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ABSTRACT 

The aim of this paper is to prove some common fixed point theorems for two 

pairs of weakly compatible mappings using the property E.A. in S-metric 

spaces. Our results generalize and improve the results of Manro et al [8] and 

Gugnani et al [7] in S-metric spaces. Also we give an application of our results 

in proving existence of unique solution to a class of integral equations. 
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INTRODUCTION: 

The study of common fixed points of mappings satisfying certain contractive 

conditions has been an area of continuous and intense research. In 1988, Jungck and 

Rhoades [2] introduced the concept of weakly compatible mappings and weakened 

the concept of compatibility without using continuity of the mappings involved in the 

metric spaces. In 2002, Aamri and Moutawakil[3] introduced a new notion of the 

property E.A. in order to generalize the concept of non compatible mappings in metric 

spaces and proved common fixed point theorems. Since then many mathematicians 

proved several common fixed point theorems for contraction mappings in metric 

spaces by using different notions such as compatible mappings, weakly compatible 

mappings, property E.A., and by now there exists an extensive literature. On the other 

hand, a number of generalizations of metric spaces have been done, and one such 

generalization is an 𝑆-metric space.In 2012, Sedghi et al [6], introduced the concept of 

S-metric space. After that various authors proved fixed point theorems in these spaces. 

Some of these works have been noted in [9-12]. Several other studies relevant to 

metric spaces are being extended to S-metric spaces. In the present paper, we prove 

some common fixed point theorems for four weakly compatible mappings in S-metric 
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spaces using the property E.A. As an application of our main result we prove a 

theorem for existence of solution of a non linear integral equation in the context of S-

metric spaces. Now we give some preliminaries and basic definitions which will be 

used in this paper. 

Definition1.1: [6] Let X be a nonempty set. A function 𝑆: 𝑋3 → [0, ∞) is said to be an 𝑆-

metric on  X, if for each 𝑥, 𝑦, 𝑧, 𝑎 ∈ 𝑋, 

1. 𝑆(𝑥, 𝑦, 𝑧) ≥ 0; 

2. 𝑆(𝑥, 𝑦, 𝑧) = 0 if and only if 𝑥 = 𝑦 = 𝑧; 

3. 𝑆(𝑥, 𝑦, 𝑧) ≤ 𝑆(𝑥, 𝑥, 𝑎) + 𝑆(𝑦, 𝑦, 𝑎) + 𝑆(𝑧, 𝑧, 𝑎). 

The pair (𝑋, 𝑆) is called an 𝑆-metric space.Some examples of 𝑆-metric spaces are: 

Example1.2:[6]Let 𝑋 = 𝑅𝑛and ‖. ‖ a norm on , then 𝑆(𝑥, 𝑦, 𝑧)=‖𝑦 + 𝑧 − 2𝑥‖ + ‖𝑦 −
𝑧‖ is an 𝑆-metric on X. 

Example 1.3:[6] Let 𝑋 = 𝑅𝑛and  ‖. ‖ a norm on , then 𝑆(𝑥, 𝑦, 𝑧) = ‖𝑥 − 𝑧‖ + ‖𝑦 − 𝑧‖ is 

an 𝑆-metric on X.  

Definition 1.4:[6] Let(𝑋, 𝑆) be an 𝑆-metric space and 𝐴 ⊂ 𝑋. 

1. A sequence {𝑥𝑛} in X converges to x if 𝑆(𝑥𝑛, 𝑥𝑛, 𝑥) → 0 as 𝑛 → ∞, that is for every 𝜀 > 

0 there exists 𝑛0 ∈ 𝑁 such that for 𝑛 ≥ 𝑛0, 𝑆(𝑥𝑛, 𝑥𝑛, 𝑥) <  𝜀. We denote this by 

lim
𝑛→∞

𝑥𝑛 = 𝑥 and we say that 𝑥 is the limit of {𝑥𝑛} in 𝑋.  

2. A sequence {𝑥𝑛} in X is said to be cauchy sequence if for each 𝜀 > 0, there exists 𝑛0 ∈
𝑁 such that 𝑆(𝑥𝑛, 𝑥𝑛, 𝑥𝑚) <  𝜀 for each 𝑛, 𝑚 ≥ 𝑛0. 

3. The 𝑆-metric space (𝑋, 𝑆) is said to be complete if every Cauchy sequence is 

convergent. 

Lemma1.5:[6] Let(𝑋, 𝑆) be an 𝑆-metric space. Then, we have  

𝑆(𝑥, 𝑥, 𝑦) = 𝑆(𝑦, 𝑦, 𝑥), 𝑥, 𝑦 ∈ 𝑋. 

Lemma 1.6:[6] Let(𝑋, 𝑆) be an 𝑆-metric space. If there exist sequences {𝑥𝑛} and {𝑦𝑛} 

such that lim
𝑛→∞

𝑥𝑛 = 𝑥 and  lim
𝑛→∞

𝑦𝑛 = 𝑦 , then  lim
𝑛→∞

𝑆(𝑥𝑛, 𝑥𝑛, 𝑦𝑛) = 𝑆(𝑥, 𝑥, 𝑦). 

Definition1.7:[2] Let (𝑋, 𝑆) be an 𝑆-metric space and f and g be two self mappings on X. 

Then f and g are said that to be weakly compatible if they commute at coincidence points. 

Definition1.8:[3] Let(𝑋, 𝑆) be an 𝑆-metric space and f and g be two self mappings on X. 

Then f and g are said to satisfy the property E.A. if there exists a sequence {𝑥𝑛} in X such 

that lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡 for some 𝑡 ∈ 𝑋. 

Definition1.9:Let Φ denote the set of all non decreasing continuous functions 𝜑: 𝑅+ →
𝑅+ satisfying, 

1. 𝜑(0) = 0; 

2. 0 < 𝜑(𝑡) < 𝑡 for all 𝑡 > 0; 

3. The series ∑ 𝜑𝑛(𝑡)𝑛≥1 converges for all 𝑡 > 0. 
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MAIN RESULT: 

Theorem 2.1: Let(𝑋, 𝑆) be an 𝑆-metric space and 𝐴, 𝐵, 𝑓, 𝑔 ∶ 𝑋 → 𝑋 be four self 

mappings such that  

1.𝐴(𝑋) ⊆ 𝑔(𝑋) and 𝐵(𝑋) ⊆ 𝑓(𝑋); 

2.one of the pairs (𝐴, 𝑓) and (𝐵, 𝑔) satisfies the property  E.A.;  

3.𝑆(𝐴𝑥, 𝐴𝑥, 𝐵𝑦) ≤ 𝜑(max{ 𝑆(𝑓𝑥, 𝑓𝑥, 𝑔𝑦), 𝑆(𝑓𝑥, 𝑓𝑥, 𝐵𝑦), 𝑆(𝑔𝑦, 𝑔𝑦, 𝐵𝑦)}) for all  

𝑥, 𝑦 ∈ 𝑋, where 𝜑 ∈ Φ;  

4.one of 𝐴(𝑋), 𝐵(𝑋), 𝑓(𝑋) and 𝑔(𝑋) is a complete subset of X. 

Then the pairs (𝐴, 𝑓) and (𝐵, 𝑔) have a coincidence point each. Furthermore if pairs 

(𝐴, 𝑓) and (𝐵, 𝑔) are weakly compatible, then 𝐴, 𝐵, 𝑓 and 𝑔 have a unique common 

fixed point in X. 

Proof: Suppose the pair (𝐵, 𝑔) satisfies the property E.A. Then there exists a 

sequence {𝑥𝑛} in X such that  

lim
𝑛→∞

𝐵𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡 for some 𝑡 ∈ 𝑋. 

Since 𝐵(𝑋) ⊆ 𝑓(𝑋), there exists a sequence {𝑦𝑛} in 𝑋 such that 𝐵𝑥𝑛 = 𝑓𝑦𝑛. 

Hence, lim
𝑛→∞

𝑓𝑦𝑛 = 𝑡. Now, we will show that lim
𝑛→∞

𝐴𝑦𝑛 = 𝑡. From (3) we have, 

𝑆(𝐴𝑦𝑛, 𝐴𝑦𝑛, 𝐵𝑥𝑛) ≤
𝜑(max{ 𝑆(𝑓𝑦𝑛, 𝑓𝑦𝑛 , 𝑔𝑥𝑛), 𝑆(𝑓𝑦𝑛, 𝑓𝑦𝑛, 𝐵𝑥𝑛), 𝑆(𝑔𝑥𝑛, 𝑔𝑥𝑛, 𝐵𝑥𝑛)}). 

Taking the limit as 𝑛 → ∞ and using the fact that 𝜑(r) is continuous at r =0, we get  

lim
𝑛→∞

𝑆(𝐴𝑦𝑛, 𝐴𝑦𝑛, 𝑡) ≤ 𝜑(max{𝑆(𝑡, 𝑡, 𝑡), 𝑆(𝑡, 𝑡, 𝑡), 𝑆(𝑡, 𝑡, 𝑡)}) =  𝜑(0) = 0. 

Hence, lim
𝑛→∞

𝐴𝑦𝑛 = 𝑡.  Thus we have, 

lim
𝑛→∞

𝐴𝑦𝑛 = lim
𝑛→∞

𝐵𝑥𝑛 = lim
𝑛→∞

𝑓𝑦𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡. 

Suppose that 𝑓(𝑋) is a complete subspace of X. Then t=fu for some u ∈ X. 

Now we will show that 𝐴𝑢 = 𝑓𝑢 = 𝑡. From (3) we have,  

𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑥𝑛) ≤ 𝜑(max{𝑆(𝑓𝑢, 𝑓𝑢, 𝑔𝑥𝑛), 𝑆(𝑓𝑢, 𝑓𝑢, 𝐵𝑥𝑛), 𝑆(𝑔𝑥𝑛, 𝑔𝑥𝑛, 𝐵𝑥𝑛)}). 

Taking the limit as 𝑛 → +∞ by the property of 𝜑,we get 

𝑆(𝐴𝑢, 𝐴𝑢, 𝑓𝑢) ≤ 𝜑(max{𝑆(𝑡, 𝑡, 𝑡), 𝑆(𝑡, 𝑡, 𝑡), 𝑆(𝑡, 𝑡, 𝑡)}) = 𝜑(0) = 0, 

which implies, 𝑆(𝐴𝑢, 𝐴𝑢, 𝑓𝑢) = 0. Hence, 𝐴𝑢 = 𝑓𝑢. Thus, 𝑢 is a coincidence point of 

pair (𝐴, 𝑓). The weak compatibility of A and f implies that 𝐴𝐴𝑢 = 𝑓𝐴𝑢 and 

hence, 𝐴𝐴𝑢 = 𝐴𝑓𝑢 = 𝑓𝐴𝑢 = 𝑓𝑓𝑢.  Since 𝐴(𝑋) ⊆ 𝑔(𝑋), there exists 𝑣 ∈ 𝑋 such that 

𝐴𝑢 = 𝑔𝑣.  Now we will prove that 𝑔𝑣 = 𝐵𝑣. Suppose not, then from (3) and using the 

fact that 𝜑(𝑟) < 𝑟, we have 
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𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑣) ≤ 𝜑(max{𝑆(𝑓𝑢, 𝑓𝑢, 𝑔𝑣), 𝑆(𝑓𝑢, 𝑓𝑢, 𝐵𝑣), 𝑆(𝑔𝑣, 𝑔𝑣, 𝐵𝑣)}) 

=  𝜑(max{𝑆(0, 𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑣), 𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑣)} 

=  𝜑(𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑣)) 

< 𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑣). 

This implies that 𝐴𝑢 = 𝐵𝑣 and hence 𝑔𝑣 = 𝐵𝑣. Thus, 𝑣 is a coincidence point of the pair 

(𝐵, 𝑔).Thus, 𝐴𝑢 = 𝑓𝑢 = 𝑔𝑣 = 𝐵𝑣. Now, if 𝐵 and 𝑔 are weakly compatible, then we 

obtain,  𝐵𝑔𝑣 = 𝑔𝐵𝑣 = 𝑔𝑔𝑣 = 𝐵𝐵𝑣. And we show that 𝐴𝑢 is a common fixed point of 

𝐴, 𝐵, 𝑓 and 𝑔. For this firstly we show that 𝑓𝐴𝑢 = 𝐴𝐴𝑢 = 𝐴𝑢. Suppose on the contrary, 

𝐴𝐴𝑢 ≠ 𝐴𝑢. Then from (3) and the property of 𝜑, we get, 

𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐴𝑢) ≤ 𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐵𝑣) 

                                 ≤  𝜑(max{𝑆(𝑓𝐴𝑢, 𝑓𝐴𝑢, 𝑔𝑣), 𝑆(𝑓𝐴𝑢, 𝑓𝐴𝑢, 𝐵𝑣), 𝑆(𝑔𝑣, 𝑔𝑣, 𝐵𝑣)}) 

                               = 𝜑(max{𝑆(𝑓𝐴𝑢, 𝑓𝐴𝑢, 𝐵𝑣), 𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐵𝑣), 𝑆(𝐵𝑣, 𝐵𝑣, 𝐵𝑣)}) 

                               = 𝜑(max{𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐵𝑣), 0}) 

                            = 𝜑(𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐵𝑣) 

                            < 𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐵𝑣) 

                            = 𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐴𝑢). 

Which is a contradiction. Thus, 𝐴𝐴𝑢 = 𝐴𝑢. Hence, 𝐴𝑢 = 𝐴𝐴𝑢 = 𝑓𝐴𝑢 is a common fixed 

point of  𝐴 and 𝑓. In the similar manner we can prove that 𝐵𝑣 is a common fixed point of 

𝐵 and  𝑔. Since 𝐴𝑢 = 𝐵𝑣, we conclude that 𝐴, 𝐵, 𝑓 and 𝑔 have a common fixed point 𝐴𝑢. 
Finally we show that the common fixed point is unique. Suppose to the contrary, 

𝐴, 𝐵, 𝑓 and 𝑔 have two common fixed points 𝑤 and 𝑧, with 𝑤 ≠ 𝑧. Then, from (3) and the 

property of  𝜑, we have 

𝑆(𝑤, 𝑤, 𝑧) = 𝑆(𝐴𝑤, 𝐴𝑤, 𝐵𝑧) 

                    ≤ 𝜑(max{𝑆(𝑓𝑤, 𝑓𝑤, 𝑔𝑧), 𝑆(𝑓𝑤, 𝑓𝑤, 𝐵𝑧), 𝑆(𝑔𝑧, 𝑔𝑧, 𝐵𝑧)}) 

                    = 𝜑(max{𝑆(𝑤, 𝑤, 𝑧), 𝑆(𝑤, 𝑤, 𝑧), 𝑆(𝑧, 𝑧, 𝑧)} 

                  = 𝜑(𝑆(𝑤, 𝑤, 𝑧)) 

                  < 𝑆(𝑤, 𝑤, 𝑧), 

which is a contradiction. Thus, 𝑤 = 𝑧.  Hence, 𝐴, 𝐵, 𝑓 and 𝑔 have a common fixed point. 

Theorem 2.2: Let(𝑋, 𝑆) be an 𝑆-metric space and 𝐴, 𝐵, 𝑓, 𝑔 ∶ 𝑋 → 𝑋 be four self 

mappings such that  

1. 𝐴(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑔(𝑋) and  𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋); 

2. One of the pairs (𝐴, 𝑓) and (𝐵, 𝑔) satisfies the property E.A.; 

3.𝑆(𝐴𝑥, 𝐴𝑥, 𝐵𝑦) ≤ 𝜑(max{ 𝑆(𝑓𝑥, 𝑓𝑥, 𝑔𝑦), 𝑆(𝑓𝑥, 𝑓𝑥, 𝐵𝑦), 𝑆(𝑔𝑦, 𝑔𝑦, 𝐵𝑦)}); 

for all 𝑥, 𝑦 ∈ 𝑋 , where 𝜑 ∈ Φ. 

Then the pairs (𝐴, 𝑓) and (𝐵, 𝑔) have a coincidence point each. Furthermore if pairs 
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(𝐴, 𝑓) and (𝐵, 𝑔) are weakly compatible, then 𝐴, 𝐵, 𝑓 and 𝑔 have a unique common fixed 

point in X. 

Proof: Suppose the pair (𝐵, 𝑔) satisfies the property E.A. Then there exists a sequence 

{𝑥𝑛} in 𝑋 such that 

lim
𝑛→∞

𝐵𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡 for some 𝑡 ∈ 𝑋. 

Since 𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋), there exists a sequence {𝑦𝑛} in 𝑋 such that  𝐵𝑥𝑛 = 𝑓𝑦𝑛. 

Hence, lim
𝑛→∞

𝑓𝑦𝑛 = 𝑡. 

Now, we will show that  lim
𝑛→∞

𝐴𝑦𝑛 = 𝑡. From (3), we have 

𝑆(𝐴𝑦𝑛, 𝐴𝑦𝑛, 𝐵𝑥𝑛) ≤ 𝜑(max{𝑆(𝑓𝑦𝑛, 𝑓𝑦𝑛, 𝑔𝑥𝑛), 𝑆(𝑓𝑦𝑛, 𝑓𝑦𝑛, 𝐵𝑥𝑛), 𝑆(𝑔𝑥𝑛, 𝑔𝑥𝑛, 𝐵𝑥𝑛)}) 

Taking the limit as 𝑛 → ∞ and using the fact that 𝜑(r) is continuous at r =0, we get 

lim
𝑛→∞

𝑆(𝐴𝑦𝑛, 𝐴𝑦𝑛, 𝑡) ≤ 𝜑(max{𝑆(𝑡, 𝑡, 𝑡), 𝑆(𝑡, 𝑡, 𝑡)𝑆(𝑡, 𝑡, 𝑡)}) = 𝜑(0) = 0. 

Hence, lim
𝑛→∞

𝐴𝑦𝑛 = 𝑡. Thus, we have 

lim
𝑛→∞

𝐴𝑦𝑛 = lim
𝑛→∞

𝐵𝑥𝑛 = lim
𝑛→∞

𝑓𝑦𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡,  for some 𝑡 ∈ 𝑋 

Since, 𝑡 = lim
𝑛→∞

𝐵𝑥𝑛 ∈ 𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ and 𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋), there exists a point 𝑢 ∈ 𝑋 such that 𝑡 =

𝑓𝑢.As proved in the previous theorem, we can show that 𝑢 is a coincidence point of pair 

(𝐴, 𝑓). Since 𝑡 = lim
𝑛→∞

𝐴𝑦𝑛 ∈ 𝐴(𝑋)̅̅ ̅̅ ̅̅ ̅ and 𝐴(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑔(𝑋), there exists a point 𝑣 ∈ 𝑋 such that 

𝑡 = 𝑔𝑣. As proved in the previous theorem, we can show that 𝑣 is a coincidence point of 

the pair (𝐵, 𝑔). The rest of the proof is similar to similar to the proof of the previous 

theorem, hence it is omitted. 

Remarks 2.3: 

1. The results of theorem 2.1 are true if we replace condition (1) of theorem 2.1 with the 

condition (1) of theorem 2.2 and omit the condition (4) of theorem 2.1 which requires 

completeness of one of the subspaces. Hence theorem 2.2 is an improved version of 

theorem 2.1.. 

2. Theorem 2.2 generalizes theorem 2.1 in Gugnani et al[7]. 

3. Theorem 2.2 is an improved version of the result of Manro et al [Theorem 2.1,8] for 

two pairs of weakly compatible pairs in the S-metric space setting which does not require 

completeness of the subspaces.  

Theorem 2.4: Let(𝑋, 𝑆) be an 𝑆-metric space and 𝐴, 𝐵, 𝑓, 𝑔 ∶ 𝑋 → 𝑋 be four self 

mappings such that 

1. 𝐴(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑔(𝑋) and  𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋); 

2. One of the pairs (𝐴, 𝑓) and (𝐵, 𝑔) satisfy the property E.A.; 

3.𝑆(𝐴𝑥, 𝐴𝑥, 𝐵𝑦) ≤ 𝜑(𝑆(𝑓𝑥, 𝑓𝑥, 𝑔𝑦)),    for all 𝑥, 𝑦 ∈ 𝑋 , where 𝜑 ∈ Φ. 

Then the pairs (𝐴, 𝑓) and (𝐵, 𝑔) have a coincidence point each. Furthermore if pairs 

(𝐴, 𝑓) and (𝐵, 𝑔) are weakly compatible, then 𝐴, 𝐵, 𝑓 and 𝑔 have a unique common fixed 
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point in X. 

Proof: Suppose the pair (𝐵, 𝑔) satisfies the property E.A. Then there exists a 

sequence {𝑥𝑛} in 𝑋 such that 

lim
𝑛→∞

𝐵𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡 for some 𝑡 ∈ 𝑋.   

Since  𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋), there exists a sequence {𝑦𝑛} in 𝑋 such that 𝐵𝑥𝑛 = 𝑓𝑦𝑛.    

Hence, lim
𝑛→∞

𝑓𝑦𝑛 = 𝑡. 

Now, we will show that  lim
𝑛→∞

𝐴𝑦𝑛 = 𝑡. From (3) we have, 

𝑆(𝐴𝑦𝑛, 𝐴𝑦𝑛, 𝐵𝑥𝑛) ≤ 𝜑(𝑆(𝑓𝑦𝑛, 𝑓𝑦𝑛, 𝑔𝑥𝑛)). 

Taking the limit as 𝑛 → ∞ and using the fact that 𝜑(r) is continuous at r =0, we get 

lim
𝑛→∞

𝑆(𝐴𝑦𝑛, 𝐴𝑦𝑛, 𝑡) ≤ 𝜑( 𝑆(𝑡, 𝑡, 𝑡))  = 𝜑(0) = 0. Hence, lim
𝑛→∞

𝐴𝑦𝑛 = 𝑡. Thus, we have 

lim
𝑛→∞

𝐴𝑦𝑛 = lim
𝑛→∞

𝐵𝑥𝑛= lim
𝑛→∞

𝑓𝑦𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡,  for some 𝑡 ∈ 𝑋. Since, 𝑡 =

lim
𝑛→∞

𝐵𝑥𝑛 ∈ 𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ and 𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋), there exists a point 𝑢 ∈ 𝑋 such that                 

𝑡 = 𝑓𝑢.  Again from (3), we have                                                                                        

𝑆(𝐴𝑢, 𝐴𝑢, 𝐵𝑥𝑛) ≤ 𝜑(𝑆(𝑓𝑢, 𝑓𝑢, 𝑔𝑥𝑛)). 

Taking 𝑛 → ∞ yields, 𝑆(𝐴𝑢, 𝐴𝑢, 𝑓𝑢) ≤ 𝜑(𝑆(𝑓𝑢, 𝑓𝑢, 𝑓𝑢)) = 𝜑(0) = 0. 

Thus, 𝐴𝑢 = 𝑓𝑢 and 𝑢 is a coincidence point of the pair (𝐴, 𝑓). Since the pair (𝐴, 𝑓) is 

weakly compatible. Thus, 𝐴𝑓𝑢 = 𝑓𝐴𝑢 and 𝐴𝐴𝑢 = 𝐴𝑓𝑢 = 𝑓𝐴𝑢 = 𝑓𝑓𝑢. In the similar 

manner we can prove that 𝑣 is a coincidence point of the pair (𝐵, 𝑔). Since the pair 
(𝐵, 𝑔) is weakly compatible. Also, weak compatibility of 𝐵 and 𝑔 implies that 𝐵𝑔𝑣 =
𝑔𝐵𝑣 and hence 𝐵𝐵𝑣 = 𝑔𝑔𝑣 = 𝐵𝑔𝑣 = 𝑔𝐵𝑣. And now we show that 𝐴𝑢 is a common 

fixed point of 𝐴, 𝐵, 𝑓 and 𝑔. For this firstly we show that 𝑓𝐴𝑢 = 𝐴𝐴𝑢 = 𝐴𝑢. Suppose 

on the contrary, 𝐴𝐴𝑢 ≠ 𝐴𝑢. Then from (3) and the property of 𝜑, we get, 

𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐴𝑢) = 𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐵𝑣)  

                   ≤ 𝜑(𝑆(𝑓𝐴𝑢, 𝑓𝐴𝑢, 𝑔𝑣)) 

                   = 𝜑(𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐵𝑣)) 

                   = 𝜑(𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐴𝑢)) 

                   < 𝑆(𝐴𝐴𝑢, 𝐴𝐴𝑢, 𝐴𝑢),      

Which is a contradiction.Thus, 𝐴𝐴𝑢 = 𝐴𝑢. Hence, 𝐴𝑢 = 𝐴𝐴𝑢 = 𝑓𝐴𝑢 is a common 

fixed point of  𝐴 and 𝑓. In the similar manner we can prove that 𝐵𝑣 is a common fixed 

point of 𝐵 and  𝑔. Since 𝐴𝑢 = 𝐵𝑣, we conclude that 𝐴, 𝐵, 𝑓 and 𝑔 have a common 

fixed point. Finally we can show that the common fixed point is unique as shown in 

the previous theorem.   

Corollary 2.5: Let(𝑋, 𝑆) be an 𝑆-metric space and 𝐴, 𝐵, 𝑓, 𝑔 ∶ 𝑋 → 𝑋 be four self 

mappings such that 
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1. 𝐴(𝑋)̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑔(𝑋) and 𝐵(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋);        2.  

One of the pairs (𝐴, 𝑓) and (𝐵, 𝑔) satisfies the property E.A.;                        

3.𝑆(𝐴𝑥, 𝐴𝑥, 𝐵𝑦) ≤ 𝑞(𝑆(𝑓𝑥, 𝑓𝑥, 𝑔𝑦)),  for all 𝑥, 𝑦 ∈ 𝑋 where 𝑞 ∈ [0,1).  

Then the pairs (𝐴, 𝑓) and (𝐵, 𝑔) have a coincidence point each. Furthermore if pairs 

(𝐴, 𝑓) and (𝐵, 𝑔) are weakly compatible, then 𝐴, 𝐵, 𝑓 and 𝑔 have a unique common 

fixed point in X. 

Proof: Define 𝜑: [0, ∞) → [0, ∞) by 𝜑(𝑡) = 𝑞𝑡  for 𝑞 ∈ [0,1). Clearly 𝜑 ∈ Φ. Hence 

the result easily follows from Theorem 2.4. 

Corollary 2.6: Let (𝑋, 𝑆) be an 𝑆-metric space and 𝐴, 𝑓: 𝑋 → 𝑋 be two self mappings 

satisfying                                                                                                                        

1. 𝐴(𝑋)̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑓(𝑋); 

2. The pair (𝐴, 𝑓) satisfies the property E.A.;  

3.𝑆(𝐴𝑥, 𝐴𝑥, 𝐴𝑦) ≤ 𝜑(𝑆(𝑓𝑥, 𝑓𝑥, 𝑓𝑦)), for all 𝑥, 𝑦 ∈ 𝑋, where 𝜑 ∈ Φ. 

If pair (𝐴, 𝑓) is weakly compatible, then 𝐴 and 𝑓 have a unique common fixed point 

in 𝑋. 

Proof: By taking 𝑓 = 𝑔 and 𝐴 = 𝐵. The proof readily follows from theorem 2.4. 

Corollary 2.7: Let(𝑋, 𝑆) be an 𝑆-metric space and 𝐴 ∶ 𝑋 → 𝑋 be a self mapping 

satisfying𝑆(𝐴𝑥, 𝐴𝑥, 𝐴𝑦) ≤ 𝜑(𝑆(𝑥, 𝑥, 𝑦)), for all 𝑥, 𝑦 ∈ 𝑋 .and where 𝜑 ∈ Φ then 𝐴 

has a unique fixed point in  X. 

Proof: By taking 𝐴 = 𝐵 and 𝑓 = 𝑔 = 𝐼. The proof readily follows from theorem 2.4. 

Corollary 2.8: Let (𝑋, 𝑆) be an 𝑆-metric space and 𝐴 ∶ 𝑋 → 𝑋 be a self mapping 

satisfying 𝑆(𝐴𝑥, 𝐴𝑥, 𝐴𝑦) ≤ 𝑞𝑆(𝑥, 𝑥, 𝑦), for all 𝑥, 𝑦 ∈ 𝑋 .and where 𝑞 ∈ [0,1) then 𝐴 

has a unique fixed point in 𝑋. 

Proof: Define 𝜑: [0, ∞) → [0, ∞) by 𝜑(𝑡) = 𝑞𝑡  for 𝑞 ∈ [0,1). Clearly, 𝜑 ∈ Φ. Hence 

the result easily follows from Theorem 2.4. 

Applications to Integral Equations 

The existence and uniqueness of solution of integral equations has been studied by 

several authors (see [1, 4, 5 ]). The aim of this section is to prove an existence 

theorem for solution of a nonlinear integral equation in 𝑆-metric space using corollary 

2.8. Consider the integral equation.  

𝑢(𝑡) = ∫ 𝐾(𝑡, 𝑠, 𝑢(𝑠))𝑑𝑠
𝑇

0
+ ℎ(𝑡), 𝑡 ∈ [0, 𝑇],  Where  𝑇 > 0 ……(1) 

Let 𝑋 = 𝐶([0, 𝑇]) be the set of all continuous functions defined on [0, 𝑇].                      
Define 𝑆: 𝑋 × 𝑋 × 𝑋 → 𝑅+  by  𝑆(𝑥, 𝑦, 𝑧) = 𝑠𝑢𝑝𝑡∈[0,𝑇]|𝑦(𝑡) + 𝑧(𝑡) −

2𝑥(𝑡)|+𝑠𝑢𝑝𝑡∈[0,𝑇] |𝑦(𝑡) − 𝑧(𝑡)|.                                  Clearly (𝑋, 𝑆) is a complete 𝑆-

metric space. Now, we shall prove theorem for existence of the solution the solution 

of the integral equation. 

Theorem 3.1: Suppose the following assumptions hold a) 𝐾: [0, 𝑇] × [0, 𝑇] → 𝑅and 
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ℎ: 𝑅 → 𝑅 are continuous;b)There exists a continuous function 𝐺: [0, 𝑇] × [0, 𝑇] → 𝑅+ 

such that |𝐾(𝑡, 𝑠, 𝑢) − 𝐾(𝑡, 𝑠, 𝑣)| ≤ 𝐺(𝑡, 𝑠)|𝑢 − 𝑣|  for each 𝑢, 𝑣 ∈ 𝑅 and 𝑠, 𝑡 ∈ [0, 𝑇]; 

c) 𝑠𝑢𝑝𝑠,𝑡∈[0,𝑇] ∫ 𝐺(𝑡, 𝑠)𝑑𝑠 ≤ 𝑞
𝑇

0
for some 𝑞 ∈ [0,1). 

Then the integral equation (1) has a solution 𝑢 ∈ 𝑋. 

Proof: Define 𝐹: 𝑋 → 𝑋 by  

        𝐹(𝑥(𝑡))  = ∫ 𝐾(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠 + ℎ(𝑡),    𝑡 ∈ [0, 𝑇]
𝑇

0
 

𝑆(𝐹𝑥, 𝐹𝑥, 𝐹𝑦) = 𝑠𝑢𝑝𝑡∈[0,𝑇]|𝐹𝑥(𝑡) +  𝐹𝑦(𝑡) − 2𝐹𝑥(𝑡)|  +  𝑠𝑢𝑝𝑡∈[0,𝑇]|𝐹𝑥(𝑡) − 𝐹𝑦(𝑡)| 

                        = 𝑠𝑢𝑝𝑡∈[0,𝑇]|𝐹𝑦(𝑡) − 𝐹𝑥(𝑡)| + 𝑠𝑢𝑝𝑡∈[0,𝑇]|𝐹𝑦(𝑡) − 𝐹𝑥(𝑡)| 

                          = 2𝑠𝑢𝑝𝑡∈[0,𝑇]|𝐹𝑦(𝑡) − 𝐹𝑥(𝑡)|  

                         = 2𝑠𝑢𝑝𝑡∈[0,𝑇]| ∫ (𝐾(𝑡, 𝑠, 𝑥(𝑠)) − 𝐾(𝑡, 𝑠, 𝑦(𝑠))
𝑇

0

)𝑑𝑠| 

                      ≤ 2𝑠𝑢𝑝𝑡∈[0,𝑇] ∫ |𝐾(𝑡, 𝑠, 𝑥(𝑠)) − 𝐾(𝑡, 𝑠, 𝑦(𝑠))|
𝑇

0
𝑑𝑠 

                        ≤ 2𝑠𝑢𝑝𝑡∈[0,𝑇]|𝑥(𝑡) − 𝑦(𝑡)|𝑠𝑢𝑝𝑡∈[0,𝑇] ∫ 𝐺(𝑡, 𝑠)𝑑𝑠
𝑇

0
  (using condition (b))    

                     = 𝑆(𝑥, 𝑥, 𝑦)𝑠𝑢𝑝𝑡∈[0,𝑇] ∫ 𝐺(𝑡, 𝑠)𝑑𝑠
𝑇

0
     (by (2)) 

                        ≤ 𝑞𝑆(𝑥, 𝑥, 𝑦). 

By using condition (c) there exists a 𝑞 ∈ [0,1) such that 𝑠𝑢𝑝𝑡∈[0,𝑇] ∫ 𝐺(𝑡, 𝑠)𝑑𝑠
𝑇

0
≤ 𝑞. 

Thus, 𝑆(𝐹𝑥, 𝐹𝑥, 𝐹𝑦) ≤ 𝑞𝑆(𝑥, 𝑥, 𝑦) where 𝑞 ∈ [0,1). 

Thus, all the required conditions of corollary 1.5 are satisfied. Hence 𝐹 has a unique 

fixed point 𝑢 ∈ 𝑋. And hence there exists a continuous solution 𝑢 ∈ 𝑋 of the integral 

equation. 

 

CONCLUSION: 

In this paper, we proved some common fixed point theorems in 𝑆-metric spaces for 

four weakly compatible mappings using the weakly compatible mappings using the 

property E.A., without using the condition of continuity of mappings involved. Our 

results essentially generalize several results existing in the literature. Theorem 1.2 is 

an improved version of the result of Manro et al [Theorem 2.1,8] for two pairs of 

weakly compatible pairs without condition of completeness of subspaces in the 

context of 𝑆-metric spaces. Our results relaxed the continuity requirement of 

mappings completely and weakened the completeness requirement of the space. In the 

end, as an application of our result, we present a theorem for existence of unique 

solution of a non linear integral equation in 𝑆-metric space.       
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