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Abstract 

In this paper, we prove certain fixed point theorems of G -metric spaces using 

the generalized contraction principle on G -metric spaces. 

Key words: G-metric space, Cauchy sequence. 

Mathematics Subject Classification: 54H25, 47H10 

 

1. INTRODUCTION AND PRELIMINARIES: 
Metric fixed point theory is an important Mathematical discipline because of its 

applications in areas such as variation and linear inequalities, optimization and 

approximation theory, etc..,. The generalization of metric spaces were proposed by 

Gahler [5] (called 2-metric spaces) and Dhage [2, 3, 4] (called D-metric spaces). 

Hsiao [7] showed that every contractive definition, with 0xTx n
n  , every orbit is 

linearly dependent, thus giving fixed point theorem in such spaces. However HA et. 

al. [6] have pointed out that the results obtained by Gahler for his 2-metric spaces are 

independent, rather than the generalizations of corresponding results in metric spaces. 

While Mustafa and Sims [8] have proved that the Dhage’s notion of D-metric space is 

fundamentally incorrect and most of the results claimed by Dhage and others are 

invalid. 

Mustafa and Sims [8] in 2003 have introduced a more appropriate and robust notion 

of generalized metric spaces as follows: 

1.1  Definition: (See [8]) 

 Let X  be a non empty set and let ),0[:  XXXG  be a function 

satisfying the following axioms:  
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 (G1)  0),,( zyxG  if zyx  . 

 (G2)  ),,,(0 yxxG  for all Xyx , with yx   

 (G3)  ),,(),,( zyxGyxxG   for all Xzyx ,, with zy   

(G4) )),,((),,( zyxGzyxG  for all Xzyx ,, , where    is a permutation 

of the set  zyx ,,   (Symmetry in all three variables)  

 (G5)  ),,(),,(),,( zyaGaaxGzyxG   for all Xazyx ,,,   (Rectangular 

inequality) 

 Then the function G is called a generalized metric or more specifically a G -

metric on X. The pair ),( GX  is called a G -metric space.             

1.2  Definition: 

 Let ),( GX be a G -metric space and let  nx  be a sequence of points of X , we 

say that  nx  is convergentG  to  x  if for every given 0 , there exist 

NN   (set of all natural numbers) such that ),,( mn xxxG  for all Nnm , . 

We denote it as        
,

( , , ) 0n mn m
Lim G x x x


  

1.3  Definition: 

 Let ),( GX  be a metric space, a sequence  nx  in X is called G cauchy  if for 

every given 0 , there exists NN   such that,  

   ),,( lmn xxxG  for all Nlmn ,, , that is if, 
, ,

( , , ) 0n m ln m l
Lim G x x x


   

1.4  Definition: 

 A G-metric space ),( GX  is said to be G -complete (or a complete G -metric 
space) if every G -Cauchy sequence in ),( GX  is  G -convergent to some point 

in ),( GX . 

1.5  Definition: 

 A G -metric space ),( GX  is said to be symmetric if ),,(),,( xxyGyyxG   for 

all Xyx ,  

1.6  Definition: 

 A function :[0, ) [0, )    is called an Altering distance function, if the 

following properties are satisfied.  

 (i)  0)0(   

 (ii)   is continuous and monotonically non-decreasing. 
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1.7  Definition: 

 Let  ),( GX  be a G -metric space and let XXT :  be a mapping. T  is called 

a contraction of X  if  

(1.7.1)  kTzTyTxG ),,(  ( , , )G x y z  for all , ,x y z X  

1.18  Definition: 

 A mapping XXT : , where ),( GX  is a G -metric space, is said to be weakly 
contractive if )),,((),,),,( zyxGzyGxTzTyTxG   for all Xzyx ,, , 

 where :[0, ) [0, )     is a continuous and non decreasing function such that 

0)( t  if and only if 0t .   

1.19  Definition: 

 Let  T  be a self map of a complete G -metric space ),( GX  with non empty 

fixed point set )(TF  (set of all fixed points of T ). Then we say that T  satisfies 
property P  if )()( nTFTF   for all Nn  . 

 

2. MAIN THEOREM 

Very recently in 2008 P.N. Dutta et al [4] have obtained fixed point theorem of 

metric spaces using the concept of generalization of contraction principle. Here 

we state the theorem proved by Dutta et al [4]. 

2.1. Theorem:  

 Let ),( GX  be a complete matrix space and XXT :  be a self mapping 

satisfying the inequality. 

(2.1.1)  )),(( TyTxd   )),(( yxd  – )),(( yxd , for all Xyx ,  ,where 

    ,0,0:,  are  both continuous and monotone non decreasing functions 

with  )(0)( tt    if and only if  .0t  Then T  has unique fixed point. 

 In this paper, we have establish and generalized the above theorem for G -metric 

spaces. 

2.2. Theorem:  

 Let ),( GX  be a complete G -metric space and Let XXT :  be a self mapping 

satisfying the inequality. 

(2.2.1)  ),,(( TzTyTxG ) )),,(( zyxG – )),,(( zyxG  for all Xzyx ,,  where   

    ,0,0:,   are both continuous and monotone non decreasing functions 

with )(0)( tt       if and only if .0t  Then T  has unique fixed point. 
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Proof: 

 Let Xx 0  . We construct the sequence  nx by 1 nn Txx for 

..,.........3,2,1n choosing 1 nn xx , nxy  , nxz   in (2.2.1 obtain.), we obtain, 

(2.2.2)   ),,(( 11  nnn xxxG )   =    )),,(( 1 nnn TxTxTxG   

        ),,((
1 nnn xxxG


 ) - ),,((
1 nnn xxxG


  

 Which implies 

 ),,(( 11  nnn xxxG )  ),,((
1 nnn xxxG


 )  since  ),,((
1 nnn xxxG


  0. 

 Now, using the monotone property of  , we get. 

(2.2.3)  ),,( 11  nnn xxxG   ),,(
1 nnn xxxG


 

 This shows that the sequence { ),,( 11  nnn xxxG } is monotone decreasing and 

bounded below by ” 0” in the complete G -metric space ),( GX . Hence there 

exist  

0r  such that ),,( 11  nnn xxxG r  as n        

 Now, Letting n  in (2.2.2), we get  )()()( rrr    it holds only when 

0r  

 Hence,  

(2.2.4)  ),,( 11  nnn xxxG 0 as n . 

 Now, we prove that  nx  is not a Cauchy sequence then there exist some 0  

for which we can find the sub sequences  
kmx ,  

knx  of  nx  with kmn kk   

such that 

(2.2.5)  ),,(
kkk nnm xxxG  

 Further, corresponding to km  we can choose kn  in such a way that it is the 

smallest integer satisfying (2.2.5).  Then, 

(2.2.6)  


),,(
11 kkk nnm xxxG  , now, we have 

 ),,(
kkk nnm xxxG   ),,(

11  kkk nnm xxxG  + ),,(
1 kkk nnn xxxG


 

     <  + ),,(
1 kkk nnn xxxG


                                                 

 Taking k on  both the sides and using (2.2.4), we have 

(2.2.7)   Lt         ),,(
kkk nnm xxxG  =  

  k  
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Again,  

(2.2.8)  ),,(
kkk mmn xxxG    ),,(

11  kkk nnn xxxG +  ),,(
11  kkk mmn xxxG  

      + ),,(
1 kkk mmm xxxG


 

       ),,(
111  kkk nnm xxxG    ),,(

1 kkk mmm xxxG


 + ),,(
kkk nnm xxxG  

      + ),,(
11  kkk nnn xxxG  

 Letting k in the above two inequalities and using (2.2.4) and (2.2.7). 

 We get, 

(2.2.9)   Lt      ),,(
111  kkk nnm xxxG =   

  k  

 Choosing 
111

,,



kkk nnm xzxyxx  

 in (2.2.2) and using (2.2.5) 

 We obtain 

  )),,((
kkk nnm xxxG   )),,((

111  kkk nnm xxxG  - )),,((
111  kkk nnm xxxG   

         Taking k  on both the sides. 

     )()()(    

 Which is a contradiction if 0  

 Therefore, 

  0 . 

 This shows that  nx  is a Cauchy sequence in complete G -metric space ),( GX  

and hence is convergent to some  Xu . 

 That is, 

(2.2.10)  nx  convergent to x  (say) as n .  

 Now we claim that u  is a fixed point of T  

     Consider  uzuyxx n   ,,1   in (2.2.1). We obtain 

(2.2.11) )),,(( TuTuxG n   )),,(( 1 uuxG n  -  )),,(( 1 uuxG n  

 Letting n and using (2.2.10), we get )),,(( TuTuuG    )),,(( uuuG  -  

)),,(( uuuG  

 This is 

  )),,(( TuTuuG   )0( - )0( = 0 
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 Hence ),,( TuTuuG = 0 which gives  uTu  . 

 To prove the uniquencess of the fixed point, Let us suppose that 
21 ,uu are two 

fixed points of T . 

 That is 
11 )( uuT   , 

22 )( uuT   

 Taking 
1ux  , 

2uy  , 
2uz   in )1.2.2( . 

  )),,(( 221 TuTuTuG   )),,(( 221 uuuG - )),,(( 221 uuuG  

 This is 

  )),,(( 221 uuuG   )),,(( 221 uuuG -  )),,(( 221 uuuG  

 This gives, 

 )),,(( 221 uuuG   0, it holds only when ),,( 221 uuuG  = 0 

 That is    
21 uu  . 

 Showing T  has unique fixed point. 

2.3. Corollary:  

 Let ),( GX  be a complete G -metric space, XXT :  be a self mapping which 

satisfying the following inequality. 

(2.3.1) )),,(( TzTyTxG    k  )),,(( zyxG  for all Xzyx ,,  where   10  k   

    ,0,0:   is a continuous and monotone non decreasing functions with 

0)( t   if and only if 0t . 

 Then T  has unique fixed point. 

 Proof of the corollary follows by taking  

 )()1()( tkt    in theorem 2.2. 

2.4. Corollary:  

 Let XXT :  be a weakly contractive mapping of a complete G  -metric space  

),( GX , then T  has unique fixed point.  

 Proof: Given T  is weakly contractive mapping that is ),,( TzTyTxG   ),,( zyxG  –

)),,(( zyxG for all Xzyx ,,   where     ,0,0:  is a continuous and non 

decreasing functions.  

 Taking tt )(   in theorem 2.3 corollary follows. 
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