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Abstract

Extra loops are varieties of loops of Bol-Moufang type. [9] show that there are
exactly 14 such varieties. Their identities is defined such that if two of its three
variables occurs once on each side the third variable occurs twice on each side,
and the order in which the variable appear on both sides is the same. In this
paper we construct new extra loops from old exra loops.

INTRODUCTION

Extra loops are loops defined with three different equations .For each of them the
identity @ = g is said to be of Bol-Moufang type if a-) the only operation in the a = g
is a binary operation. b-) the number of distinct variables appearing in « (and thus
inB) is 3, c-) the number of variables appearing in a (and thus in B) is 4, d-) the order
in which the variables appear in a coincides with the order in which they appear in S.
Let remind the reader that: letr (G,*) be a groupoid. To every element a € G is
associated with bijective mappings L(a) and R(a) of G onto itself. These mappings are
called left and right translations. (G, ) with these translations is called quasigroup.

Definition 1.1 Let (G,*) be a quasigroup, if there exist an element e in G such that for
all x € G x e e = e e x = xtheneissaid to be the identity element of (G,¢). A
quasigroup with an identity element is called a loop.

In [7] theorem 1.1.7 Hala Pflugfelder showed that if (G,*) is an association quasigroup
then it has an identity element and hence it becomes a group. In [7] hala Pflufelder
gave an example (1.1.8) which is a quasigroup with identity but not associative. This
shows that quasigroup with identity element need not be associative. Thus loop do
exist.
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Definition 1.2 let (G,*) be a loop and satisfies any of the following identities:
) ((@aeb)ec)ea=as(be(cea))
ii) (aeb)e(aec)=ae((bea)ec)
iii) (bea)e(cea)=(be(aec))ea
For all a, b, c € G is called an extra loop.

In [2], Fenyves proved that the identities i), ii) and iii) are equivalent. It then follows
that to show that a given loop is an extra loop, we only need to show that it satisfies
any of the three identities stated above.

Any of the above identity confirm that an extra loops is a variety of loops of Bol-
Moufang type

Definition 1.3 Let (G,*) be a quasigroup, from this quasigroup, we define five other
quasigroups (G,°), (G,*), (G,®), (G,\) and (G,/) which are called parastrophs or
conjugates of (G,e) . Each of the operation on G is related to the operation « on G as
follows:

i) aob=cmeansthat bea=c
i) a*b=c meansthat bec =a
Ii) a®b =c meansthat b=cea
iv) a\b=cmeansthat b=aec
V) a/b=cmeansthat a=ceb

The most recent study of parastrophs of a quasigroup are by Sokhatski F.N in [8], by
Duplak J in [1], Gushan V.V and Sokhatski in [4] and Jaiyeola Temitope in [5].

2) In this section we assume that a quasigroup (G,e) is an extra loop and we are going
to show that each of its parastrophs is also an extra loop.

Lemma 2.1 Let (G,*) be an extra loop and let (G,°) be a parastroph of (G,e) then
(G,0) is also an extra loop where a e b = ¢ meansthatbea = ¢

Proof: Recall that (G,°) is a quasigroup. In [6] Kunen Kenneth showed that (G,°) has
an identity element hence it is a loop. To show that (G,°) is an extra loop, we need to
show that it satisfies one of the identities of Definition 1.2. We will show that it
satisfies 1.2(i). Recall that aob = cmeans b e a = c in otherwordsaecb =b e a.
Hence we have for all a, b, c in G;

((aob)oc)oaz((b-a)oc)oa

=(c-(b-a))oa
=a+(ce(bea))



Construction of New Extra Loops... 333

And similarly
ac(bo(coa))=ao(bo(aec))
:ao((aoc)ob)
= ((asc)*b)+a
By (i)

((a-b)-c)oaza-(bo(c-a))
It then follows that
((@eb)oc)oa=ao(bo(coa))

Hence (G,e) is an extra loop.

Lemma 2.2 Let (G,) be a loop with identity element e and Va € G a? = e then
(G, ) has the automorphic inverse property.

Proof Since forall a in G a? = e it followsthata=! = a, now forall a, b in G we
have (a ¢ b)? = e this implies (aeb) e (asb) =eandsoaeb = (asb)™?!

Thus(aeb) '=aeb=alep?!
This result of lemma 2.2 will be applied in the rest of this paper.

Lemma 2.3 Let (G,e) be an extra loop with identity element e and (G,\) a parastroph
of (G,») where a\ b =cmeansthata™l e b =c. If a? = e for all a € G then
(G,\) is also an extra loop.

Proof: Since a? = e forall a € G then a = a~! To show that (G,\) is an extra loop,
we want to show that (b \ a) \ (c\a) = (b \ (a\ c)) \ a We have

(b\a\(c\a)=0d"ea)\(c"'*a)
= tea)yte(cTtea)
=(beaDe(clea)
Similarly
(b\(@\))\a =(b\(atec))\a
= te(a o)) \a
= te(alec) tea
=(be(atec)) tea
=(be(aec ) ea

Sincea ! = aand ¢ = ¢ ! then it follows that (b ea 1) e (c"tea) = (bea) e (ce
a)and (be(aec™))ea=(be(aec))ea
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Hence (b\ @)\ (c\a) =(bea)es(cea)and (b\ (a\c))\a=(be(asc))ea
by 1.2(iii) (bea)e(cea)=(be(aec))ea then(b\a)\(c\a)=(b\
(a\ ¢)) \ a hence (G,\) is an extra loop.

Lemma 2.4 Let (G,e) be an extra loop with identity element e and (G,*) one of it
parastroph define by For all a,b,cinG,a*b = cmeansb™tea =c.Ifa? =
e for all a in G then (G,*) is also an extra loop.

Proof: Since a®? = e, thena ' =a Forall ainG.
((@xb)*c)ra=((b"tea)xc)xa=(cle(brea))xa
=ale(cte(btea))=as(ce(bea))
Similarly
ax(bx(cxa))=ax(bx(atec))=ax((@atec)teb)
=((atec)yteb)tea=(atec)eb)ea=((asc)eb)ea
By 1.2(i) ((a-c)-b)-aza-(c-(b-a))
It follows that
(@xb)*c)ra=ax(bx(c*a))

Hence (G,*) is an extra loop.

Lemma 2.5: Let (G,e) be an extra loop with identity e and (G,®) one of it parastroph
define by forall a,b,cinG a®b=cmeansbhea !l =c. IfforallxinG,x*> =e
then (G,©) is also an extra loop.

Proof: To show that (G,®) is an extra loop, we have to show that

((@a®h) O c)Oa=a® B O (c©a))

Which satisfies 1.2(i)

((a®b) O c)Oa=((bea)Oc)Oa
=(ce(bea)H0Oa
=ae(ce(bea)
=qe (c—l o(b71e a))

—ae(ce(bea)
And similarly
a®(bO(c®a)) = a®(bO(a«c™))
=a®((asc™eb™ )
=((@aec™)eb)eqa?
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= ((@sc)+b)+a

By 1.2(i) and (G,e) being an extra loop we have ((asb) ec)ea=ae (b (c*a))
it then follows that ((a®b)®c)@a = a®(bO(cOa)) Hence (G,O) is an extra
loop.

Lemma 2.6: Let (G,e) be an extra loop which also has an automorphic inverse
property and is of exponent two. If (G,/) is one of it parastroph define by: for all
a,b,cinG a/b=cmeansaeb~! =c then (G,/) is also an extra loop

Proof: To show that (G,/) is an extra loop it will be enough to show that

((a/b)/c)/a = a/(b/(c/a))
We have

((a/b)/e)/a = ((asb™)/c)/a=((asb ) ecT)/a=((asb™)sc)ea
= ((asb)c)ea

Similarly
a/(b/(c/a)) =a/(b/(cea))=a/(be(cea ) ™) =a/(be(c"*a))

=as(be(ctea)t=ae(de(ctea)™)
=ae(bte(cea))=ae(be(cea)

By 1.2(i) we have
((a-b)-c)-a=a-(b-(c-a))
It then follows that
((a/b)/c)/a = a/(b/(c/a))

Hence (G,/) is an extra loop.

Theorem: Let (G,») be an extra loop which also has automorphic inverse property, let
(G,°); (G,*); (G,®); (G)\)and (G,)) be its parastrophs as defined in definition 1.3. If
(G,9) is of exponent two then each of it parastroph is also an extra loop.

Proof: Combine the proofs of lemma 2.1; 2.2; 2.3; 2. 4; 2.5 et 2.6 all the parastrophs
are also extra loops

Another new construction:

For a group G, let M(G,2) = G x {0,1} where (g,0)(h,0) = (gh,0); (g,0)(h,1) =
(hg,1); (g, (R, 0) = (gh™", 1) and (g, (1) = (h™'g,0).

M(G, 2) is an extra loop if and only it G is nonabelian
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