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1. INTRODUCTION 

In 1956, Selberg [15] introduced the notion of weakly symmetric manifolds. Again 

Tamassy and Binh [22] studied weakly symmetric and weakly Ricci symmetric 

manifolds and proved that such a structure do not exists always.These type of manifolds 

were studied with different structures by many authors 

[[5],[6],[7],[8],[9],[11],[12],[16],[21]] etc. 

A non-flat Riemannian manifold (𝑀𝑛, 𝑔) is called weakly Ricci symmetric [22] if its 

Ricci tensor 𝑆 of type (0, 2) is not identically zero and satisfies the condition 

(1.1)  (∇X𝑆)(𝑌, 𝑍)  =  𝐴(𝑋)𝑆(𝑌, 𝑍)  +  𝐵(𝑌 )𝑆(𝑋, 𝑍)  +  𝐷(𝑍)𝑆(𝑌, 𝑋), 
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where 𝐴, 𝐵 and 𝐷 are three non-zero 1-forms and ∇ denotes the operator of covariant 

differentiation with respect to the metric 𝑔. The above relation can also be written as 

(1.2)   (∇𝑋𝑄)(𝑌 )  =  𝐴(𝑋)𝑄𝑌 +  𝐵(𝑌 )𝑄𝑋 +  𝑆(𝑌, 𝑋)𝜌, 

where 𝜌 is the vector field associated to the 1-form 𝐷 such that 𝐷(𝑍)  =  𝑔(𝑍, 𝜌) and 

𝑄 is the Ricci operator, i.e. 𝑔(𝑄𝑋, 𝑌)  =  𝑆(𝑋, 𝑌) for all 𝑋 and 𝑌. 

 

The notion of 𝜙-Ricci symmetric was introduced by De and Sarkar [10] on Sasakian 

manifolds and obtained some important results. This condition is also studied by Shukla 

and Shukla [[17], [18]] on Kenmotsu manifolds and para-Sasakian manifolds 

respectively. A non-flat Riemannian manifold (𝑀𝑛, 𝑔) is said to be 𝜙-Ricci symmetric 

manifold [10], if the Ricci operator 𝑄 satisfies 𝜙2(∇𝑋𝑄)(𝑌 ) = 0, for all vector fields 

𝑋 and 𝑌 on  𝑀. As a weaker version of locally symmetric manifolds, Takahashi [20] 

initiated the study of locally 𝜙-Symmetric Sasakian manifolds. Recently, Prakasha et 

al. [13] studied weakly 𝜙-Ricci symmetric Kenmotsu manifolds and proved that if the 

weakly 𝜙-Ricci symmetric Kenmotsu manifold is locally 𝜙-Ricci symmetric, then the 

sum of the associated 1-forms 𝐴, 𝐵 and 𝐷 is zero everywhere. A non-flat Riemannian 

manifold 𝑀𝑛 is said to be weakly 𝜙-Ricci symmetric manifold if the non-zero Ricci 

curvature 𝑄 of type (1, 1) satisfies the condition 

(1.3)     𝜙2(∇𝑋𝑄)(𝑌) = 𝐴(𝑋)𝑄(𝑌) + 𝐵(𝑌)𝑄(𝑋) + 𝑔(𝑄𝑋, 𝑌 )𝜌, 

where 𝐴, 𝐵 and 𝜌 have the meanings already stated. 

 

The notion of special weakly Ricci symmertic manifold was introduced by Singh and 

Khan [19]. After that, Quddus Khan [14] studied the special weakly Ricci symmertic 

Sasakian manifold and shown that a special weakly Ricci symmetric Sasakian manifold 

can not be an Einstein manifold. An 𝑛-dimensional Riemannian manifold 𝑀𝑛 is called 

special weakly Ricci symmetric manifold [19], if the Ricci tensor 𝑆 of type (0, 2) 

satisfies the condition 

(1.4)       (∇𝑋𝑆)(𝑌, 𝑍)  =  2𝐴(𝑋)𝑆(𝑌, 𝑍)  +  𝐴(𝑌 )𝑆(𝑋, 𝑍)  +  𝐴(𝑍)𝑆(𝑌, 𝑋), 

where 𝐴 is associated 1-form such that 𝑔(𝜌, 𝑋)  =  𝐴(𝑋). 

Under the influence of above ideas, here in this article we study weakly 𝜙-Ricci 

symmetric, special weakly 𝜙-Ricci symmetric and semi-pseudo Ricci-symmetric 

𝑁(𝑘)-contact metric manifold. The present paper is organized as follows: In Section 2, 

we give some preliminaries and defi-nitions that will be needed thereafter. Section 3 is 

devoted to study weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold. Here we 

prove that a weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold is locally 𝜙-

Ricci symmetric and the sum of the associated 1-forms 𝐴, 𝐵 and 𝐷 is zero everywhere 
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provided 𝑘 ≠ 0. In Section 4, we study special weakly 𝜙- Ricci symmetric 𝑁(𝑘)-

contact metric manifold and shown that the associated 1-form 𝐴 must vanishes if 𝑘 ≠

0. Finally in section 5, we have shown that 𝑁(𝑘)-contact metric manifold do not satisfy 

semi-pseudo Ricci-symmetric condition. 

 

2. PRELIMINARIES 

A (2𝑛 + 1)-dimensional smooth manifold 𝑀 is said to be Contact manifold if it 

carries a global differentiable 1-form 𝜂 which satisfies the condition 𝜂 ∧ (𝑑𝜂)𝑛 ≠ 0 

everywhere on 𝑀.  

Also a Contact manifold admits an almost Contact structure (𝜙, 𝜉, 𝜂), where 𝜙 is a 

(1, 1)-tensor field, 𝜉 is a characteristic vector field and 𝜂 is a global 1-form such that 

(2.1)   𝜙2 = −𝐼 + 𝜂 ⊗ 𝜉,     𝜂(𝜉) = 1,      ϕ𝜉 = 0,       𝜂 ∘ 𝜙 =  0.     

 An almost Contact structure is said to be normal if the induced almost complex 

structure 𝐽 on the product manifold  𝑀 × 𝑅 defined by  

                                          𝐽 (𝑋, 𝜆
𝑑

𝑑𝑡
 ) = (𝜙𝑋 − 𝜆𝜉, 𝜂(𝑋)

𝑑

𝑑𝑡
 )  

 is integrable. Where 𝑋 is tangent to 𝑀, 𝑡 is the coordinate of 𝑅 and 𝜆 a smooth 

function on  𝑀 × 𝑅. The condition of almost contact metric structure being normal is 

equivalent to vanishing of the torsion tensor[𝜙, 𝜙]  +  2𝑑𝜂 ⊗ 𝜉, where [𝜙, 𝜙] is the 

Nijenhuis tensor of 𝜙. Let 𝑔 be the compatible Riemannian metric with almost 

Contact structure(𝜙, 𝜉, 𝜂) such that  

(2.2)  𝑔(𝜙𝑋, 𝜙𝑌 ) = 𝑔(𝑋, 𝑌 ) − 𝜂(𝑋)𝜂(𝑌 ), 𝑔(𝑋, 𝜉) = 𝜂(𝑋),  

for all vector fields 𝑋, 𝑌 ∈ 𝜒(𝑀). A manifold 𝑀 together with this almost Contact 

metric structure is said to be almost Contact metric manifold and it is denoted 

by 𝑀(𝜙, 𝜉, 𝜂, 𝑔).  An almost Contact metric structure reduces to a contact metric 

structure if 𝑔(𝑋, 𝜑𝑌)  =  𝑑𝜂(𝑋, 𝑌). Moreover, if ∇ denotes the Riemannian connection 

of 𝑔, then the following relation holds:  

(2.3)      ∇𝑋𝜉 = −𝜑𝑋 −  𝜑ℎ𝑋. 

Blair, Koufogiorgos and Papantoniou [3] introduced the (𝑘, 𝜇)-nullity distribution on a 

Contact metric manifold 𝑀 and is defined by 

𝑁(𝑘, µ) ∶  𝑝 → 𝑁𝑝(𝑘, µ) = {𝑈 ∈ 𝑇𝑝𝑀|𝑅(𝑋, 𝑌 )𝑈 = (𝑘𝐼 +  µℎ)𝑔(𝑌, 𝑈)𝑋 −

 𝑔(𝑋, 𝑈)𝑌 }, 

for all 𝑋, 𝑌 ∈ 𝑇𝑀, where (𝑘, µ) ∈ 𝑅2. A Contact metric manifold with 𝜉 ∈ 𝑁(𝑘, µ) is 

called a (𝑘, µ)-contact metric manifold. If µ =  0, then (𝑘, µ)-nullity distribution 
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reduces to 𝑘-nullity distribution. The 𝑘-nullity distribution 𝑁(𝑘) of a Riemannian 

manifold is defined by [23] 

𝑁(𝑘) ∶  𝑝 →  𝑁𝑝(𝑘) = {𝑈 ∈ 𝑇𝑝𝑀|𝑅(𝑋, 𝑌 )𝑈 =  𝑘[𝑔(𝑌, 𝑈)𝑋 −  𝑔(𝑋, 𝑈)𝑌 ]}, 

𝑘 being a constant. If the characteristic vector field 𝜉 ∈ 𝑁(𝑘), then we call a contact 

metric manifold as 𝑁(𝑘)-contact metric manifold [4]. If 𝑘 = 1, then the manifold is 

Sasakian and if 𝑘 = 0, then the manifold is locally isometric to the product 𝐸𝑛+1(0)  ×

 𝑆𝑛(4) for 𝑛 > 1 and flat for 𝑛 = 1 [1]. 

In 𝑁(𝑘)-contact metric manifold the following relations hold. 

(2.4)        ℎ2 = (𝑘 − 1)𝜙2 , 

(2.5)        𝑅(𝑋, 𝑌)𝜉 = 𝑘[𝜂(𝑌)𝑋 − 𝜂(𝑋) 𝑌], 

(2.6)        𝑆(𝑋, 𝑌) =  2(𝑛 −  1)𝑔(𝑋, 𝑌) + 2(𝑛 − 1)𝑔(ℎ𝑋, 𝑌) 

+[2𝑛𝑘 − 2(𝑛 − 1)]𝜂(𝑋)𝜂(𝑌 ), 

(2.7)        𝑆(𝜙𝑋, 𝜙𝑌) = 𝑆(𝑋, 𝑌) − 2𝑛𝑘𝜂(𝑋)𝜂(𝑌) − 4(𝑛 − 1)𝑔(ℎ𝑋, 𝑌 ), 

(2.8)       𝑆(𝑋, 𝜉) = 2𝑛𝑘𝜂(𝑋),      𝑄𝜉 = 2𝑛𝑘𝜉, 

(2.9)                                          𝑟 = 2𝑛(2𝑛 − 2 + 𝑘), 

where ℎ is a tensor of type (1,1) and 𝑅 is the Riemannian curvature tensor. 

 

3.  ON WEAKLY 𝝓-RICCI SYMMETRIC 𝑵(𝒌)-CONTACT METRIC  

          MANIFOLD 

Suppose an 𝑁(𝑘)-contact metric manifold 𝑀 is weakly 𝜙-Ricci symmetric. Then by 

using (2.1) in (1.3), we get 

(3.1)   −(∇𝑋𝑄)(𝑌) + 𝜂((∇𝑋𝑄)(𝑌))𝜉 = 𝐴(𝑋)𝑄𝑌 + 𝐵(𝑌)𝑄𝑋 + 𝑆(𝑌, 𝑋)𝜌. 

From (3.1), it follows that 

(3.2)   − 𝑔(∇𝑋𝑄(𝑌), 𝑍) + 𝑆(∇𝑋𝑌, 𝑍) + 𝜂((∇𝑋𝑄)(𝑌))𝜂(𝑍) =  𝐴(𝑋)𝑆(𝑌, 𝑍) 

                    + 𝐵(𝑌)𝑆(𝑋, 𝑍) + 𝑆(𝑌, 𝑋)𝐷(𝑍). 

Putting 𝑌 = 𝜉 in (3.2) and then using (2.3) and (2.8), we get 

(3.3)   2𝑛𝑘 𝑔(𝜙𝑋, 𝑍) + 2𝑛𝑘 𝑔(𝜙ℎ𝑋, 𝑍) 

−𝑆(𝜙𝑋, 𝑍) − 𝑆(𝜙ℎ𝑋, 𝑍) = 2𝑛𝑘𝐴(𝑋)𝜂(𝑍) + 𝐵(𝜉)𝑆(𝑋, 𝑍)  + 2𝑛𝑘𝜂(𝑋)𝐷(𝑍). 

Taking 𝑋 = 𝑍 = 𝜉 in (3.3), we obtain 

(3.4)      𝑘[𝐴(𝜉) + 𝐵(𝜉) + 𝐷(𝜉)] = 0.  
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If 𝑘 ≠ 0, then we have 

(3.5)          𝐴(𝜉)  +  𝐵(𝜉)  +  𝐷(𝜉)  = 0. 

Now we claim that 𝐴 +  𝐵 +  𝐷 =  0 for all vector fields on 𝑀. 

Setting 𝑍 =  𝜉 in (3.3), we get 

(3.6)              𝐴(𝑋) = −[𝐵(𝜉) + 𝐷(𝜉)]𝜂(𝑋). 

In view of (3.5), the relation (3.6) reduces to 

(3.7)        𝐴(𝑋) = 𝐴(𝜉)𝜂(𝑋). 

Similarly we get, 

(3.8)        𝐵(𝑋) = 𝐵(𝜉)𝜂(𝑋), 

(3.9)        𝐷(𝑋) = 𝐷(𝜉)𝜂(𝑋). 

Adding above three equations and using (3.5), we get 

(3.10)      𝐴(𝑋) + 𝐵(𝑋) + 𝐷(𝑋) = 0,        ∀  𝑋. 

Hence from (3.10), we can state 

Theorem 3.1. In a weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold 𝑀, the 

sum of associated 1-forms 𝐴, 𝐵 and 𝐷 is zero everywhere provided 𝑘 ≠ 0. 

We know that 𝑁(𝑘)-contact metric manifold is a Sasakian manifold for  𝑘 = 1 ≠ 0 

[2]. And so, from the above theorem we have the following corollary: 

Corollary 3.1. There is no weakly 𝜙-Ricci symmetric Sasakian manifold unless the 

sum of associated 1-forms 𝐴, 𝐵 and 𝐷 is zero everywhere. 

Definition 3.1. A weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold 𝑀 is said 

to be locally 𝜙-Ricci symmetric if the non-zero Ricci curvature 𝑄 of type (1,1) 

satisfies the condition 

(3.11) 𝜙2(∇𝑄)  =  0. 

From (1.3), it follows that 

(3.12) 𝐴(𝑋)𝑄(𝑌) + 𝐵(𝑌)𝑄(𝑋) + 𝑔(𝑄𝑋, 𝑌)𝜌 = 0. 

Taking inner product with 𝑍, (3.12) becomes 

(3.13) 𝐴(𝑋)𝑆(𝑌, 𝑍) + 𝐵(𝑌)𝑆(𝑋, 𝑍) + 𝑆(𝑋, 𝑌)𝐷(𝑍) = 0. 

Setting 𝑋 = 𝑌 = 𝜉 in (3.13), we obtain 

(3.14) 𝐴(𝜉)2𝑛𝑘𝜂(𝑌) + 𝐵(𝜉)2𝑛𝑘𝜂(𝑍) + 2𝑛𝑘𝐷(𝑍) = 0. 

Putting 𝑌 = 𝑍 = 𝜉 in (3.14), we get 
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 (3.15) 𝑘[𝐴(𝜉) + 𝐵(𝜉) + 𝐷(𝜉)] = 0. 

If 𝑘 ≠ 0, then we have 

(3.16)                     𝐴(𝜉) + 𝐵(𝜉) + 𝐷(𝜉) = 0.  

Again putting 𝑌 = 𝑍 = 𝜉 in (3.13), we have 

(3.17)                     𝐴(𝑋)𝑆(𝜉, 𝜉) = −[𝐵(𝜉) + 𝐷(𝜉)]𝑆(𝑋, 𝜉). 

Similarly we have 

(3.18)  𝐵(𝑌)𝑆(𝜉, 𝜉) = −[𝐴(𝜉) + 𝐷(𝜉)]𝑆(𝑌, 𝜉) 

(3.19)  𝐷(𝑍)𝑆(𝜉, 𝜉) = −[𝐴(𝜉) + 𝐵(𝜉)]𝑆(𝑍, 𝜉).                                               

Adding the above three equations and taking 𝑋 = 𝑌 = 𝑍 and using (3.16), we obtain 

(3.20)                𝐴(𝑋) + 𝐵(𝑋) + 𝐷(𝑋) = 0. 

for any vector field 𝑋 on 𝑀. Hence we can state the following 

Theorem 3.2. If a weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold 𝑀 is a 

locally 𝜙-Ricci symmetric, then sum of the associated 1-forms 𝐴, 𝐵 and 𝐷 is zero 

everywhere provided 𝑘 ≠ 0. 

In view of the above theorem, we have 

Corollary 3.2. If a weakly 𝜙-Ricci symmetric Sasakian manifold 𝑀 is locally 𝜙-Ricci 

symmetric, then sum of the associated 1-forms 𝐴, 𝐵 and 𝐷 is zero everywhere. 

Definition 3.2. A weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold 𝑀 is said 

to be 𝜙-Ricci recurrent if it satisfies the condition 

(3.21)       𝜙2(∇𝑋𝑄)(𝑌) = 𝐴(𝑋)𝑄(𝑌). 

Again from (1.3), we have 

(3.22)       𝐵(𝑌)𝑄(𝑋)  +  𝑔(𝑄𝑋, 𝑌 )𝜌 =  0. 

Taking inner product of (3.22) with 𝑍, one can obtain 

(3.23)       𝐵(𝑌)𝑆(𝑋, 𝑍) + 𝑆(𝑋, 𝑌)𝐷(𝑍)  =  0, 

for all vector fields 𝑋, 𝑌 and 𝑍 on 𝑀.     

Substituting 𝑋 = 𝑌 = 𝑍 = 𝜉 in (3.23) and then using (2.8), one can have 

(3.24)     𝑘[𝐵(𝜉) + 𝐷(𝜉)] = 0. 

If 𝑘 ≠ 0, then we have 

(3.25)      𝐵(𝜉) + 𝐷(𝜉) = 0. 
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Replacing 𝑋 and 𝑍 by 𝜉 in (3.23), we get 

(3.26)          𝐵(𝑌)𝑆(𝜉, 𝜉) = −𝐷(𝜉)𝑆(𝜉, 𝑌). 

Similarly  

(3.27)        𝐷(𝑌)𝑆(𝜉, 𝜉)  = −𝐵(𝜉)𝑆(𝜉, 𝑌). 

Adding the above two equations and then using (3.25), we find that 

(3.28)  𝐵(𝑌) + 𝐷(𝑌) = 0, 

for any vector field 𝑌 on 𝑀 so that 𝐵 + 𝐷 = 0 everywhere on 𝑀.  

In this case, we have the following: 

Theorem 3.3. There exist no weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold 

𝑀 which is 𝜙-Ricci recurrent, unless associated 1-forms 𝐵 and 𝐷 are in opposite 

directions for 𝑘 ≠ 0. 

In view of the above theorem, we derive 

Corollary 3.3. There is no weakly 𝜙-Ricci symmetric Sasakian manifold 𝑀 which is 

𝜙-Ricci recurrent, unless associated 1-forms 𝐵 and 𝐷 are in opposite directions. 

 

4. SPECIAL WEAKLY 𝝓-RICCI SYMMETRIC 𝑵(𝒌)-CONTACT METRIC  

     MANIFOLD 

Definition 4.3. An 𝑁(𝑘)-contact metric manifold 𝑀 is said to be special weakly 𝜙-

Ricci symmetric if the non-zero Ricci curvature 𝑄 of type (1, 1) satisfies the condition 

(4.1) 𝜙2(∇𝑋𝑄)(𝑌) = 2𝐴(𝑋)𝑄(𝑌) + 𝐴(𝑌)𝑄(𝑋) + 𝑔(𝑄𝑋, 𝑌)𝜌, 

for any vector fields 𝑋 and 𝑌 on 𝑀. Here 𝜌 is a vector field such that 𝑔(𝜌, 𝑋) = 𝐴(𝑋) 

and 𝐴 is the associated 1-form 

Using (2.1) in (4.1), we get 

(4.2)    − (∇𝑋𝑄)(𝑌) + 𝜂((∇𝑋𝑄)(𝑌))𝜉 =  2𝐴(𝑋)𝑄(𝑌) + 𝐴(𝑌)𝑄(𝑋) + 𝑆(𝑌, 𝑋)𝜌. 

From (4.2), it follows that 

(4.3)    −𝑔((∇𝑋𝑄)(𝑌), 𝑍) + 𝜂((∇𝑋𝑄)(𝑌))𝜂(𝑍) = 2𝐴(𝑋)𝑆(𝑌, 𝑍) + 𝐴(𝑌)𝑆(𝑋, 𝑍) +

𝑆(𝑌, 𝑋)𝐴(𝑍), 

We know that 

(4.4)     −(∇𝑋𝑄)(𝑌) = ∇𝑋(𝑄𝑌) − 𝑄∇𝑋𝑌. 

Using (4.4) in (4.3), we get 

(4.5)     −𝑔(∇𝑋(𝑄𝑌), 𝑍) + 𝑆(∇𝑋𝑌, 𝑍) + 𝜂((∇𝑋𝑄)(𝑌))𝜂(𝑍) 
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= 2𝐴(𝑋)𝑆(𝑌, 𝑍) + 𝐴(𝑌)𝑆(𝑋, 𝑍) +  𝑆(𝑌, 𝑋)𝐴(𝑍). 

Taking 𝑌 = 𝜉 in (4.5) and by virtue of (2.3) and (2.8), (4.5) reduces to 

(4.6)        2𝑛𝑘[𝑔(𝜙𝑋, 𝑍) + 𝑔(𝜙ℎ𝑋, 𝑍)] − 𝑆(𝜙𝑋, 𝑍) − 𝑆(𝜙ℎ𝑋, 𝑍) +

𝜂((∇𝑋𝑄)(𝜉))𝜂(𝑍) 

        =  4𝑛𝑘𝐴(𝑋)𝜂(𝑍) + 𝐴(𝜉)𝑆(𝑋, 𝑍) + 2𝑛𝑘𝜂(𝑋)𝐴(𝑍) 

Putting  𝑋 = 𝑍 = 𝜉 in (4.6), we get 

(4.7)                     𝑘𝐴(𝜉) = 0 

Setting  𝑍 = 𝜉 in (4.5), we obtain 

(4.8)                        𝑘[𝐴(𝑋) + 𝐴(𝜉)] = 0.           

In view of (4.6), we get 

(4.9)                        𝑘𝐴(𝑋)  =  0, 

         If 𝑘 ≠ 0, then 𝐴(𝑋) = 0,     ∀  𝑋. Therefore we can state the following: 

Theorem 4.4. In a special weakly φ-Ricci symmetric N(k)-contact metric manifold, 

the as-sociated 1-form A is everywhere zero if k 6= 0. 

Corollary 4.4. In a special weakly 𝜙-Ricci symmetric Sasakian manifold, the 

associated 1-form 𝐴 is everywhere zero 

Further if a special weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold is an 

Einstien manifold, then we have (∇𝑋𝑄)(𝑌 ) = 0. It implies that 𝜙2(∇𝑋𝑄)(𝑌 ) = 0. 

From (4.1), we have 

(4.10) 2𝐴(𝑋)𝑄𝑌 + 𝐴(𝑌)𝑄𝑋 + 𝑆(𝑋, 𝑌)𝜌 = 0 

Taking inner product of (4.10) with 𝑍, we get 

(4.11) 2𝐴(𝑋)𝑆(𝑌, 𝑍) + 𝐴(𝑌)𝑆(𝑋, 𝑍) + 𝑆(𝑋, 𝑌)𝐴(𝑍) = 0. 

Putting  𝑍 = 𝜉 in (4.11) and then using (2.8) leads to 

(4.12) 4𝑛𝑘𝐴(𝑋)𝜂(𝑌) + 2𝑛𝑘𝐴(𝑌)𝜂(𝑋) + 𝑆(𝑋, 𝑌)𝜂(𝜌) = 0. 

Taking 𝑌 = 𝜉 in (4.12), we obtain 

(4.13) 𝑘[𝐴(𝑋) + 𝜂(𝑋)𝜂(𝜌)] = 0. 

Again taking 𝑋 = 𝜉 in (4.13), we get 

(4.14) 𝑘𝜂(𝜌) = 0, 

If 𝑘 ≠ 0, then 𝜂(𝜌) = 0 and using this in (4.13), one can arrive at 𝐴(𝑋) = 0, ∀ 𝑋. 

Hence we can state 



On a Type of Symmetric N(k)-Contact Metric Manifolds 2119 

Theorem 4.5. A special weakly 𝜙-Ricci symmetric 𝑁(𝑘)-contact metric manifold is 

an Ein-stein manifold if the associated 1-form 𝐴 is zero everywhere provided 𝑘 is a 

nonzero constant. 

In view of the above theorem, we have 

Corollary 4.5. There is no special weakly 𝜙-Ricci symmetric Sasakian manifold unless 

the associated 1-form 𝐴 is zero everywhere. 

 

5. SEMI-PSEUDO RICCI-SYMMETRIC 𝑵(𝒌)-CONTACT METRIC  

        MANIFOLD 

In 1993, Tarfdar and Jawarneh [24] introduced the notion of semi-pseudo Ricci-

symmetric manifold. A non-flat differentiable manifold 𝑀𝑛 is called the semi-pseudo 

Ricci-symmetric man-ifold if 

(5.1) (∇𝑋 𝑆)(𝑌, 𝑍) = 𝐴(𝑌)𝑆(𝑋, 𝑍) + 𝐴(𝑍)𝑆(𝑋, 𝑌), 

where 𝐴 is a nowhere vanishing 1-form. 

Now consider 𝑀𝑛 to be semi-pseudo Ricci-symmetric 𝑁(𝑘)-contact metric manifold. 

Putting 𝑍 = 𝜉 in (5.1) and then using (2.3) and (2.8), we obtain 

(5.2)       2𝑛𝑘𝑔(𝑋, 𝜙𝑌) + 2𝑛𝑘𝑔(ℎ𝑋, 𝜙𝑌 ) + 𝑆(𝑌, 𝜙𝑋) + 𝑆(𝑌, 𝜙ℎ𝑋) 

                                                               = 2𝑛𝑘𝐴(𝑌)𝜂(𝑋) + 𝐴(𝜉)𝑆(𝑋, 𝑌).  

Taking 𝑋 = 𝜉 in (5.2), we get 

(5.3) [𝐴(𝑌) + 𝐴(𝜉)𝜂(𝑌)]2𝑛𝑘 = 0. 

If 𝑘 ≠  0, then we have 

(5.4) 𝐴(𝑌) = −𝐴(𝜉)𝜂(𝑌). 

Again taking 𝑌 = 𝜉 in (5.4), above equation yields that 

(5.5) 𝐴(𝜉)  =  0. 

In view of (5.4) and (5.5), one can get 

𝐴(𝑌) = 0     ∀ 𝑌. 

Which is a contradiction to the definition of semi-pseudo Ricci-symmetric manifold. 

Hence we can state the following result: 

Theorem 5.6. An 𝑁(𝑘)-contact metric manifold is a semi-pseudo Ricci-symmetric 

manifold unless the associated 1-form 𝐴 is non zero. 
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