(x)dxdsdz

r 1 s
[fo:/ / / v (x)dxdsdz
1 Jz JO
r 1 K
fx<r>—fx<1>=f f / v (v) dxdsdz.
1 Jz JO

Using the boundary condition (3.11) we have for all r in [0, 1]:

r 1 K
fr(r) +ag(l) + Bf(1) =/ / / v (x)dxdsdz
1 Jz JO

r 1 s
k(r)= / / / v (x)dxdsdz
1 Jz JO

Then set
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we get for all  in [0, 1]:
fx )+ Bf (1) =—au(l) +k(r).

By integrating again we obtain for all m in [0, 1]:

/mfx(r)dr—l—ﬁ/mf(l)dr:—a/mu(l)dr+/mk(r)dr
0 0 0

0

m

f(m)+ Bmf (1) = —amu (1) —l—/ k@) dr.
0

Next we determine f (1). We get:
1
P+ B 1) = —au )+ [ k@)
0

—au (1) + fol k@r)dr

= 1P

Then we get for all m in [0, 1]:

1 m
F(m) = —Bm —ou () + Jo k() dr —amu(l)—l—/ k(r)dr.
1+ 8 0

Obviously we have (u, v) € D (A) . Therefore we get:
F=(f,=A"'G=N@m),u.

Where N is given by:

1 m
N o) = —pm (—am (D + Jy k(r)dr) e (D +/ o dr
0

1+ B

Finally we obtain that 0 € p (A) and Sobolev’s embedding theorem implies that Al
is a compact operator on H. [ |

Theorem 3.2. For v > 0 and 8 > 0, we get:

1. The operators A and B have the same spectrum and for each A € 0 (A) = o (B),
Re (1) < 0;

2. The eigenvalues of the unbounded operator A which governs the system (S) take
asymptotically the form

1 1\ | 1\* , 1
Mm=—4+0\|-)+i|lln—=) 7“+0|—=])]|, neN;
o n 4 n?

1
and lim Re(A,) = —— <0,
o

n——+0o0o
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3. the eigenvalues of the operator A are asymptotically simple and isolated.
(For the proof see [17].)

Remark 3.3. We recall that the property (3) of the above theorem is essential for applying
theorem 3.1 of Shkalikov’s theory [14].

Theorem 3.4. Consider the system given by (2.6) where « > 0 and 8 > 0, then there
exists a fundamental system of generalized eigenvectors of the operator A which forms
aRiesz basisin H = V x L? (0, 1).

Proof. Following the notation of Shkalikov in [14], for integer »r > 0, we set
Wy =Wy 0, De w0, )@@ Ws (0, 1), (22)

where Wé‘ (0, 1) is the Sobolev space of smooth functions on the segment [0, 1] having
k — 1 absolutely continuous and derivatives and k-th derivative from L? (0, 1) with the

_ (k)
norm |l = [ ®) |+ 1 I -
In our case n = 4 and we have

Wy =Wt 0. e Wyt 0. e w0, 1) @ Wj (0,1).
We rewrite equation (11) in the following from
L, 7) = lo () + Tl () + T2 () + Tl (u) + 714 (u) = 0,

where lo (u) = uxxxy, l1 () =1 (u) =13(u) =0, ls (u) = u.
Now, we consider the operator H, defined as follows:

S ;
Vo ) U1
v=| " | eW — HY = v3 —| " |,
v 3 v3
v3 = i (v) _—
L i=0 _

where v = u, v| = Tu, V3 = rzu, vy = u.

We also define H' (V) € Wy ~! where H' is the i th power of H. Now, we normalize
the boundary conditions (3.2) — (3.5) according to Shkalikov’s method [14] . First, we
rewrite them as follows:

Ui (u,7) =u" (0) =0
Uy(u,t)=u"(1)=0

Us u,7) =u' (1) + (et + B)u (1) =0
Us(u, 1) =u0) =0

(23)
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and in (3.9) , we make substitutions according to the rule

tu® () = (HD)) () ifi+k<n+r,

‘[iu(k) (x) = pitk—n—r+1 (Hn—l—r—k—l'g)(()k) ) ifi +k>n4r

where x = 0 or x = 1, n being the number of boundary conditions and the subscript
index means that we take the first component of the associated vector. As a result of
these substitutions, we represent the boundary conditions in a following form

v; (r)
U =) dUf@. 1<isn,
k=0

where now the linear forms Uik do not depend on A. We set
Ne =01 (1) 02 () 4 -+ 0 (1)

where the numbers v; (r) are those which appear above. If they are all zeros, then N, = 0.
With the previous transformations in mind, we rewrite the second above boundary con-
ditions as follows: the term t°u (1) is replaced by v; (1) , the other boundary conditions
remain unchanged. Hence, we can represent (3.9) as follows:

Ui@,1) = U@ =v]0)=0
U@ 1) = @ =vj(1)=0
Us@, 1) = Us@) =v)(1)+ (at? +B) vy (1) =0
Us@ 1) = Us@) =10(0) =0.

We denote by W; ;; the Shkalikov space defined as follows:

Ve WS, U (H* @) =0, 1<j<nforO<k<n+r-2
and all boundary conditions of order <n+r —k — 2

Wiu = { } (24)
Following the theory of Shkalikov W, ;; is a closed subspace of finite codimension in

W5 . In our case, since n = 4, for r = 0, the Shkalikov’s space Wg y ([14]) is defined as
follows:

Vo

Tlewlo, Dew2o, hew! 0, 1)®L2©,1),

<
Il

0 v
W. =
2,U V3

U; (H*v) =0,

for0 < k <n+r —2 =2 and all boundary conditions of order < 2 — k
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We get

TeW;0,1)® WO, 1)@ W) 0,1)®L*0,1),
vy (1) = 0, vh (1) + vz (1) + Bro (1) = 0, v (1)
+av3 (1) + Bvy (1) =0,
vo (0) =0,v1(0) =0,v2(0) =0

0 _
WZ,U -

We define the Shkalikov’s operator as follows:

() Vo U]
V] V1 v2 1
H =H = ., D(Hy) =W, .
0 ) v v34 ( O) 2.U
U3 U3 —v(() )

Using corollary 3.1 of Shkalikov’s Theorem 3.1 [14], we deduce that there is a set of
generalized eigenvectors of the operator Hy which forms a Riesz basis of the Hilbert
space Wg y- When r =1, the space WZI’U is defined as follows:

Wyy = {’5 e W (0,1)®W;(0,1)® W20, 1)@ W, (0, 1),

vy (0) = 0, vy (1) =0,v] (1) =0, vy (1) +avz (1)
+Bvg (1) =0,
vy (D) +av3 (D) +Bv (1) = 0, Ué(l)+otv(()4)(1)+ﬁvz(1) =0, v (0) =0,

v1(0) = 0, 12(0) =0, v3(0) = ()}

Since A = 72, we define Shkalikov’s operator Hg as follows:

Vo U2
v = vs dD(H}) =Wi, c Wy
0 v = o an ( 0) — 2,UC 2,U>
2 Vo
U3 i _v/l///

D(H}) = {ve D(Hy) /Hov e D (Hp)}

= {TeW;0, )@ W;0,1)®W;(0,1)® W;(,1),

v’ (0) = 0, vy (0) =0, v} (0) =0,v] (1) =0,
W/ (1) = 0,v)(1)=0,

vo (1) +avy (1) + Bro (1) = 0, vi (1) +avz (1) + Bv; (1) =0,

vy () +avl” )+ By = 0,v50) +av!” 1)+ o3 (1) =0,

vo(0) = 0, v1(0)=0, v (0) =0, v3 (0)20,}.
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Using Corollary 3.1 of Shkalikov’s Theorem 3.1 [14], we deduce that there is a set of
generalized eigenvectors of the operator H02 which forms a Riesz basis of the Hilbert
space Wzl’U.

Now, we build a Riesz basis for the operator A. First, we remark that we can write
operator H02 as follows:

H}=H'o H?,
where H? operates on vy, v3 and H ! operates on vy, vy. Operator H 2 is defined as
follows:
2 w _ v
e[ o]
where

': ) e Wi, 1)@ W2, 1) /w” (0) =0,

D(H*) = 1 w'()=0, w ) +av(l)+pw() =0,
v (1) 4+ aw® (1) + Bv (1) =0
w0 =0,v0)=0

’j) we W0, )NV, veV, wy (1) =0,
wy (1) +av (D) + Bw (1) =0, vy (1) + dwyyxxr (1) + Bv (1) =0

Next, we prove that the spectral problem associated with operator Hg is equivalent
to the one defined by A. Let A be an eigenvalue of Hg. We have:

HZU =AU

where
U = (vo, v1,v2,03)" €D (Hoz)

is an eigenvector of H{ associated with A. We then obtain :

Uy = )\.UO,

V3 = AV],
P =y = Ay,
_vi/// = Avs.
UeD(Hj).

Now, by a substitution, we get the following set of systems:
v]” 4+ 2% =0,
v (1) +advy (1) + Boi (1) =0,

A (1) +avl® (1) + 2Bv; (1) =0,
o]’ (0) = v (1) = v (0) =0,

(25)
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v(/)/” + szo =0,
vy (1) + arvy (1) 4+ B (1) = 0,
1 avy (1) +av? (1) + 1Bug (1) = 0 (26)
vy (0) = vy (0) = vg (0) =0,

vy (1) =0.

To obtain the last condition of (26), it suffices to remark that:
vy” 4+ 2*vg =0and vg € W5 (0, 1).

From (25), A is an eigenvalue of H I associated with the eigenvector (vy, U3)T . From
(26), we deduce that A is an eigenvalue of H 2 associated with the eigenvector (v, vz)T .
Next, let A be an eigenvalue of A associated with the spectral problem (1)—(4). Then we
easily deduce that X is an eigenvalue of HOZ. Since we know from the previous study of
Hg that there is a set of generalized eigenvectors of operator H02 which form a Riesz basis
of the Hilbert space Wzl’ y» we deduce that there is also a set of generalized eigenvectors
of the operator A or H 2 which forms a Riesz basis of Hilbert space H =V & L?(0,1).

Following the idea of ([5, Theorem 2.4]), all the properties of operator A found
above, allows us to claim that for the semigroup el generated by A, the spectrum-
determined growth condition holds:

w(A)=S(A),

where |
w(A) = lim - ||e*|

t—oot

is the growth order of e’ and
S(A) =sup{Rer/\ € o (A)}
is the spectral bound of A. |

Theorem 2 is the fundamental property of the evolutive system (1)—(4). Many other
important properties of this system can be concluded from Theorem 2. The exponential
stability stated below is one of such important property.

Theorem 3.5. System (1)—(4) is exponentially stable for any 8 > 0 and @ > 0. That
is, there are nonnegative constants M, w such that the energy E (¢) of system (1)-(4)
satisfies

E(t) < ME (0)e ", Vt >0, (27)

for any initial condition (u (x, 0), u; (x,0)) € H.
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Proof. Following the theorem 1, we get: for each A € 0 (A) = o (B), Re(A) <
0, the eigenvalues of the unbounded operator A which governs the system (S) take
asymptotically the form

1 1\ 1\? , 1
m=—1——4+0|-)+i|lln—-) nc+0|—=])|,neN
o n 4 n?

and
lim Re(A;) = —— <O.
n——+00 o
Moreover the spectrum-determined conditions holds hence the system (1)—(4) is expo-
nential stable. [ |
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