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Abstract

Linear codes and their Dual are an important research topic in algebraic coding. As
an important class of error correcting codes, they are widely used in secret sharing
schemes, combination design, authentication codes and other fields. However,
their weight distributions are known only for a very small number of cases. In
general the calculation of the weight distribution of linear codes is largely based
on the evaluation of some exponential sums over finite fields. In this article, we
applied a conic to construct a three-weight linear code on GF'(q), ¢ is prime,
and obtained their parameters and weight distribution by applying the theory of
quadratic forms and the properties of group action.

Keywords: linear codes, Quadratic form, weight distribution, group action,

conics.

1. INTRODUCTION

Linear codes over finite fields are widely used for secret schemes [26], strongly regular
graphs [4], association schemes [3] and authentication codes [22] due to their linear
structure. The main research content of linear codes is their bounds, minimum weight
and weight distribution. The bounds of linear codes mainly provide the constraint
control relationship between the minimum distance, information bits, and length of
the code; Weight distribution refers to the distribution of different weight codewords
in linear codes, which not only gives the error correcting ability of the code, but also
allows the computation of the error probability of error detection and correction with
respect to some error detection and error correction algorithms [22]. Thus the study of
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the weight distribution attracts much attention in coding theory, there are many works
focus on the determination of the weight distributions of linear codes (see [1]-[11] [18]
[23]-[25] [27]-[29] ). For more knowledge of linear codes, please refer to the references.

Let p be a prime number, ¢ = p™, m is a positive integer and G F'(¢q) denote the finite
field composed of ¢ elements. Let C' be a [n, k, d] linear code over a finite field, where
n is the length of code C, k is the dimension, and d is the minimum distance. It is the
K-dimensional subspace of GF'(q)", Denote by C* the dual code of a linear code C.
Let A; denote the number of codewords with Hamming weight 7 in a code C' of length
n. The weight enumerator of C' is defined by

14+ Az + Ag2? -+ A, 2"

The sequence (1, Ay, As, -+, A,) is called the weight distribution of the code C. A
code C' is said to be a t-weight code if the number of nonzero A; in the sequence
(1, Ay, Ay, -+, A,) is equal to t. Clearly, the weight distribution gives the minimum
distance of the code.

Let PG(n,F) be the n-dimensional projective space with V' as the underlying n-
dimensional vector space over the field F. A hypersurface of degree d in PG(n, F) is
the set of points satisfying a degree d homogeneous polynomial equation. Let PG(2, q)
be the classical projective plane of order ¢ with underlying three-dimensional vector
space V' over [, the finite field of order ¢. A conic in PG(2,GF(q)) is aset of ¢ + 1
points of PG(2, GF(q)) that are zeros of a nondegenerate homogeneous quadratic form
in three variables [2, Section 1.11].

The rest of paper is organized as follows. In Section II, we introduce basic results on
Characteristics of finite field and Quadratic form which will be needed in the sequel. In
Section III, we present general results about three-weight linear codes, The parameters
of the linear code are given by the special properties of the Quadratic form, and the
weight distribution of the code is calculated by Group action. Finally, we conclude this
paper in Section IV.

2. PRELIMINARIES

This section presents some basic notations, definitions, and necessary auxiliary results
for the subsequent section. Let m be a positive integer, [F,m be the finite field with p™
elements, and I, [z be the ring of polynomial in variable 2. The trace function T'rym ,,
from IF,» onto I, is defined by

Trymp(x) = o+ 2P 4+ - + 2" 2 € Fym
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Characters Over Finite Fields

Let F, be a finite field with g elements, where ¢ is a power of a prime p. Denote by (,
the primitive p-th root of complex unity. The additive character of IF, is defined as a
homomorphism y from [, into the complex unit group such that

x(z+y) = x(x)x(y)

for z,y € F,. For any a € IF,, defined additive character of I, by

Trq/p(ax)

Xa(T) = (p , x €y

In addition, x, : a € F, is a group containing all the additive character of F,. When
a = 0, we obtain the trivial additive character x,, for which xo(z) = 1 for all z € F,,.
When o = 1, x; is called the canonical additive character of Fj, and x,(x) = x1(ax).
A crucial property of the additive characters, called the orthogonality [11], is given as

q fora=0
2 ar) = :

0 foracT,
Let GF(q)* = GF(q)/{0}. A character ¢ of the multiplicative group GF'(¢q)* is a
function from GF'(q)* to C* such that

Y(xy) = (x)d(y)

for all (z,y) € GF(q)* x GF(q)*. Define the multiplication of two characters 1, 1/'by
Y (x) = P(x)Y'(x) for x € GF(q)*. All the characters of x € GF'(q)* are given by

follows:

wj<&k):Cgﬁl fOTk:O,l,"',q—l.

where 0 < j < g — 2. Then all these ¢; , 0 < j < ¢ — 2, form a group under
the multiplication of characters and are called multiplicative characters of GF'(q). In
particular, 1) is called the trivial multiplicative character and 7 = %(4_1)/2 is referred
to as the quadratic multiplicative character of GF(q). The orthogonality relation of
multiplicative characters is given by
> w):{q o=
veGT(q)" 0 for j#0

Let x be a nontrivial additive character of GF(q) and let f € GF(q)[z] be a polynomial
of positive degree. The character sums of the form



502 Lvping Huang

are referred to as Weil sums. The problem of evaluating such character sums explicitly
is very difficult in general. In certain special cases, Weil sums can be treated.
Quadratic forms over finite fields
In the following, we recall some necessary preliminaries on quadratic forms over finite
fields. A function f(z) from F,~ to I, can be viewed as an m-variable polynomial over
IF,, if we identify the finite field IF,,» with an m-dimensional vector space [F,» over [F,,.
The function f(x) is called a quadratic form if it is a homogenous polynomial of degree
two as follows:

flz1, 29, ... ) = Z a;;xiv;, 0 € F)

1<i<jsm

where we fix a basis of F,» over F, and identify x & [F,» with a vector
(1,29, ,xy) € Fym. Then the rank of the quadratic form f(z) is defined as the
codimension of [,,-vector space

V=_{zeF,| flx+z)— f(z) - f(2) =0,z € F}

which is denote by rank f(z). For a quadratic form f(z) with m variables over I,
p is odd prime, there exists a symmetric matrix A such that f(z) = XAXT, where
X = (21,22, ,7) € F and X T denote the transpose of X. The determinant
det(f) of f(z) is defined to be the determinant of A, and f(z) is non-degenerate if
det(f) # 0. There exists a nonsingular matrix M such that M AM? is a diagonal
matrix, making a nonsingular linear substitution X = Y M with Y = (y1,y2, " , Ym)
to the quadratic form f(x), we have

flo) =YMAM'Y" =) "ay?, a; €F,,
1=0

where 7 is the rank of f(z).

Quadratic forms have been well studied (see [16]). It should be noted that the rank
of a quadratic form over [, is the smallest number of variables required to represent
the quadratic form, up to nonsingular coordinate transformations. Mathematically, any
quadratic form of rank 7 can be transferred to three canonical forms.

Definition 2.1 [19] For any finite field F,, two quadratic form f and g over F, are
called equivalent if f can be transformed into g by means of a nonsingular linear

substitution of indeterminates.

Equivalence of quadratic forms is easily seen to be an equivalence relation. and if f
and ¢ are equivalent, then for any b € I, the equations f(x,2, -+ ,x,) = b and



Research on Linear Codes Related to Geometric Configurations 503

g(x1,x9, -+ ,x,) = bhave the same number of solutions in [y For any finite field I,
the inter-valued funtion v on I, is defined by v(b) = —1 for b € F; and v(0) = ¢ — 1.
The following lemma is a well known result about solutions of non-degenerate quadratic
forms, which will be used to determine the weight distribution of C.

Lemma 1 [19]Let f be a non-degenerate quadratic over IF, q odd, in an even number
n of indeterminates. Then for b € T, the number of solutions of the equations
flxr, 0, s xn) = binFy is

where 1) is the quadratic character of F, and A = det(f).

Lemma 2 [19]Let f be a nondegenerate quadratic over F, q odd, in an odd number
n of indeterminates. Then for b € I, the number of solutions of the equations
flxr, 0, s 2n) = bin Y is

(n—1) (n—1)
2

zn((=1)

¢ 4¢q bA)

where 1 is the quadratic character of F, and A = det(f).

Lemma 3 [19]Let f € [x1, %2, - , %y, be a nondegenerate quadratic over IF, q even.
If nis odd, then f is eqgivalent to

1T + X324 + - + Tp_2Tp_1 + xi,
If n is even, Then f is either equivalent to
T1Tg + T3Tg + -+ + Tp_1Zp
or to a quadratic form of the type
T1Tg + T3y + -+ F Ty 1T + 22+ 22 +ax?

where a € F satisfies Trg,(a) = 1.

Lemma 4 [19]Let F, be a finite field with q even and let b € F,, then for odd n, the

number of solutions of the equation

2
T1To + T3Ty + -+ + Tp_oTp_1 + 1, = b,
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inFy is q" L. For n is even, the number of solutions of the equation
T1To + T3xs+ -+ Tpo1Ty =0

in B2 is ¢ + v(b)q"~2/% Forn is even and a € ¥, with Try,(a) = 1, the number of

solutions of the equation
2 2 2 _
T1Ty + X324 + -+ TpaTp + 2, +x, 4 +az, =0b

in T2 is "' — v(b)q" /2,

Group action

Let group G act on a nonempty set X, and define a equivalence relation on set X, that is,
for z,y € X, if there is an element x in G that makes y = g(x), then say x ~ y, under
this Equivalence relation, the elements of set X are divided into Equivalence class, so
the Equivalence class divided into is called orbit, and the orbit containing x is a subset
as follows:

O, = {g(z)lg € G}
Definition 2.2 [12] Let G act on X and let x € X. Define the stabilizer of x in G to be
G,={9eG:x-g=rz}.
Theorem 2.1 [16] Let G act on the set X. Then for x € X,

|Orb(z)| = |G : Gyl

Let ¢ € F[z,y,z] be a homogeneous polynomial of degree 2. Then the set C' =
{r € PG(2,F) : ¢(x) = 0} is called a conic. A conic is called irreducible, or
non-degenerate, if the polynomial ¢ cannot be written as a product of two degree 1
polynomials over F' and every extension of F'. Here we let (2, ¢) be the set of quadrics
in PG(2, q), namely, the varieties V' (F'), where

F =az® +by? + c2® + doy + eyz + fzx
and
V(E) = (¢" - 1)/(g—1)
If V(F') is nonsingular, then the quadric is a conic. If V'(F') is singular, then F' can be

reduced to a form in one or two variables. The elements in V' (F’) are divided into four
orbits under the action of PG L(3, q) as follows table[14]:
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Table 1: Four orbits of elements of V' (F) under the action of group PGL(3, q)

Canonical Number of elements in orbit
(i)singular (a)x? +q+1
(b)zy a(q+1)(*+q+1)/2
(c)z® + azy + by’ q(g —1)(¢* +q+1)/2
(it)nonsingular 2 +yz @ — ¢

3. THE WEIGHT DISTRIBUTION OF C

The objective of this section is to present a type of three-weight linear code which
generated by conic, and investigate the weight enumerator and complete weight

enumerator of this code. Let ¢ = p™ with p a prime. Let V' be the conic defined
by

V= {(2? vy 2% 2y,yz, 21) s 2,y,2 € GF(q)},

Let C be a linear code over G F'(¢q) with the generator matrix G, is given as follows:

(z,y,2)€F3

which is a 6 x ¢* matrix over GF(q), The code word for C'is

C= {(f(%y, Z))(x,y,z)GGF(q)S L a, b7 C, d’ €, f € GF(Q)}

where f(z,y, z) = ax®+by? + c2® +dxy + eyz + fzx. Obviously, the length of code C
is ¢* and the dimension 6, In general, it is difficult to determine the minimal distance of
C not to mention the weight distribution. Here we will use the properties of Quadratic
form to solve this problem. When q is odd, every Quadratic form is equivalent to a
diagonal form.

First, write the Quadratic form f(x,y,z) = ax® + by* + ¢z + dzy + eyz + fzw in
matrix form , namely

a % % x
f(fv,y,Z)=<x y Z) 20 £y
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For the above Quadratic form, we want to convert it to diagonal form, which is
equivalent to converting its coefficient matrix to Diagonal matrix. Here we take matrix
D as follows:

S =
D=10 1 dab—d2
0 0 1
By calculating, We have
a 0 0
D'AD = | dab=d& 0
dabc—d2c—e2a— f2b—edf
0 0 dab—d?
where
d f
C; 2 2
A - ? b %
7 3 ¢

Now we equate quadratic form f(x,y, z) into the standard form g(z, y, 2)

4ab — d? 4abc — d*c — e?a — f?b — edf
_ 2 2 2
g(I,y,Z) = ar” + 4a Y + 4ab_d2 c

In the following content, we will study the parameters and weight distribution of linear
codes C' through the exponential sum and the related properties of Quadratic form.

Theorem 3.1 Let ¢ = p™ and p is prime number, m > 1. Then C is an three-
weight linear code with parameters [p*™, 6, p*™ — 2p*™ + p™| over F, and the weight
enumerator is

2 1)(¢+q+1 1) (P +g+1
L+ (1) (- 1)+ 2 )g Tt a0 M%-+q+-)2¢ﬂ

the weight distribution in Table 2.
Proof Firstly, let

and
Nl(aa b7 ¢, d7€a f) = tH(mvyv Z) € GF(Q)S : f(l'7ya Z) 7é 0}
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Table 2: The weight distribution of C' for odd m.

Hamming Weight Multiplicity
0 1
pim — p*m ™ +pm+ 1™ 1)

(PP = 1) (PP P+ 1)/2
(" — 1P 4 p™ 4 1)/2

pSm _ 2p2m + pm

p
P —p™ p

wheref(z,y, z) = ax® + by? + c2® + dvy + eyz + fzz. q is odd, According to Theorem
2.1, the Quadratic form under non degenerate linear transformation is equivalent, and
two Quadratic form under equivalent conditions have the same number of solutions. So
we replaced calculating the number of zeros for f(x,y, z) with calculating the number
of zeros for g(x,y, z) in the GF(q).

When the rank of A is equal to 3, According to Lemma 2.2, it can be inferred that

No(a,b,¢,d,e, f) = N(g(z,y,2) = 0: (z,y,2) € GF(q)°)
1
= q" 4 g" (0 (1) det(g))
_= q2
When the rank(A) = 2, f(x,y,z) is equivalent to a diagonal type g(z,y,2) =
ax? + dab—d? 2
4a v

pNo(CL, ba C, da €, f) = Z Z h’g x, Y,z )

(z,y,2)€EGF(q)® heGF(p)

> Y e+ L)

heGF (p) (x,y,2)EGF(q)3

4ab — d?
=q Z Z x(ahz? + ThyZ)

heGF(p) (z,y)EGF(q)?

let m(z,y) = az? + 1242 e calculate the number of zeros of m(z, y). Assume

N} = t{(.y) € GF()? : m(x, ) = 0}
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According to Lemma 2.1, it can be inferred that:

4 g2
PN; = Z Z x(ahz? + dab—d° hy?)

4a
hEGF(p) (z,y)EGF(q)?
= p(q +0(0)g" n((—1)3det(f)))
4ab — d?
= pla+ (¢ = D= )n(-1))
SO )
4ab — d
2 -1, for (=" Syn(-1) =1
I
No = 4ab — d?
Lo for (-1 = -1
in the case
dab — d?
2p*™ —p™, for n(——)n(=1) =1
No(a,b,c,d,e,f): . 4ab—d2
p" for m(— —)n(=1) = -1

When the rank(A) = 1, then we have g(z,y.2) = az?.

pNo(a,b,c,dye, f) = Y > x(hg(z,y, 2))

(z,y,2)EGF(q)3 he GF(p)

= > Y. x(h(az?)

heGF( ) (2,9,2)€GF(q)?

= Z Z (ahx?)

hEG’F(p) z€GF(q)

Similar to above let m(x) = az?®. Assume
N{ = t{x € GF(q) : m(z) = 0}

Then

pNy = Z Z (ahz?)

heGF(p) z€GF(q)

_ n—1
=p(¢" ' +q 2 n(0))
=p
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SO
N =1

Then
NO(a7 ba C, da €, f) = p2

When ¢ is even, according to Lemma 2.3, The Quadratic form can be equivalent to
different forms according to whether the variable is odd or even.
When the rank of A is equal to 3, According to lemma 2.3 f(z, y, z) is equivalent to
h(z,y,z) = xy + 2%,
and according to the Lemma 2.4, the number of solutions of the Quadratic form
h(z,y,z) is
No(a,b,c.d,e, f) = N(h(z,y,2) = 0: (z,y,2) € GF(q)*)
— qn—l
= q2
When the rank of A is equal to 2, According to lemma 2.3 f(x,y, z) is equivalent to
h(z,y) =y

or
h(z,y) = xy + az?

where a € I, satisfies Ty, (a) = 1. For the first case, the number of solutions of the
Quadratic form h(z,y) is

N(h(z,y) = 0) = ¢" ' +v(0)g" 22
=2q—1

Further calculations have shown that

pNo(a,b,c,d,e,f) = Z Z hf T, Y,z ))

(z,y,2)EGF(q)3 heGF(p)
= qpN(h(z,y) = 0)

Then
N()(G,, b7 C, d7 €, f) = 2q2 —q.

For the second case, Similar to the above case, we have

N(h(z,y) =0) = ¢" " —v(0)g" 22
—1
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therefore
N()(CL, ba c, da €, f) =dq.

When the rank(A) = 1, According to lemma 2.3 and lemma 2.4 f(z,y, z) is equivalent

to
h(z) = x*
and
N(h(z) =0)=1
Then

No(a,b,c,d,e, f) = ¢*N(h(z) = 0)
—_= q2
by the discussions above we deduce that
p*™ — p*™ for Rank(A) =3 or Rank(A) =1

4dab — d?
4

Jn(=1) = —1.

WiH(C) = { P = 20" +p™, for Rank(A) =2, n(
4ab — d?
4

Jn(=1) =1

p*™ —p™, for Rank(A) =2, n(

We will calculate the weight distribution of code C' in the following content. Firstly,
The Quadric in PG (2, q) is divided into four categories under the action of PG L(3, q)
as follows:

Type I Py = V(X2 + X, X5) is a conic, comprising g + 1 points, no three of which are
collinear;

Type 11 [1gH, = V(X X)) is a line pair g, u;
Type 111 Ipe; = V (f(Xo, X1)) ) is a single point Us;
Type IV I, Py = V(X?) is a single line ug;

According to Table 1, the orbit sizes of these four types are presented, and the
discussions above we deduce that

0 with 1 times

p —p*" with (P +p™ + 1)(p™ — 1) times

P = 2" 4 p™ with P (pP" = 1)(pP" +p™ +1)/2 times
p—p" with  p™(p™ — 1)2(p*™ +p™ +1)/2  times.

WH(C) =
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Example 5 Let C be the linear code in Theorem 3.1.

(1) If p = 2, m = 2, then C has parameters [64,6,36] and weight enumerator
1+ 6302°% 4 3087248 + 3782%.

(2) If p = 2, m = 3, then C has parameters [512,6,392] and weight enumerator
1 4 18396259 + 2294392448 + 920220 + 1430825

(3) If p = 3, m = 2, then C has parameters 729, 6,576] and weight enumerator
1+ 327602°70 4- 4724722548 4 26208272,

These results have been verified by Magma.

4. CONCLUSION

In this article mainly uses quadratic curves to construct a class of linear codes, and
calculates the parameters and weight distribution. The first section, we introduces
the research background and progress of this kind of linear codes, and introduces
the role of weight distribution of linear codes in Coding theory. The second section
mainly introduces the relevant lemma. In the third section, the calculation of weight
distribution is mainly based on the group characteristics on the Finite field and the
relevant properties of Quadratic form. We obtained its weight through the discussion
of the rank of the coefficient matrix of Quadratic form, and then the weight distribution
is obtained through Group action. Through calculation, we found that the code we
constructed is a three weight linear code with parameter [p*™, 6, p>™ — 2p*™ + p™| on
GF(q).
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