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Abstract 

Extra loops are varieties of loops of Bol-Moufang type. [9] show that there are 

exactly 14 such varieties. Their identities is defined such that if two of its three 

variables occurs once on each side the third variable occurs twice on each side, 

and the order in which the variable appear on both sides is the same. In this 

paper we construct new extra loops from old exra loops. 

 

 

INTRODUCTION 

Extra loops are loops defined with three different equations .For each of them the 

identity 𝛼 = 𝛽 is said to be of Bol-Moufang type if a-) the only operation in the 𝛼 = 𝛽 

is a binary operation. b-) the number of distinct variables appearing in 𝛼 (and thus 

in𝛽) is 3, c-) the number of variables appearing in 𝛼 (and thus in 𝛽) is 4, d-) the order 

in which the variables appear in 𝛼 coincides with the order in which they appear in 𝛽. 

Let remind the reader that: letr (G,•) be a groupoid. To every element 𝑎 ∈ 𝐺 is 

associated with bijective mappings L(a) and R(a) of G onto itself. These mappings are 

called left and right translations. (G, •) with these translations is called quasigroup. 

 

Definition 1.1 Let (G,•) be a quasigroup, if there exist an element e in G such that for 

all 𝑥 ∈ 𝐺  𝑥 • 𝑒 = 𝑒 • 𝑥 = 𝑥 then e is said to be the identity element of (G,•). A 

quasigroup with an identity element is called a loop. 

In [7] theorem I.1.7 Hala Pflugfelder showed that if (G,•) is an association quasigroup 

then it has an identity element and hence it becomes a group. In [7] hala Pflufelder 

gave an example (I.1.8) which is a quasigroup with identity but not associative. This 

shows that quasigroup with identity element need not be associative. Thus loop do 

exist. 
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Definition 1.2 let (G,•) be a loop and satisfies any of the following  identities: 

i) ((𝑎 • 𝑏) • 𝑐) • 𝑎 = 𝑎 • (𝑏 • (𝑐 • 𝑎)) 

ii) (𝑎 • 𝑏) • (𝑎 • 𝑐) = 𝑎 • ((𝑏 • 𝑎) • 𝑐)  

iii)   (𝑏 • 𝑎) • (𝑐 • 𝑎) = (𝑏 • (𝑎 • 𝑐)) • 𝑎 

For all 𝑎, 𝑏, 𝑐 ∈ 𝐺 is called an extra loop. 

In [2], Fenyves proved that the identities i), ii) and iii) are equivalent. It then follows 

that to show that a given loop is an extra loop, we only need to show that it satisfies 

any of the three identities stated above. 

Any of the above identity confirm that an extra loops is a variety of loops of Bol-

Moufang type 

 

Definition 1.3 Let (G,•) be a quasigroup, from this quasigroup, we define five other 

quasigroups  (G,∘), (G,∗), (G,⨀),  (G,∖)  and  (G,∕)  which are called parastrophs or 

conjugates of (G,•) . Each of the operation on G is related to the operation • on G as 

follows: 

i) 𝑎 ∘ 𝑏 = 𝑐 means that    𝑏 • 𝑎 = 𝑐 

ii) 𝑎 ∗ 𝑏 = 𝑐  means that   𝑏 • 𝑐 = 𝑎 

iii) 𝑎⨀𝑏 = 𝑐  means that    𝑏 = 𝑐 • 𝑎 

iv) 𝑎 ∖ 𝑏 = 𝑐 means that    𝑏 = 𝑎 • 𝑐 

v) 𝑎 𝑏⁄ = 𝑐 means that       𝑎 = 𝑐 • 𝑏 

The most recent study of parastrophs of a quasigroup are by Sokhatski F.N in [8], by 

Duplak J in [1], Gushan V.V and Sokhatski in [4] and Jaiyeola Temitope in [5]. 

 

2) In this section we assume that a quasigroup (G,•) is an extra loop and we are going 

to show that each of its parastrophs is also an extra loop. 

Lemma 2.1 Let (G,•) be an extra loop and let (G,∘) be a parastroph of  (G,•) then 

(G,∘) is also an extra loop where 𝑎 ∘ 𝑏 = 𝑐  means that 𝑏 • 𝑎 = 𝑐  

Proof: Recall that (G,∘) is a quasigroup. In [6] Kunen Kenneth showed that (G,∘) has 

an identity element hence it is a loop. To show that (G,∘) is an extra loop, we need to 

show that it satisfies one of the identities of Definition 1.2. We will show that it 

satisfies 1.2(i). Recall that  𝑎 ∘ 𝑏 = 𝑐 means 𝑏 • 𝑎 = 𝑐 in other words 𝑎 ∘ 𝑏 = 𝑏 • 𝑎 . 
Hence we have for all 𝑎, 𝑏, 𝑐 𝑖𝑛 𝐺; 

                       ((𝑎 ∘ 𝑏) ∘ 𝑐) ∘ 𝑎 = ((𝑏 • 𝑎) ∘ 𝑐) ∘ 𝑎 

= (𝑐 • (𝑏 • 𝑎)) ∘ 𝑎 

= 𝑎 • (𝑐 • (𝑏 • 𝑎)) 
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And similarly 

      𝑎 ∘ (𝑏 ∘ (𝑐 ∘ 𝑎)) = 𝑎 ∘ (𝑏 ∘ (𝑎 • 𝑐)) 

= 𝑎 ∘ ((𝑎 • 𝑐) • 𝑏) 

= ((𝑎 • 𝑐) • 𝑏) • 𝑎 

By (i) 

((𝑎 • 𝑏) • 𝑐) • 𝑎 = 𝑎 • (𝑏 • (𝑐 • 𝑎)) 

It then follows that 

((𝑎 ∘ 𝑏) ∘ 𝑐) ∘ 𝑎 = 𝑎 ∘ (𝑏 ∘ (𝑐 ∘ 𝑎)) 

Hence (G,∘) is an extra loop. 

 

Lemma 2.2 Let (G,•) be a loop with identity element e and ∀𝑎 ∈ 𝐺    𝑎2 = 𝑒 then 

(G,•) has the automorphic inverse property. 

Proof Since for all 𝑎 𝑖𝑛 𝐺  𝑎2 = 𝑒  it follows that 𝑎−1 = 𝑎, now for all 𝑎, 𝑏 𝑖𝑛 𝐺  we 

have (𝑎 • 𝑏)2 = 𝑒 this implies (𝑎 • 𝑏) • (𝑎 • 𝑏) = 𝑒 and so 𝑎 • 𝑏 = (𝑎 • 𝑏)−1 

Thus (𝑎 • 𝑏)−1 = 𝑎 • 𝑏 = 𝑎−1 • 𝑏−1 

This result of lemma 2.2 will be applied in the rest of this paper. 

 

Lemma 2.3 Let (G,•) be an extra loop with identity element e and (G,∖) a parastroph 

of (G,•) where  𝑎 ∖ 𝑏 = 𝑐 means that 𝑎−1 • 𝑏 = 𝑐. If  𝑎2 = 𝑒 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈ 𝐺 then 

(G,∖) is also an extra loop. 

Proof: Since 𝑎2 = 𝑒 for all 𝑎 ∈ 𝐺 then 𝑎 = 𝑎−1 To show that (G,∖) is an extra loop, 

we want to show that  (𝑏 ∖ 𝑎) ∖ (𝑐 ∖ 𝑎) = (𝑏 ∖ (𝑎 ∖ 𝑐)) ∖ 𝑎 We have 

(𝑏 ∖ 𝑎) ∖ (𝑐 ∖ 𝑎) = (𝑏−1 • 𝑎) ∖ (𝑐−1 • 𝑎) 

= (𝑏−1 • 𝑎)−1 • (𝑐−1 • 𝑎) 

= (𝑏 • 𝑎−1) • (𝑐−1 • 𝑎) 

Similarly 

(𝑏 ∖ (𝑎 ∖ 𝑐)) ∖ 𝑎    = (𝑏 ∖ (𝑎−1 • 𝑐)) ∖ 𝑎 

= (𝑏−1 • (𝑎−1 • 𝑐)) ∖ 𝑎 

= (𝑏−1 • (𝑎−1 • 𝑐))−1 • 𝑎 

= (𝑏 • (𝑎−1 • 𝑐))−1 • 𝑎 

= (𝑏 • (𝑎 • 𝑐−1)) • 𝑎 

Since 𝑎−1 = 𝑎 and 𝑐 = 𝑐−1 then it follows that (𝑏 • 𝑎−1) • (𝑐−1 • 𝑎) = (𝑏 • 𝑎) • (𝑐 •

𝑎) and (𝑏 • (𝑎 • 𝑐−1)) • 𝑎 = (𝑏 • (𝑎 • 𝑐)) • 𝑎 
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Hence (𝑏 ∖ 𝑎) ∖ (𝑐 ∖ 𝑎) = (𝑏 • 𝑎) • (𝑐 • 𝑎) and (𝑏 ∖ (𝑎 ∖ 𝑐)) ∖ 𝑎 = (𝑏 • (𝑎 • 𝑐)) • 𝑎 

by 1.2(iii)  (𝑏 • 𝑎) • (𝑐 • 𝑎) = (𝑏 • (𝑎 • 𝑐)) • 𝑎  then (𝑏 ∖ 𝑎) ∖ (𝑐 ∖ 𝑎) = (𝑏 ∖
(𝑎 ∖ 𝑐)) ∖ 𝑎 hence (G,∖) is an extra loop. 

 

Lemma 2.4 Let (G,•) be an extra loop with identity element e and (G,∗) one of it 

parastroph define by 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏, 𝑐 𝑖𝑛 𝐺, 𝑎 ∗ 𝑏 = 𝑐 𝑚𝑒𝑎𝑛𝑠 𝑏−1 • 𝑎 = 𝑐. If 𝑎2 =
𝑒 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 𝑖𝑛 𝐺 then (G,∗) is also an extra loop. 

Proof: Since 𝑎2 = 𝑒, then 𝑎−1 = 𝑎  For all 𝑎 𝑖𝑛 𝐺. 

         ((𝑎 ∗ 𝑏) ∗ 𝑐) ∗ 𝑎 = ((𝑏−1 • 𝑎) ∗ 𝑐) ∗ 𝑎 = (𝑐−1 • (𝑏−1 • 𝑎)) ∗ 𝑎 

= 𝑎−1 • (𝑐−1 • (𝑏−1 • 𝑎)) = 𝑎 • (𝑐 • (𝑏 • 𝑎)) 

Similarly 

𝑎 ∗ (𝑏 ∗ (𝑐 ∗ 𝑎)) = 𝑎 ∗ (𝑏 ∗ (𝑎−1 • 𝑐)) = 𝑎 ∗ ((𝑎−1 • 𝑐)−1 • 𝑏) 

= ((𝑎−1 • 𝑐)−1 • 𝑏)−1 • 𝑎 = ((𝑎−1 • 𝑐) • 𝑏−1) • 𝑎 = ((𝑎 • 𝑐) • 𝑏) • 𝑎 

By 1.2(i) ((𝑎 • 𝑐) • 𝑏) • 𝑎 = 𝑎 • (𝑐 • (𝑏 • 𝑎))  

It follows that 

((𝑎 ∗ 𝑏) ∗ 𝑐) ∗ 𝑎 = 𝑎 ∗ (𝑏 ∗ (𝑐 ∗ 𝑎)) 

Hence (G,∗) is an extra loop. 

 

Lemma 2.5: Let (G,•) be an extra loop with identity e and (G,⨀) one of it parastroph 

define by for all 𝑎, 𝑏, 𝑐 𝑖𝑛 𝐺  𝑎⨀𝑏 = 𝑐 means 𝑏 • 𝑎−1 = 𝑐. If for all 𝑥 𝑖𝑛 𝐺, 𝑥2 = 𝑒 

then (G,⨀) is also an extra loop. 

Proof: To show that (G,⨀) is an extra loop, we have to show that  

 ((𝑎⨀𝑏) ⊙ 𝑐) ⊙ 𝑎 = 𝑎 ⊙ (𝑏 ⊙ (𝑐 ⊙ 𝑎))  

Which satisfies 1.2(i) 

((𝑎⨀𝑏) ⊙ 𝑐) ⊙ 𝑎 = ((𝑏 • 𝑎−1)⨀𝑐)⨀𝑎 

= (𝑐 • (𝑏 • 𝑎−1)−1)⨀𝑎 

= 𝑎 • (𝑐 • (𝑏 • 𝑎−1))−1 

= 𝑎 • (𝑐−1 • (𝑏−1 • 𝑎)) 

= 𝑎 • (𝑐 • (𝑏 • 𝑎)) 

And similarly 

𝑎⨀(𝑏⨀(𝑐⨀𝑎)) = 𝑎⨀(𝑏⨀(𝑎 • 𝑐−1)) 

= 𝑎⨀((𝑎 • 𝑐−1) • 𝑏−1) 

= ((𝑎 • 𝑐−1) • 𝑏−1) • 𝑎−1 
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= ((𝑎 • 𝑐) • 𝑏) • 𝑎 

By 1.2(i) and (𝐺,•) being an extra loop we have ((𝑎 • 𝑏) • 𝑐) • 𝑎 = 𝑎 • (𝑏 • (𝑐 • 𝑎)) 

it then follows that  ((𝑎⨀𝑏)⨀𝑐)⨀𝑎 = 𝑎⨀(𝑏⨀(𝑐⨀𝑎)) Hence (𝐺,⊙) is an extra 

loop. 

 

Lemma 2.6: Let (𝐺,•) be an extra loop which also has an automorphic inverse 

property and is of exponent two. If (𝐺,∕) is one of it parastroph define by: for all 

𝑎, 𝑏, 𝑐 𝑖𝑛 𝐺    𝑎 𝑏⁄ = 𝑐 means 𝑎 • 𝑏−1 = 𝑐  then (𝐺,∕) is also an extra loop 

Proof: To show that (𝐺,/) is an extra loop it will be enough to show that 

((𝑎/𝑏)/𝑐)/𝑎 = 𝑎/(𝑏/(𝑐/𝑎)) 

We have 

((𝑎/𝑏)/𝑐)/𝑎 = ((𝑎 • 𝑏−1)/𝑐)/𝑎 = ((𝑎 • 𝑏−1) • 𝑐−1)/𝑎 = ((𝑎 • 𝑏−1) • 𝑐−1) • 𝑎−1

= ((𝑎 • 𝑏) • 𝑐) • 𝑎 

Similarly 

𝑎/(𝑏 ∕ (𝑐 𝑎⁄ )) = 𝑎/(𝑏/(𝑐 • 𝑎−1)) = 𝑎/(𝑏 • (𝑐 • 𝑎−1)−1) = 𝑎/(𝑏 • (𝑐−1 • 𝑎))
= 𝑎 • (𝑏 • (𝑐−1 • 𝑎))−1 = 𝑎 • (𝑏−1 • (𝑐−1 • 𝑎)−1)

= 𝑎 • (𝑏−1 • (𝑐 • 𝑎−1)) = 𝑎 • (𝑏 • (𝑐 • 𝑎)) 

By 1.2(i) we have  

((𝑎 • 𝑏) • 𝑐) • 𝑎 = 𝑎 • (𝑏 • (𝑐 • 𝑎))  

It then follows that 

((𝑎/𝑏)/𝑐)/𝑎 = 𝑎/(𝑏/(𝑐/𝑎)) 

Hence (𝐺,/) is an extra loop. 

 

Theorem: Let (𝐺,•) be an extra loop which also has automorphic inverse property, let 
(𝐺,∘); (𝐺,∗); (𝐺, ⨀); (𝐺,∖)𝑎𝑛𝑑 (𝐺,∕) be its parastrophs as defined in definition 1.3. If 

(𝐺,•) is of exponent two then each of it parastroph is also an extra loop. 

Proof: Combine the proofs of lemma 2.1; 2.2; 2.3; 2. 4; 2.5 et 2.6 all the parastrophs 

are also extra loops  

Another new construction: 

For a group 𝐺, let 𝑀(𝐺, 2) = 𝐺 × {0,1} where (𝑔, 0)(ℎ, 0) = (𝑔ℎ, 0); (𝑔, 0)(ℎ, 1) =
(ℎ𝑔, 1); (𝑔, 1)(ℎ, 0) = (𝑔ℎ−1, 1) and (𝑔, 1)(ℎ, 1) = (ℎ−1𝑔, 0). 

𝑀(𝐺, 2) is an extra loop if and only it 𝐺 is nonabelian 
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