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Abstract

Domination is an important theoretical concept in Graph theory. By [j, k]-Set
Domination a subset D € V in a Graph G = (V, E) is a [j, k]-Set if every vertex
veV-D,j<|Nw) nD| <kforj=1andk=2thatisevery vertex v €
V — D is just adjacent to at least j but not more than k vertices in D. The
Domination number of G is denoted by yy;x(G), which the minimum
cardinality of dominating set G. In this paper Generalization of [j, K]-
Domination number of Cycle Graph has been studied.
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INTRODUCTION

The basic concept and introduction of Graph theory have been learned from D.B. West
[7]. Fundamentals of Domination in Graphs were introduced by T.W. Haynes et al [3].
Middle and central of various graphs have been explained in [1, 2]-Domination in
Graphs by Murugesan. N and Deepa. S. Nair [4]. [1, 2]-Sets of various graphs have
been understood and explained by M.Chellali et al [1]. [1, 2]- Domination in
Generalized Petersen Graphs was clearly explained by Chengye Zhao and Chao Zhang
[2]. The relation between domination, [1, 2]-Domination, and bounds for different
Graphs have been extracted from Xiaozing Yang, Baoyindureng Wu [8]. The concept
of [1, k]-Domination in Graphs has been explained by E. Sampath Kumar [6]. Several
types of domination have been explained in efficient domination by Robert R.
Rubalcaba and Peter J. Slater [5].
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PRELIMINARY

Let G = (V, E) be a simple connected undirected finite Graph. The order and size of the
vertex V is n=|V |and m =|E|. The open neighborhood of a vertex v e
VisN (v) ={u €V |uv e E} of vertices adjacent to v. The closed neighborhood of
the vertex v e Visthe set N[v] = N (v) U {v}. The degree of a vertex v is deg (v) =
| N (v)]. The minimum and maximum degree of Graph G is denoted by
- _ . {d)} _ {d (v)}

6(G) and A (G). Thatis §(G) = min v € V(G) and 4 (G) = max v € V(G)
Definition 2.1 Aset D € V of vertices in a Graph G= (V, E) is a Dominating set if and
only if every vertex v € V — D is adjacent to at least one vertex in D. The domination
number y (G) is the minimum cardinality of Dominating set in D.

Definition 2.2 Let G = (V, E) be a Graph, and aset D c V is a [j, k]-set if j <
| N(v) nD| <k foreveryvertexv € V —D.

Definition 2.3 A Dominating set D of Graph G is called efficientif [ N(v) nD | =1
for every vertex v € V — D. That is a Dominating set D is efficient if and only if every
vertex is Dominated exactly once.

Definition2.4 Fora Graph G =(V,E)aset D < V is independent if no two vertices in
D are adjacent. The domination number is denoted by i (G).

Definition 2.5 A cycle is a Graph with an equal number of vertices and edges whose
vertices can be placed around a circle so that two vertices are adjacent if and only if
they appear consecutively along the circle.

Definition 2.6: A subset Vp of V is a dominant component if there is a v € Vp, such
that v is adjacent to each vertex u in Vp,

Lemma 2.7: If y (G) =r, then the dominant components in G are also r.

Lemma2.8:V (G) =u Vp,;
i
r
Lemma 2.9:if V (G) = U Vp; and Vpi’s are disjoint then G contains a dominating set

l
of sizer.

Lemma 2.10: If the dominating components in G are disjoint then the corresponding
dominating set is an [1, 1]- dominating set.

Definition 2.11: A set of vertices taken in order is said to be uniformly spaced if every
vertex is at an equal distance from the preceding and succeeding vertices (if any)

vl v2 v3 v4d v5 vé6
Figure 1.1: A graph in which {v,, v, vs} are uniformly spaced.
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Lemma 2.12: If D is a minimum dominating set with no two vertices adjacent then D
is a[1, 1]dominating set

Lemma 2.13:

Incycle C,, if D = {u,v,w,x,y, z} isa minimum dominating set in which the vertices
are uniformly spaced, then the sets D + 1, D + 2 are also minimum dominating sets.

Definition 2.14: In a cycle Gy, if D = {v;,v;, v} a subset of V(C,,), then D+r
represents the subset of {v;,, Vjr, Vi4r} , Where

_{ l+rifl+r<n
Y Tl 4+ rGmodn) if L+ >n

3.[1, 1]-Domination of the cycle graphs
Theorem 3.1: The number of [1, 1] - dominating sets of the cycles are

3, when n = 3t, t=1,2,3.....
| Di1,11(C)| = {St +1, whenn=3t+1,t=123....
0, whenn=3t+2,t=1,23......
Proof: Let vy, v,, vg -+ -+ v, are the vertices of the cycle C,, taken in order

i.e., v; ~Vjyq,i =1, 2, 3-n—1and v,~ v, since d(v;) = 2, each vertex v; in C,
dominates only two of its adjacent vertices. Hence the vertex v; and its two neighbours
v;_1, V;4+1 CONstitute a dominating component of three vertices. Thus, clearly, the set of
all such v;'s are minimum dominating set. This dominating set contains none of its
neighbors in C,, whenn =3t, Hence y(C,) =twhenn=3t, t=1, 2, 3--
However when n = 3t + 1 or 3t + 2, the set of vertices dominate all vertices except
1 or 2 respectively. i.e., if the set of v;'s is taken as Vp, = {vy, v, v7,... v3,_,} then 1
is minimum dominating set in C, whenn = 3t and the vertices vs, in C3;,, and
V3¢, V31 N C3¢4, have no adjacent vertices in V. Hence V, U {V5,} is a dominating
set in C3¢,q and either Vp U {v3.} or Vp U {vs:41} IS @ dominating set in Cs;ys.
Since Vp, is a minimum dominating set, the above two sets are also minimum
dominating sets in the respective graph C,. Therefore, to prove this theorem we
consider three cases accordingly.

Case (i): Letn = 3t,t =1,2,3: -

Here, it can be seen that the dominant components are {vs,v;v,},
{v3, vy, 05} 00 oo {V3¢_3, V32, V3¢_1} There are t number of dominant components in
Cn, When n =3tand Vp_{v,, vy, V7..... V3¢5, V3¢—o } IS @ minimum dominating set. Since
the above dominant components in V;, are disjoint it is an [1, 1]- dominating set. Also,
each vertex in Vp is uniformly spaced in Vp, the set Vp,_{v,, vs, vg =+ V3:—1} and

Vpa = {v3, Vg, Vg - V3. } are also [1,1] - dominating sets in C,,

Hencey (C,) = tand |D[1’1](Cn) | = 3, whenn=3t
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Generalizing the above argument, it can be written as

{fv,|r=3k+s-3
k=1,23-n
sis a fixed integer}
wheres = 1,2,3.

Thus,|D[1,1](Cn)| = 3,whenn = 3t
Case(ii): Letn=3t+1, t =123

The sets {vg;41, V1, U2}, {V3, Vg, U5} oee o {V3t—3,V3t—2,V3e-1} {vs:} form the role of
dominating compounds. In each component, the vertices are written in the same order
as placed in the cycle. Hence, the vertices written at the second place in each component
together with the vertex v5, form a minimum dominating set. Hence the minimum
dominating number is merely the number of dominating components. This number is
mearly nothing but the number of elements in the A.P 1, 4, 7....3t-2 plus one.

D[1,1] (Cn) =

b 1+1= 2= - 142 =1t +1

Hence the number of components =

It can be noted that the middle vertex is adjacent to every other two vertices in each of
the above dominating components. Hence the set consisting of middle vertices together
with v, forms a minimum dominating set, in which the vertices are uniformly
spaced. Hence the set consisting of the vertices is uniformly spaced. Hence the set
consisting of the vertices adjacent to vy, v,, v, -+ v3;_, IS also @ minimum dominating
set. Therefore it is interesting to see the number of such dominating sets. The following
is the list of such dominating sets.

1 {V1, V4, V7, V312, V3441 }
2 {v2, Vs, Vg, V3p_1, 11}

3. {v3, V6, V9, *** V3¢, V2 }

4 {V4, V7, V10, V3141, U3}

This process will end once the list contains the list of vertices is the same as in the first
one. We can observe from the above list that the list contains a different set of vertices
at each count and the count will end once we get the Ilist as
{V341, V3, Vg o V3¢_3, V3¢ }. SO, the number of such lists is 3t+1. By combining the
above arguments, we can generalize the result as follows: for n = 1,2,3 ---
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Diy(eses)] = [ {v|lr=3k+s-3, If3k+s-3 < 3n+1
sisa fixed integer}
{vg[B3k+s—=3=p@Bn+1 +gq, If 3k+s-3 > 3n+1
For some integer p
s is a fixed integer}
— where k =1,2,3--- (n+ 1); Wheres =1,2,3...(3n+ 1)
Thus |Diy,1) (€3¢41)| = 3t + 1 and ypy1)(Csp41) =t + 1
Case (iii): Let n=3t+2,t=1, 2, 3......

(V3642 V1, V25, { V3, V4, U5}, {V6, V7, Vg } v . { V341, V3t

are dominant components of the cycle Cs;,,. There are (t+1) number of such
components, they are disjoint Vp ={ v1,v,,v5, ...... V341 are uniformly dominating
sets. So Vj, is [1, 1]- dominating sets.

But {v3¢,4, v1} are not uniformly dominations set.

So C3;45 isnot [1, 1]- dominations set

Hence Dj3,1)(C3t42) = @

[1, 2]-Domination of cycle graph

Theorem 3.2: The number of [1, 2] dominating sets of Cycle C,, is

3t+ 1, whenn =3t +1, t=1
3t+ 1,whenn =3t +1, t=23....

PuailCn) =93¢ 42 whenn=3c+2, t=123...
0, when n = 3¢, t=12,3....
Proof: let vy, vy, vs....... vy, are the vertices of the cycle C,, taken in order ie v; ~ v;,4

=1, 2, 3... (n-1) and v, ~v;. Since d (v;) = 2, each verter v; in C,, dominate only two
of its adjacent vertices. Hence the verter v; and its two neighbors v;_,, v;,, constitute
a dominating components of three vertices. Thus clearly the set of all such v;’s is a
minimum dominating set.

Case (1):letn=3t+1, t=1
Two dominating sets have been found. There are {v,, v3} and {v,, v,}
Case (2) Let n=3t+1,t=2, 3,4......

The sets {vs¢41, Vi), {v2, v3, va}, {vs, V63, {v7, v, Vo HV10, V11, V12} o {v3t-2,V3¢-1, V3r}

Form the role of dominating components. In each component, the vertices are written
in the same order as placed in the cycle. Hence the vertices written at the second place
in each component together with the vertices {vs;_,, v3¢_1,V3:} form a minimum
dominating set. Hence the minimum dominating number is merely the number of
dominating components. This number is nothing but the number of elements in the AP
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is1,3,5and 8§, 11,14 ...... 3t-1.

3t-1-8 +1=34 3t—9 1= 9+3t-9+3 _ 3(1+t) _
3 3 3 3

5-1
Hence ]/[1'2] (C3t+1) = T + 1 +
1+t
It can be noted that the middle vertex is adjacent to every other two vertices in each of
the above dominating components. Hence the set consisting of middle vertices together

with v3,_; forms a minimum dominating set in which the vertices are uniformly
spaced.

The dominating sets of the cycle c3;,, are

{v1, V3, Vs, Vg, V11 e e e V37, Vat—4 Var-1}

{v,, Vs, Vg, Vg, V12 wev e ene V3t—6) Vst—3, V3t }

{vs, vs5, V7, V10, V13 o vee e Vst—s, Vat—2, Var+1)

{V3t41, V2, Vgenvnnnn. V3t—g V3t—5,V3r—2}, 3t—k>0

The above v, 's are the minimum dominating set. The components in v, 's are disjoint.
This forms uniformly Dominating set except for three vertices. In three vertices
Vi, Vis1, Visa, Vip1iS dominated byv; and v;,,. So this forms two dominations, and
other vertices form one domination. So the above dominating set forms double [1, 2]
dominating sets.

Hence 1Dy 51(c3411= 3+l and y(c3pq) =t + 1

So the generalized above argument

Whenn=1
1.D[121(C3¢41) = {vlr=2k+s—-2, If 2k+s5s—-2<3n+1
k=12

sis a fixed integer}
wheres = 1,2
Whenn = 2

fv|lr=2k+s-2 if2k+s—-2<
3n+1

K =123
Sis a fixed integer}
Wheres =1,2...(3n+1)

{vl2k+s—-2=p@Bn+1)+q, If2k+s-
— 2>3n+1
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sis a fixed integer}
wheres =1,2,3---(3n+ 1)
Whenn = 3,4,5:-

(v, V2 |1 = 2kl +s1 -2,

<3n+1
7‘2=3k2+52—5
5<3n+1
k1=1,2,3

>3n+1

For some integers p

k1=1,2, 3
k2 =4,5,6..... n+1)
s1,s2 Are fixed integer}
—  Wheresl,s2=1,2....(3n+l)

Case(ii)letn=3t+2, t=1,2,3,4........

The sets {vse42, v1}, {v2, v3, 4}, { Vs, Vs, v7}, {V, Vo v10}- -

— for some integer pk =1,2,3---(n+ 1)

if 3k2 + 52 —

863

if 2k1+s1—2

{2k+s1—2=p(@Bn+1)+ql,if 2k+s2—-2>3n+1
3k2+5s2—-5=p@Bn+1)+q2,if 3k2+s2—-5

{V3t—1, V3t) V3e41}

Form the role of dominating components. In each component, the vertices are written
in the same order as placed in the cycle. Hence the vertices written at the second place
in each component together with the vertices {vs;_q, V3¢, V3ee1} fOrm a minimum
dominating set. Hence the minimum dominating number is mearly the number of
dominating components. This number is nothing but the number of elements in the AP

island3,6,9...... 3t.

Y[1,2](Cars2) =1 +3t3—_3+ 1
3t—3+3
ot T
3t+3
- =1+t

3
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It can be noted that the middle vertex is adjacent to every other two vertices in each of
the above dominating components. Hence the set consisting of middle vertices together
with vs, forms a minimum dominating set in which the vertices are uniformly spaced.

The number of dominating components of the cycle C5;,, is (t+1)
The dominating components of the cycle C5,.., are disjoint
The dominating sets of the cycle Cs;.,, are
{v1,V3,V6, Vg ... V31, V3¢—3, V3t }
{v2, V4, V7, V10 ... V3¢-5, V32, V3p 41}
{vs, Vs, Vg, V11w V3p—s, Var—1, V3r42}

{V3t42, V2, Vs, oo V37, V3p—4, V3r—1} 3t—k>0

The above vp’s are minimum dominating sets. The components in vj's are disjoint.
This forms uniformly dominating sets except two vertices. In three vertices v;, v;,4,
Viy2, Viyq 1S dominated by the two vertices v; and v;,,. This forms two dominations
other vertices form one domination. So the above dominating set forms [1, 2]-
dominating set.

Hence 1D}y 51(cse42) 1 = 3t+2and y (c3p4,) = t+1

So the generalizing the above argument we get

[ whenn=1

[.D[121(C3e42) 7 {fv,|r=2k+s—-2 If2k+s—-2 < 3n+2
K=1,2,3....... (n+1)

sis a fixed integer}

s=1,2--(3n+2)
{vq|2k+s—2=p(3n+2)+q if 2k+s—-2>3n+
_ 2

K=123...(n+1)

Sis a fixed integer}

S=12- 3n+2)

whenn =2,3,4--

{(Vr, Vpp |11 = 2k1 +51 =2 if 2k14+s1—-2 < 3n+
2

— 1, =3k2+s2—-4 if3k2+5s52—-4 < 3n+2
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—

kl1=1,2

k2 =3,4--(n+2)

s1,s2 are fixed integer
S1,s2 = 1,2,3- (3n+2)

{(vgr,vg2|2k1 +s1—2=p(Bn+2) +ql if 2k1 + s1 —
2>3n+2

— 3k24s2—-4=p(Bn+2)+q2 if 3k2 +s2 —
4>3n+2

For fixed p

K1=1,2
K2=3,4,5..n+2

s1, s2 are fixed integer
s1,s2=1,2,3....... (3n+2)

Case (iii) Letn=3t,t=1,2,3
[1, 2] — dominating for the cycle C,, does not exist.
Contrary, let us assume that [1, 2] - domination exists for the cycleC,,.

We can construct the dominating components such as {v,, vs, 1.},
{vs, Vg, Uy} oo {v3t,v1}

But vertex vs,_, is not included in the sets, it is isolated.

In [1,1]- dominating set, the dominating components set contains three vertices in each
set. But, here the last set contains only two vertices.

This brings us to the conclusion that our assumption is wrong.

So [1, 2]-domination does not exist for the cycle C,, when n=3t,t=1,2,3 ...........
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CONCLUSION

In this paper, we have generalized the [j, k]-Domination number of the cycle Graph.
Similarly, we can study [j, k]-Domination number of some other special Graphs.
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