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Abstract

The object of this paper is to study certain subclass Bg’ﬁ (v,t,s,p,b) of analytic
and bi-univalent functions involving fractional calculus operators in the open unit
disk. For the defined new subclass, we find initial estimates on Taylor-Maclaurin
coefficients and investigate the upper bounds for Feketo-Szego inequality. More-
over, it is remarked that the given bounds improve and generalize some of the
pervious results.
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1. Introduction and Definitions
Let A denote the class of functions f(z) of the form

f) =2+ anz", (1.1)
n=2

which are analytic in the open unit disk U = {z : z € C and |z] < 1}. Also let S
denote the class of functions in .4 which are univalent in the unit disk U.

For analytic functions f and g with f(0) = ¢(0), f is said to be subordinate to ¢ if there
exists an analytic function w on U such that w(0) = 0, |w(2)| < 1 and f(z) = g(w(2))
for z € U. The subordination will be denoted by

=y or f(z) < g(2) in U.
Note that f < g if and only if f(0) = ¢(0) and f(U) C ¢g(U) when g is univalent in U.
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The well known Koebe one-quarter theorem [1] ensures that the image of U under every
univalent function f € A contains a disk of radius 1/4. Hence every function f € S
has an inverse f~! satisfying f~!(f(z)) = 2(z € U) and

fHf(w) = w (Jw] < ro(f);ro(f) = 1/4),

g(w) = fH(w) = w — ayw® + (2435 — az)w® — (5aj — Sagasz + az)w* +--- . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U.
Let > denote the class of bi-uninalent functions in U given by (1.1). For a brief history
and interesting examples of the class X, see [2].

In 1967, Lewin [3] investigated the class > of bi-univalent functions and showed that
las| < 1.51. Subsequently, Netanyahu [4] showed that max ey, |az| = 4/3 and Suf-
fridge [5] has given an example of f € ¥ for which |az| = 4/3. Later, Brannan and
Clunie [6] conjectured that |as| < v/2 for f € X. A brief summery of functions in the
family X can be found in the study of Srivastava et al. [2], which is a basic research on
the bi-univalent function family > (also, see the references cited therein). In a number
of sequels to [2], bounds for the first two coefficients |az| and |as| of different subclasses
of bi-univalent functions were given, for example, see [5, 7, 8, 9, 10]. But the coefficient
estimate problem for each of |a,| (n € N\ {1,2};N = {1,2,3,---}) is still an open
problem. In recent years, Srivastava et al.’s pioneering research on the subject [2] has
successfully revitalized the study of bi-univalent functions to have produced numerous
bi-univalent function papers. There are also several papers dealing with bi-univalent
functions defined by subordination, for example, see [11, 12, 13].

Chebyshev polynomials have become increasingly important in numerical analysis,
from both theoretical and practical points of view. The Chebyshev polynomials of the
first and second kinds are well known (see [14, 15, 16]). Recently, Kizilates et al. [17]
defined (p, b)-Chebyshev polynomials of the first and second kinds and derived explicit
formulas, generating functions and some interesting properties of these polynomials.

For any integer n > 2 and 0 < b < p < 1, the (p, b)-Chebyshev polynomials of the
second kind is defined by the following recurrence relation:

Un(ta S, P, b) = (pn + bn>tUn71<ta $, P, b) + (pb)nilsUnf2(ta S, P, b) (13)

with the initial values Uy(¢, s, p, b) = 1, Uy (t, s, p,b) = (p+ b)t and s is a real variable.
Also, it follows readily from (1.3) that

Us(t,s,p,b) = t(p+b)(p° +r?) + pbs, (1.4)
Us(t,s,p,b) = t*(p+0b)(p*+b°)(p* + %) + pbst(p® + b°) + (pb)’st(p+b), - .
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By assuming various values of ¢, s, p and b, we get some interesting polynomials as
follows (see [17] and [18]):

(i) Whent = t/2, s = s, p = pand b = g, the (p, b)-Chebyshev polynomials of the
second kind becomes (p, ¢)-Fibonacci polynomials.

(i) When t = t,s = —1,p = 1 and b = ¢, the (p, b)-Chebyshev polynomials of the
second kind becomes ¢g-Chebyshev polynomials of the second kind.

(iii) When t = t, s = 1, p = 1 and b = 1, the (p, b)-Chebyshev polynomials of the
second kind becomes Pell polynomials.

(iv) Whent = 1/2, s = 2y, p = 1 and b = 1, the (p, b)-Chebyshev polynomials of the
second kind becomes Jacobi polynomials.

The generating function of the (p, b)-Chebyshev polynomials of the second kind is as

follows:
1
G p—
pol2) 1 —tpany, — thzny — spbzny,
= Z Un(t,s,p,b)z" (z € 1), (1.5)
n=0

where the Fibonacci operator 7, was introduced by Mason and Handscomb [9], by
mf(z) = f(bz). Similarly, we define another operator 7, f(2) = f(pbz).

Various definitions of operators of fractional calculus (that is, fractional integral and
fractional derivative) are available in the literature (cf., e.g., [19, 20, 21, 22]). We state
the following definitions due to Owa [23] which have been used rather frequently in the
theory of analytic functions (see also [24, 25, 26]).

Definition 1.1. The fractional integral of order A (A > 0) is defined, for a function

e L[ Q)
=A -
Dz f(Z) T F()\) /0 (Z . C>1_>\d<—7 (16)
and the fractional derivative of order A (0 < A < 1) by
Ay Lod 7 Q)
D; f(z) == m@/{) md@ (1.7

where f(z) is an analytic function in a simply-connected region of the z-plane contain-
ing the origin, and the multiplicity of (z — ¢)*~* involved in (1.5) (and that of (z — )™
in (1.6)) is removed by requiring log(z — () to be real when z — ¢ > 0.
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Definition 1.2. Under the hypotheses of Definition 1.1, the fractional derivative of order
n+ A0 <A< 1;neNy:=NU{0}) is defined by
n+A d" A
DI f(z) = 2D f(2). (1.8)

With the aid of the above definitions, Owa and Srivastava [26] defined the fractional
calculus operator Q* (A € R; X\ # 2,3,4,---) by

QDM f(2) =T(2 = \)*DXf(2) (1.9)
for functions (1.1) belonging to the class A (see also [27, 28]).

Now we define the following subclass of function class ..

Definition 1.3. Leta < 2, <2,0<b<p<1,y€ C\{0}and <t < 1. A
function f € X is said to be in the subclass Bg’ﬁ (v,t, s,p,b), if the following conditions

are satisfied:
1 (Qa f(2)

oo

— 1) < prb(z) (Z € U)

and

1 Q% (w
1+ (m?gwi - 1> < Gpp(w) (we ),
where g = f~! and G, is given by (1.5).

The object of the present paper is to study the Chebyshev polynomial expansions to
provide estimates for the Taylor-Maclaurin coefficients |as| and |as3| for functions in
the above-defined subclass Bg’ﬁ (v,t,s,p,b). Also, we investigate the Feketo-Szego
inequalities for the class Bg’ﬁ (v,t,8,p,b).

2. Main Results

In order to establish our results, we shall need the following lemma.

Lemma 2.1. ([1]) Let P be the class of all functions h analytic in U of the form
h(z) =1+ Z 2"
n=1

which satisfy Re(h(z)) > 0 forall z € U. Then if h € P, then |c,| < 2 (n € N).

We begin by proving the following result.
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Theorem 2.2. Let f < o < 2,0 <r <p<1l,a € C\{0}and i <t <1 Ifthe
function f(z) given by (1.1) belongs to Bg’ﬁ(% t,s,p,b), then

o < o £ D1V

pS (2.1)
\/1€503,1,5,p,b)]

and
P2 =)@ =p)p+bt (2-a)2-Bhlp+bt B-a)B-5)
|(I3|§ 2(&—5) ( 2(04_6) + 3(5—04—6)>’
2.2)

where

. _ 2(a—p) 2 (1(p+b)(36% + 58 — 12a — 278 + 48)
O5ntspb) = GG A {Q” o)t ( B3-a)3-8)

- 2(;_—@6) 7 + bz)) N 2(2%—5) (p+ b}t _pbs)} , 2.3)

Proof. Using the definition of fractional calculus with (1.1), we have
Pf(z) =2+ en(Nanz" (A <2), (2.4)

where
(n>2). (2.5)

Assume that f € Bgﬁ (7,t,5,p,b) and g be the analytic function of f~! to U. Then
there exist two functions ¢ and ¢, analytic in U with ¢(0) = ¢(0) = 0, |¢(z)| < 1 and
|(w)| <1 (z,w € U) such that

1 /Q(2)
142 (G -1) = Gutol) ) 26)
and L /90 g(w)
glw _
1+ o (Qﬁg(w) — 1) = Gpp((w)) (wel). 2.7)
Next, we define the function p, ¢ € P by
p(z) = 11728 =1+piz+p2’+ -
and .
q(w) = LHOW) g+ go? 4

19 (w)
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or equivalently,

-1 1 1 1
¢(z) = ii; 1ty (Pz - 5??) 2 (2.8)

and (w)y—1 1 1 1
Y(w) = —Z<Z) 1 = §Q1w + B <Q2 - §Qf> w4 2.9)

Using (2.8) and (2.9) together with (1.5), it follows that

Coafple)) = 14 2D,

U t,S, ,b 1 U 7(;787 7b
p(Dls2 D, Ly B 2 e

and

Gpp(Y(w)) = 1+M

Qw

2
U t7 S, p, b 1 U t) s, D, b
(Ul b) Ly Datspb) oY oy
2 2 4
By equating the coefficients from (2.6), (2.7), (2.10) and (2.11), we obtain
— Uy (t b
p2(c) 902(/3)@2 _ Mm, 2.12)

¥ 2

: [wg(a) — 03(8))as + ¢2(B)(a(0) - m(ﬁ))aé}

U t,S, ,b ? U. t,S, 7b

- ay = 220 g, (2.14)

% (ps(a) — @3(8))(2a3 — a3) + ¢a2(B)(pa(a) — wz(ﬁ))aﬁ}

Ul(t; S, P, b) Q% UQ(t7 S, P, b) 2
=—° - = —_—q;. 2.15
9 q2 5 + 1 q; ( )
From (2.12) and (2.14), we observe that
P1=—q (2.16)

2 U? b
2 (oala) - ()P = P g2 4 ) e.17)
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If we add (2.13) to (2.15), then

2 (03(8)(02(0) — 02(8)) + (3(a) — w3(8)) a3

Y
Ul(tasapa b) U2(t787p7 b) _Ul(tasapa b)

= f(P2+Q2)+ 1 (pf + a7)- (2.18)
By using (2.17) in equality (2.18), we have
2 (p2(a) — 2(8))*(Ua(t, s, p,b) — Ui(t, s, p, b))
; p2(8)(p2(a) — 2(B)) — ~U(L, s, p, D)
U b
+(ps(a) — w3(B)) a3 = %(ﬁ? + q2). (2.19)

Then, by applying (1.3), (1.4), (2.5) and Lemma 2.1 in (2.19), we obtain the inequality
(2.1).

Next, if we subtract (2.15) from (2.13), we get

3%@—mwm%—@

o Ul(t7 5, D, b)
B 2
By applying (2.16), (2.17) and (2.20), it is evident that

V2UE(t, s,p,b) YU (t, s,p,b)
8(p2(a) — ¢2(B))? 4(ps(a) — p3(B

Hence, by using (1.3), (2.5) and Lemma 2.1 in (2.21), we get the inequality (2.2). This
completes the proof of Theorem 2.2.

UQ(tv S, D, b) - Ul(tv S, P, b)

1 (pf — q7)- (220)

(P2 — q2) +

(pi +4a}) +

as =

Taking « = 8 + 1 and p = 1 in Theorem 2.2, we have the following consequences.

Corollary 2.3. Let f < 1,0 <r < p <1, a € C\ {0} and 5 <t < 1. If the function
f(2) given by (1.1) belongs to BET"P (v, t,5,p,b), then

V(p+b)2 tvt
G (.t 5,p.0)

and

(e +0)t(1 — B)(2 - B)

lag| < 1

(@-se-ahip+or+ 37,

where

G (vt spb) = Y(p +b)(46° — 178 + 18)

(p+b)t? <

8
T=HE= | 2-HB-5)
_4(2; _+Bb )> 4 . f 7 ((p+b)t—pbs)} . (2.22)
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Corollary 2.4. Let f < o < 2,0 <7 < 1,7 € C\ {0} and § < t < 1. If the function
f(z) given by (1.1) belongs to BE" (A, t, 5,1,b), then

YI(L+b)2

las| <
‘795(%@5717)‘
and
W2 =)@ =B +b)i (2-a)2-BhIA+bt  (B-a)B3-5)

|as| < 2(c — B) ( 2(a — f) - 30 —a—p) )
where
. 2(cr — B) o (V(1+D)(362 + 5af — 12a0 — 270 + 48)
U50.,5,0) (2-a)(2-B)? {(HW ( B-a)3-7)

B 2(204_—(5) (1+ b2)> n @ (1 +b)t — bs)] , (2.23)

Remark 2.5. Takingoo = v =0 =1, 3 = 0 and s = —1 in Corollary 2.4, we obtain
a recent result due to Altinkaya and Yalcin [12, Corollary 8]. Furthermore, setting
a = 1and 8 = 0, the class Béo(% t,s,p,b) reduces to the class Sy (v, Gpyp) consists
of bi-starlike functions of complex order vy of Ma-Minda type. The class Ss(7, ¢) is
introduced and studied by Deniz [29].

Theorem 2.6. Let f < a <2,0<b<p<1~vye€e C\{O}and% <t <1, and let
u € R. If the function f(z) given by (1.1) belongs to B;’ﬁ(% t,s,p,b), then

2-a)2-8)B-a)B =B+t
6(a = B)(6—a—p) ’

| 2 = 6a-BB-a-pfp+0)aE

a3 = juaz] < (2.24)
Y e e

03ty p b))

L 2-a)R-AB-a)B - IOyt
R ey )| P E YR

where ©5(7,t,5,p,b) is given by (2.3).
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Proof. From (2.19) and (2.20), we have

. 2_7U1<t787p7b) .
as — pay; = —4903(%@ (P2 — @2)

(1 B M)72U13(t7 S, P, b)(pQ + Q2)
4[7 U12(t7 S, P, b){QOQ(B) ' @2(0575) + §03(&75)} - (@2(a7ﬁ))2U(ta 5, P, b)]

=y Us(t, s, p, b) Kh(u) + m) P2+ (h(u) - m> Q2} )

where

@n(aaﬁ) = @n(a) - @n(ﬁ)a U(ta S, D, b) = UQ(ta S, D, b) - Ul(ta S, D, b)

+

_ (1 —p)y Uit s,p,b)
4[/7 U12<t7 S, P, b){@Q(ﬁ) : 902(047 B) + 903(047 5)} - (902(047 6))2U<t7 S, P, b)] .
Then, by applying Lemma 2.1, we conclude that
|7| U1<t’8ap7 b) 1
0<1h <
25(@) — ¢5(8) <Ml S S @ =)
|ag — paj| < (2.25)

1
P Ot 5,0:0) [, B 2 g

Therefore, (2.24) can be easily obtained from (1.3) and (2.25). This evidently completes
the proof of Theorem 2.6.

h(w)

Putting « = 5+ 1 and p = 1 in Theorem 2.6, we get the following corollaries.

Corollary 2.7. Let f < 1,0 <7 <p <1, a € C\ {0} and § <t < 1. If the function
f(z) given by (1.1) belongs to BET P (v, t, s, p,b), then

(1-)2=5)B3 =Bl +b)t
12 ’

. (1_a)(z_5)(3_B)’C§+1(77t757pab)’

|ag — pas| < (2.26)
P+ 0’11 — pt?

1G5 (v, t5,,0)|

. (1_a>(2_5)<3_ﬁ)|<ﬂﬁ+l(’yvt757pvb)’
| etz 200 + 2ol ’
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where Cg“(% t,s,p,b) is given by (2.22).

Corollary 2.8. Let f < o < 2,0 <r < 1,7 € C\ {0} and § < t < 1. If the function
f(z) given by (1.1) belongs to BE" (A, t, 5,1,b), then

((2-a)2-P)B - )B =B +b)t
6(a = B)(5 —a—=p) ’

(2 - O'/)(Q - ﬂ)(?) - (1/)(3 - ﬂ)lﬁg(’%tv S7b)|

S S =G —a— At oPlaE
lag — paz| < (2.27)
(14 0P — e
00D
. (2_@)(2_5)(3_O‘)(3_5)|19§(%t757b)|
R A ey ) oy G o Y R

where ¥5(v,t, s,b) is given by (2.23).

Remark 2.9. Taking A = 0, « = b = 1 and s = —1 in Corollary 2.8, we get a recent
result due to Altinkaya and Yalcin [12, Corollary 10].
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