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Abstract 
 

Beta Distribution has very important in practice in various areas of statistical as 
quality control and applications reliability, there are some methods to analysis 
data according to beta distribution and these methods basic primarily on the 
shapes parameters. 

The main objective of this paper compares between three methods which use to 
estimate beta distribution parameters (α,) these methods are: Maxim likelihood 
(MLE), Moment and proposed the last method propose from the researcher and 
depending on MATLAB ver.2015a application in simulation experiments under 
different cases problems in distribution (natural state of distribution, 
Contaminant, Outliers),different of sample size, and values of α,β. 

The comparison was made between the estimators through some diagnostic 
measures statistic  R2, efficiency  of  MSE, and  RMSE of parameters  to 
determine which method is best from  simulation results where it turns we 
showed that proposed method is more efficiency compared with other methods, 
especially in the problems (Contaminant, Outliers).  

 

Keywords: Beta distribution, Beta generation, MLE, Moment. 

 

1. OBJECTIVE 

The research aims to study the characteristics of the three methods used to find the 
capabilities of beta distribution parameters through several influences, including  no 
problem in observations, contamination and outlier problems, as well as the efficiency 
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of these methods under different samples sizes to get the best estimators, where they 
are relying on simulation experiments to achieve the goals of research and addition to 
application on Real data. 

 

2. INTRODUCTION 

The beta distribution is related to many distributions as binomial, negative binomial, T, 
F and it has been used in Bayesian applications theory as a distribution of prior 
information [7]. Beta distribution characterized by the presence α, parameters are used 
for modeling of cases that fall between (0,1) such as cases of probability, proportions, 
percentages and we can write the beta density as the following [10] : 

𝑓(𝑥; 𝛼, 𝛽) = 𝐵(𝛼, 𝛽)−1 ∗ 𝑥𝛼−1(1 − 𝑥)𝛽−1             ; 0 < 𝑥 < 1  ; 

                                                       𝛼, 𝛽 > 0                       … … . . (1)  

    𝑎𝑛𝑑    𝐵(𝛼, 𝛽) =
Γ(𝛼+𝛽)

Γ(𝛼)Γ(𝛽)
      

 

(Atkinson, 1985) analyzes set  of data distributed as beta distribution  He used linear 
regression  analysis, but the same researcher in 1995 proceeded transformation of the 
response variable and after that used it in linear regression analysis. 

There are many researchers (Johnson et al., 1995) and (Barry, 1999) they took the beta 
distribution and its applications, and some of them take the general status of the Beta 
distribution (four parameters Beta distribution). 

(Philip ,2001) used MLE estimation in the case of the dependent variable follows the 
Beta distribution through the comparison between the OLS and BMLE based on 
simulations relying on the efficiency scale as well as rely on the test between the 
estimated values and the values of  

(Gelman & Carlin,2004) they explained how used the beta distribution as an initial 
distributions associated with binomial distribution which are used in the Bayesian 
estimates, also the same year 2004 (Ferrari,Cribari-Neto) studied the case when the 
response variable follows the beta distribution to any observation value within period 
(0,1), they have worked on a conversion to response variable to a linear relationship 
with the explanatory variables. And they using real data for two applications were 
developed estimator parameters of beta regression and then tested addition to finding 
the degree of diagnostic measures (R2). 

(Kotz, 2006) established a set of beta distribution properties and applications, including 
the symmetry property ,where (α,) are identical if x ~ Beta (α, β) then (1-x) ~ Beta (β, 
α) and there are many researchers studied the beta and its relationship with α, 
distribution function properties, through simulation experiments to learn more of these 
properties you can be reviewed reference[10].  

In 2012 Mahmoud studied in his paper, the maximum likelihood estimates are obtained 
for the two unknown parameters of the Beta-Weibull(B-W)distribution under type II 
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censored samples. Also, asymptotic variances and covariance matrix of the estimators 
are given. An iterative procedure is used to obtain the estimators numerically using 
Mathcad Package in simulations results .included for different sample sizes. 

We  can display some of properties beta through the following diagram that shows the 
effect of the distribution parameters on a curve function by proposing a set of shapes 
parameter values under several cases where the drawing is clear from the following: 

In the case of each parameter values equal to one, the distribution construed to Uniform  
distribution, while if the parameter values equals but greater than one, the distribution 
is close to the Normal form, however, if a> b, the distribution is skewed to the left and 
vice versa the skewed to right. 

 
Figure 1: Probability density function of Beta distribution under different parameters 

values. 

 

The paper is organized as follows: after aim and introduction in sections (1,2) 
respectively, section 3 focuses on methods Estimation (MLE, Moment, proposed 
method), and section 4 explained the compression measures, section 5 describes a 
simulation experiments to compare the different methods of estimation by some criteria 
(MSE, RMSE, Efficient, Ratio) discuss this result in section 5,finally in section 6 we 
give some conclusions and recommendations and appendix of programs written by 
researcher.  

 

3. ESTIMATION METHODS OF PARAMETERS (Α, ) 

There are some methods we can depend on it to estimate beta function parameters as: 
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3.1 Moments Method 

This method depends on take the moment (k) of variable (x) by[10]: 

𝑀𝑗 = 𝐸(𝑥𝑗)   ; 𝑗 = 1,2, … . , 𝑘   Then first moment is 

𝑀1 = 𝐸(𝑥) = 𝑚𝑒𝑎𝑛(𝑥) = �̅� =
1

𝑛
∑ 𝑥𝑖

𝑛

𝑖=1

  

Now xbeta (α,) then  �̅� =
𝛼

𝛼+𝛽
  and we can write 

�̂� = �̂�(1 − �̅�) ∗
1

�̅�
     ;            … … . . (2 ) 

And second moment  𝑀2 = 𝐸(𝑥2) ;we known 𝑣𝑎𝑟(𝑥) = 𝐸(𝑥2) − (𝐸𝑥)2       

And when xbeta (α,) then 𝑣𝑎𝑟(𝑥) =
𝛼𝛽

(𝛼+𝛽)2(𝛼+𝛽+1)
    , also we can write  

𝐸(𝑥2) = 𝑣𝑎𝑟(𝑥) + (𝐸𝑥)2       by α , as : 

𝐸(𝑥2) =
𝛼𝛽

(𝛼 + 𝛽)2(𝛼 + 𝛽 + 1)
+ (

𝛼

𝛼 + 𝛽
)2  ; … … (3) 

After some of sequence from mathematical steps we can get  

�̂�𝑚𝑜𝑚 = �̅� (
(1 − �̅�)

𝑣𝑎𝑟(𝑥)
− 1)  ;         … … . . (4) 

�̂�𝑚𝑜𝑚 = (1 − �̅�) (
(1 − �̅�)

𝑣𝑎𝑟(𝑥)
− 1)  ;         … … . . (5) 

Such that      𝑣𝑎𝑟(𝑥) < �̅�(1 − �̅�)  for (4 ,5 ) 
 

3.2 MLE Methods 

This method depends on maximizing the log-likelihood function as[13]: 

L (xi; α, ) = ∏ 𝑓(𝑥𝑖

𝑛

𝑖=1

, 𝛼, 𝛽) 

By take log to the above equation we get: 

Ln(𝐿) = ∑ Ln(
𝑥𝑖

𝛼−1(1 − 𝑥𝑖
𝛽−1

)

𝐵(𝛼, 𝛽)

𝑛

𝑖=1

) 

= (𝛼 − 1) ∗ ∑ Ln (𝑥𝑖

𝑛

𝑖=1

) + (𝛽 − 1) ∗ ∑ Ln (1 − 𝑥𝑖

𝑛

𝑖=1

) − 𝑛𝐿𝑛  𝐵(𝛼, 𝛽)   ; … . . (6) 
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Now we can take partial derivative from equation (6) with respect to the shapes 
parameters (α,) as following 

𝜕𝐿

𝜕𝛼
= ∑ Ln (𝑥𝑖

𝑛

𝑖=1

) − 𝑛
𝜕 Ln 𝐵(𝛼, 𝛽)

𝜕𝛼
                  ; … … (7) 

𝜕𝐿

𝜕𝛽
= ∑ Ln (1 − 𝑥𝑖

𝑛

𝑖=1

) − 𝑛
𝜕 Ln 𝐵(𝛼, 𝛽)

𝜕𝛽
          ; … … (8) 

Now put 𝜕𝐿

𝜕𝛼
= 0; 

𝜕𝐿

𝜕𝛽
= 0 , to find estimator values of (α,) we can use either numeric 

method as Newtoon_Raphson of the following equation: 

𝜃𝑖+1 = 𝜃𝑖 − 𝐺−1𝑔                                          … … (9) 

 where 𝜃 = (�̂�, �̂�), 𝑔 = [𝑔1, 𝑔2]       

𝑎𝑛𝑑 𝐺 𝑖𝑠 𝑎𝑚𝑎𝑡𝑟𝑖𝑥 (2 ∗ 2)𝑜𝑓 𝑑𝑟𝑒𝑣𝑒𝑡𝑖𝑣𝑒 𝑜𝑓 𝑔 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝛼, 𝛽. 
But we can dependent on computer software as MATLAB and R-package, I'm using 
MATLAB ver. 2015a in this software have more than one function for MLE method as 
(mle, betafit) these functions write in the general formal as following [14]: 

[𝒑𝒂𝒓𝒉𝒂𝒕   𝒑𝒂𝒓𝑪𝑰] = 𝒃𝒆𝒕𝒂𝒇𝒊𝒕(𝒅𝒂𝒕𝒂 𝒗𝒆𝒄𝒕𝒐𝒓𝒆  , 𝒂𝒍𝒑𝒉𝒂)   ;    … … (10) 
Where: 

Parhat: Variable/vector to save the estimate values of α, in it. 

parCI: Confidence interval of estimator values with error size alpha, (0<alpha<1) or 
with (1-alpha)%. Confidence interval. 

Data vector is a vector cantina the data of beta distribution. 

[𝒑𝒂𝒓𝒉𝒂𝒕   𝒑𝒂𝒓𝑪𝑰] = 𝒎𝒍𝒆( 𝒅𝒂𝒕𝒂 𝒗𝒆𝒄𝒕𝒐𝒓𝒆, ′𝒅𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏′, ′𝒅𝒊𝒔𝒕′ )   ;   … (11) 
Where  

dist : is distribution  name as (Normal, Beta ,Poisson,….etc.) 

 

3.3 Proposed method  

In moment method we depend on mean to compute the two shapes parameters (α,β) 
and we know the mean is not a robust tool since it is largely influenced by outliers or 
Contaminant  therefor moment methods also influence by outlier, so in this paragraph 
we suggest propose method using median measure rather mean in equation(4,5) 
because median is better suited for skewed distributions to derive at central tendency 
since it is much more robust and sensible[12]. 
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4. COMPARISON MEASURES 

For the purpose of comparison between the methods of estimating beta parameters and 
identify which is most efficient been relying on several statistical standards as tools 
compared they are as follows: 

 Mean sum square error (MSE) of function as the following equation: 

𝑀𝑆𝐸 =
1

𝑛
∑ (𝑓(𝑥) − 𝑓(𝑥)) =

𝑛

𝑖=1

1

𝑛
∑ (𝑓(𝑥; 𝛼𝑜 , 𝛽𝑜) − 𝑓(𝑥; �̂�, �̂�)) ;     … (12) 

𝑛

𝑖=1

 

 MSE for joint estimator of the parameters (α,β) measured by determination of  
the covariance matrix estimation errors as follows 𝑀𝑆𝐸𝑝𝑎𝑟𝑎𝑚𝑡𝑒𝑟 = 𝑑𝑒𝑡[(𝜃 −

𝜃0)(𝜃 − 𝜃0)′]  ;                    ….  (13)   

Where  𝜃0 = (𝛼0 
𝛽0

)  and  𝜃 = (�̂�
�̂�

) 

 Root mean square error (RMSE) of parameters as follows[5]: 

𝑅𝑀𝑆𝐸(𝜃) =
1

𝑟𝑒𝑝
∑(𝜃𝑖 − �̅�)

2

𝑟𝑒𝑝

𝑖=1

   ;                                                          … . . (14)   

𝑤ℎ𝑒𝑟𝑒 �̅� 𝑖𝑠 𝑚𝑒𝑎𝑛 𝑜𝑓 𝜃 = (�̂�, �̂�)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑟𝑒𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛𝑠(𝑟𝑒𝑝)             
 Bias square of actual parameters with respect to estimation parameters as follows: 

𝐵𝑖𝑎𝑠 𝑠𝑞𝑢𝑎𝑟𝑒 =
1

𝑝
∑(𝜃𝑗 − 𝜃0𝑗)

2

𝑝

𝑗=1

  𝑤ℎ𝑒𝑟𝑒 𝜃0𝑗 = (𝛼𝑜 , 𝛽𝑜)  & 𝜃𝑗 = (𝛼 ̂, �̂�) 

 Efficiency  [13] 

Efficiency =
𝑀𝑆𝐸 𝑓𝑖𝑟𝑠𝑡 𝑚𝑒𝑡ℎ𝑜𝑑

𝑀𝑆𝐸 𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑒𝑡ℎ𝑜𝑑
 ∗ 100   ;                               … . . (15) 

Or we can suggest to measure efficiency value through the following  : 

Efficiency(𝑒𝑓𝑓. ) = (1 −
𝑀𝑆𝐸 𝑓𝑖𝑟𝑠𝑡 𝑚𝑒𝑡ℎ𝑜𝑑

𝑀𝑆𝐸 𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑒𝑡ℎ𝑜𝑑
 ) ∗ 100   ;          … . . (16)  

 And the decision  are : 

𝐸𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 {

𝑒𝑓𝑓. > 0           𝑓𝑖𝑟𝑠𝑡 𝑚𝑒𝑡ℎ𝑜𝑑 𝑖𝑠 𝑚𝑜𝑟𝑒 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡
𝑒𝑓𝑓. = 0   𝑛𝑜 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑤𝑜 𝑚𝑒𝑡ℎ𝑜𝑑𝑠
𝑒𝑓𝑓. < 0          𝑠𝑒𝑐𝑜𝑛𝑑 𝑚𝑒𝑡ℎ𝑜𝑑 𝑖𝑠 𝑚𝑜𝑟𝑒 𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡

 

to determine the best method we are calculated ratio of check this method 
by(ratio=numbers of best measures/all measures ). 
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5. SIMULATION 

We simulated data from beta distribution with different cases of Distributed (Normal 
case, Contaminated  and Outlier) additional change in sample size represent small, 
moderate, large, very large size respectively (20, 50,150,300) to examine the 
performance of our estimation methods under some cases of parameters.(𝜶 < 𝜷, 𝜶 >
𝜷, 𝜶 = 𝜷),we repeated simulation experiments (5000 times), and finally we calculated 
R2 and efficiency of MSE, RMSE of each estimator, since we dependent on MATLAB 
commands as the following cases(see appendix A): 

1. Generate y a vector from beta distribution random variable  

𝑦𝑛∗1~𝐵𝑒𝑡𝑎(𝛼, 𝛽) 

2. Generate y as a vector from beta distribution random variable  with a 
contaminated standard normal having distribution as: 

𝑦𝑛∗1~[𝜆 ∗ 𝐵𝑒𝑡𝑎(𝛼, 𝛽) + (1 − 𝜆) ∗ 𝑈𝑛𝑖𝑓𝑜𝑚(0,1)]  ; 

𝑤ℎ𝑒𝑟𝑒 𝜆 𝑖𝑠 𝑠ℎ𝑟𝑖𝑘𝑎𝑔𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  0 ≤ 𝜆 ≤ 1 we determined 𝜆 = 0.20 
3. Generate y as a vector from beta distribution random variable  with Outlier 

problem as  

𝑦1~𝐵𝑒𝑡𝑎(𝛼, 𝛽, 𝑛1) , 𝑦2~𝐵𝑒𝑡𝑎(𝑘1𝛼, 𝑘2𝛽, 𝑛2) ; 

𝑤ℎ𝑒𝑟𝑒  𝑘1, 𝑘2 ≥ 1  𝑡ℎ𝑒𝑛 𝑦 = [𝑦1, 𝑦2] where n1=0.8*n ; n2=0.2*n 

 

6. DISCUSSION 

When we executed simulation experiments showed many preliminary results (general) 
and that are difficult to compare them from reader therefore  put it in the Appendix and 
summarized the results of all the tables as follows: 

 

a. Efficiency of Estimators methods with type of Model. 

Table 1: Result of method according to model. 

Model  

Average Outlier Containment 
Beta without 

problem 
Method 

0.236 0.23 0 0.48 MLE 

0.389 0.35 0.44 0.38 Moment 

0.375 0.42 0.56 0.15 Proposed 
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From above table we conclude convergence between methods moment and proposed, 
but on the form model MLE method is failed when the problems in the distribution and 
proposed method success by 0.56 relative to Contamination and 0.42 relative to Outlier 
and after it moment and this result is consistent with the search goal, also MLE method 
proven with efficiency 0.48 in the absence of distribution problems and consistent with 
the statistical theory. 
 

b. Efficiency of Estimators methods according to sample size  
Table 2: Result of efficiency method according to sample size 

Sample Size  
300 150 50 20 Method 

0.27 0.28 0.22 0.17 MLE 

0.31 0.33 0.36 0.55 Moment 

0.42 0.39 0.42 0.28 Proposed 

 
Through the above table shows the distribution of efficient methods and its relationship 
with the sample size, note that the moment method gave good results in the small 
sample size, but decrease  this efficiency with greater sample size, while the proposed 
method gave a good efficiency with greater the sample size because the number of 
observation abnormal(outlier) increasing when sample size increasing and in this case 
proves efficient of this method.  

 

REAL DATA 

After completing simulation experiments have been relying on real data to application 
the estimation methods of Beta distribution parameters, this data taken from Najaf plant 
Men's Fashion  present the efficiency ratios for a production lines through period 30 
working days, in the first we tested data are follow beta distribution (Null hypothesis 
observation belong to Beta distribution) depending on Easy Fit ver. 5.6 software. 

From Goodness Fit test in table and figure below we showed all tests aren't rejected the 
above hypothesis, and we conclusion that sample observation belong to beta 
distribution. 
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Table 3: Result of Goodness Fit test. 

 

 
Figure 2: Result of Goodness Fit test. 
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After Goodness Fit test I'm analysis this data by program written in Matlab  (appendix 
B) got the following table: 
 

Table 3: Result of  Real Data 

Hazard Reliability Efficiency MSE Beta alpha Method 
6.292 0.462 1.00 2.593 3.875 6.848 MLE 
5.980 0.479 10.98 2.308 3.346 6.053 Moment 
6.914 0.580 10.224 2.328 2.698 6.005 Proposed 

 
Through the above table we note that the three methods are close in their results, but 
preference to moments method because MSE is smallest, the higher the efficiency 
(10.98%), but proposed gave the best reliability for the line production. 
 
 
5. CONCLUSIONS AND RECOMMENDATIONS 

 A similarity in the efficiency of methods moment & proposed  in overall rate, 
but the proposed method more efficient in the case of problems distribution 
(Contamination & Outlier). 

 The efficiency of proposed method when increasing outlier observation 
compared with other methods. 

 For the application to real data shows the efficiency of moments method 
comparison with other methods although the convergence of results, a natural 
state because the observation do not suffer from the problems corresponding to 
goodness fit test. 

And finally we recommend to study general Beta distribution by Robust regression 
procedure. 
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Appendixes 

 

Appendix A: 
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zSample Model Method Alpha Beta R2 Eff. RMSE MSE_P Ratio  

n=20 Beta 

without 

problem 

MLE 3.480 3.490 0.953 0.00 0.235 163.10 0 

Moment 3.239 3.249 0.955 5.984 0.06 117.98 0.75 

proposed 3.219 3.232 0.939 -23.88 0.051 177.35 0.25 

Contami-

nant 

MLE 4.983 4.998 0.905 0.00 3.96 1064.56  0 

Moment 4.658 4.672 0.919 14.38 2.773 737.71 0.75 

proposed 4.643 4.651 0.902 -1.81 2.713 1108.74 0.25 

Outlier MLE 2.183 1.747 0.894 0.00 1.12 79.59 0 

Moment 2.293 1.931 0.917 24.07 0.822 75.45 0.75 

proposed 2.230 1.974 0.908 16.98 0.823 96.27 0.25 

n=50 Beta 

without 

problem 

MLE 3.189 3.186 0.984 0.00 0.035 5.296 0.25 

Moment 3.098 3.096 0.983 0.405 0.009 4.779 0.5 

proposed 3.089 3.086 0.976 -42.96 0.008 8.160 0.25 

Contami-

nant 

MLE 4.552 4.524 0.950 0.00 2.319 57.314 0 

Moment 4.395 4.397 0.955 9.133 1.95 47.521 0.75 

proposed 4.385 4.390 0.948 -4.37 1.93 80.41 0.25 

Outlier MLE 2.055 1.647 0.914 0.00 1.362 9.31 0 

Moment 2.260 1.960 0944 35.93 0.865 9.12 0.25 

proposed 1.960 1.960 0.945 37.18 0.851 12.80 0.75 

n=150 Beta 

without 

problem 

MLE 3.060 3.059 0.995 0.00 0.004 0.139 0.5 

Moment 3.029 3.028 0.995 -1.50 0.001 0.138 0.25 

proposed 3.025 3.026 0.992 -51.34 0.001 0.265 0.25 

Contami-

nant 

MLE 4.349 4.352 0.966 0.00 1.824 3.605 0 

Moment 4.308 4.310 0.967 4.02 1.713 3.365 0.75 

proposed 4.304 4.308 0.965 -2.91 1.706 6.145 0.25 

Outlier MLE 2.002 1.600 0.919 0.00 1.477 0.991 0 

Moment 2.246 1.900 0.953 42.41 1.477 0.956 0.25 

proposed 2.203 1.954 0.959 49.65 0.865 1.368 0.75 

n=300 Beta 

without 

problem 

MLE 3.026 3.024 0.998 0.00 0.001 0.015 0.75 

Moment 3.011 3.009 0.997 -2.79 <0.001 0.016 0.25 

proposed 3.009 3.007 0.996 -52.53 <0.001 0.031 0 

Contami-

nant 

MLE 4.316 4.317 0.969 0.00 1.734 0.791 0 

Moment 4.296 4.297 0.970 2.16 1.681 0.768 0.75 

proposed 4.295 4.296 0.969 -1.62 1.678 1.397 0.25 

Outlier MLE 1.987 1.590 0.920 0.00 1.508 0.234 0 

Moment 2.236 1.894 0.955 43.84 0.904 0.225 0.25 

proposed 2.196 1.947 0.962 52.52 0.877 0.332 0.75 

Case 2:(α=β ;3) 
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Sample Model Method Alpha Beta R2 Eff. RMSE MSE_P Ratio 

n=20 Beta 

without problem 

MLE 2.316 5.578 0.947 0.0 0.435 225.65 0.50 

Moment 2.191 5.554 0.946 -0.96 .0.172 188.33 0.25 

proposed 1.987 5.396 0.901 -84.4 0.079 302.97 0.25 

Contami-nant MLE 3.935 8.111 0.848 0.0 6.710 2505.83 0 

Moment 3.695 7.622 0.863 10.03 4.875 1919.57 0.25 

proposed 3.509 7.561 0.864 11.84 4.417 2000.58 0.75 

Outlier MLE 1.498 2.841 0.905 0.0 2.457 119.08 0.75 

Moment 1.325 2.635 0.898 -8.10 3.03 108.83 0.25 

proposed 1.069 2.516 0.829 -83.34 3.52 133.22 0 

n=50 Beta 

without problem 

MLE 2.122 5.341 0.982 0.0 0.066 6.788 0.75 

Moment 2.076 5.221 0.981 -6.46 0.027 6.908 0 

proposed 1.844 5.077 0.954 -153.2 0.015 16.207 0.25 

Contami-nant MLE 3.572 7.329 0.897 0.0 3.948 171.186 0 

Moment 3.481 7.146 0.903 5.789 3.398 154.46 0 

proposed 3.272 7.100 0.918 20.61 3.014 139.60 1.0 

Outlier MLE 1.380 2.580 0.919 0.0 3.120 14.18 0.5 

Moment 1.287 2.565 0.922 4.16 3.22 14.465 0.5 

proposed 1.014 2.459 0.873 -58.3 3.72 18.90 0.0 

n=150 Beta 

without problem 

MLE 2.034 5097 0.994 0.00 0.005 0.173 0.75 

Moment 2.017 5.053 0.994 -8.50 0.002 0.193 0.25 

proposed 1.774 4.920 0.977 -322.9 0.029 0.861 0 

Contami-nant MLE 3.427 7.011 0.916 0.00 3.040 12.63 0 

Moment 3.393 6.948 0.918 2.744 2.867 12.186 0.25 

proposed 3.181 6.913 0.916 28.42 2.53 9.482 0.75 

Outlier MLE 1.337 2.476 0.923 0.00 3.404 1.442 0.25 

Moment 1.283 2.552 0.932 12.04 3.254 1.546 0.75 

proposed 1.007 2.458 0.894 -37.83 3.725 2.022 0 

Case 2:(α<β ;2,5) 
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n=300 Beta 

without problem 

MLE 2.018 5.054 0.997 0.00 0.002 0.021 0.75 

Moment 2.011 5.038 0.997 -9.05 0.001 0.025 0.25 

proposed 1.767 4.908 0.983 -526.1 0.031 0.181 0 

Contami-nant MLE 3.394 6.929 0.920 0.00 2.832 2.867 0 

Moment 3.373 6.894 0.921 1.80 2.736 2.819 0 

proposed 3.156 6.681 0.944 30.06 2.399 2.145 1.0 

Outlier MLE 1.324 2.449 0.924 0.00 3.483 0.353 0.25 

Moment 1.280 2.548 0.935 14.26 3.265 0.378 0.75 

proposed 1.000 2.455 0.899 -32.74 3.738 0.494 0 

 

 

 

 

 

Sample Model Method Alpha Beta R2 Eff. RMSE MSE_P Ratio  

n=20 Beta 

without problem 

MLE 8.194 4.661 0.954 0.00 0.931 1130.85 0 

Moment 7.703 4.383 0.957 7.18 0.321 943.097 0.75 

proposed 7.685 4.266 0.942 -21.85 0.270 1254.06 0.25 

Contami-nant MLE 10.27 6.565 0.901 0.00 8.624 5841.52 0 

Moment 9.688 6.195 0.912 11.50 6.021 4397.94 0.75 

proposed 9.687 6.109 0.902 2.45 5.834 5293.59 0.25 

Outlier MLE 3.874 1.805 0.867 0.00 7.295 394.88 0.25 

Moment 4.895 2.386 0.918 39.27 3.517 458.52 0.50 

proposed 4.875 2.460 0.912 36.50 3.444 506.61 0.25 

n=50 Beta 

without problem 

MLE 7.410 4.225 0.984 0.00 0.109 33.09 0.25 

Moment 7.237 4.128 0.984 0.06 0.036 30.39 0.50 

proposed 7.235 4.002 0.977 -45.96 0.028 54.19 0.25 

Contami-nant MLE 9.223 5.911 0.946 0.00 4.297 312.52 0 

Moment 9.033 5.79 0.950 5.39 3.669 280.98 0.75 

proposed 9.048 5.692 0.948 5.09 3.528 329.63 0.25 

Outlier MLE 3.71 1.74 0.874 0.00 7.958 53.31 0.25 

Moment 4.789 2.354 0.935 48.45 3.80 59.78 0 

proposed 4.782 2.42 0.937 50.60 3.71 69.67 0.75 

n=150 Beta 

without problem 

MLE 7.135 4.07 0.995 0.00 0.012 0.853 0.75 

Moment 7.076 4.04 0.994 -1.24 0.004 0.855 0.25 

proposed 7.084 3.90 0.990 -76.84 0.008 1.94 0 

Contaminant MLE  8.803      5.648       0.962       0.00 2.984       20.667 0 

Case 2:(α>β ;7,4) 
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Moment  8.761      5.621       0.962       1.312       2.865       20.229 0.25 

proposed 8.784      5.524       0.966      11.90      2.752       21.243 0.75 

Outlier MLE  3.649      1.720       0.877       0.00 8.213        5.753 0.25 

Moment 4.747      2.339       0.941      52.28       3.917        6.387 0 

proposed 4.747      2.393       0.946      56.10       3.828        7.607 0.75 

n=300 Beta 

without problem 

MLE 7.08 4.048 0.998 0.00 0.004 0.102 0.5 

Moment 7.05 4.033 0.998 -2.21 0.002 0.104 0.5 

proposed 7.06 3.896 0.995 -104.1 0.007 0.290 0 

Contami-nant MLE 8.702 5.584 0.966 0.00 2.70 4.45 0 

Moment 8.696 5.581 0.965 -0.04 2.69 4.47 0 

proposed 8.721 5.48 0.971 15.21 2.58 4.53 1.0 

Outlier MLE 3.630 1.71 0.878 0.00 8.30 1.38 0.25 

Moment 4.729 2.33 0.943 53.13 3.97 1.52 0 

proposed 4.731 2.380 0.950 57.25 3.89 1.82 0.75 

 


