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Abstract

In this paper, we shall prove some fixed point results for generalized a — ¢
contractive mappings of type A and type B in metric-like space. Some examples
are also provided to prove the validity our results. In the end, as an application
of second order differential equation is also solved by making use of our results.
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1. Introduction and Preliminaries

The notion of metric-like (dislocated) spaces were introduced by Hitzler and Seda [9]
as a generalization of a metric space in 2000. They generalized Banach Contraction
Principle [5] in such spaces. Amini-Harandi [4] rediscovered metric-like spaces who
also established some fixed point results. Many fixed point results have been proved in
metric-like (quasi) spaces, see for example ([1], [2], [11], [12], [14], [16], [17]).

In the following results, N*, R and R¢ will denote the set of positive integer numbers,
the set of real numbers and the set of non-negative real numbers respectively.

Definition 1.1 [4] Let Y be a non-empty set. A function o : Y X Y — R{ is said to be
metric-like (dislocated) on Y if for any u, v, w € Y, the following three conditions hold:

(D) o(u,v) =0=u=uy;
(62) o(u,v) = a(v,u);

(63) a(u,w) < o(u,v) + o(v,w).
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Then, the pair (Y, o) is called a metric-like (dislocated) space.

Example 1.2 A trivial example of a metric-like space is the pair (R{, o), where
o : R X RE » R, is defined by
o(u,v) = max{u, v}.

Here, o is also a partial metric [13].

Example 1.3 Take Y = {2,3,4} and consider the metric-like o : Y X Y — R{ given by
0(2,2) =0,6(33) =1,0(4,4) = %,0(2,3) = 0(3,2) = 18_0
c(3,4) = 6(4,3) = % 0(2,4) = 5(4,2) = 1;‘0

Since a(3,3) # 0,50 o is not a metric and since ¢(3,3) > a(2,3), S0 o is not a partial
metric.

Each metric-like o on Y generates a topology 7, on Y whose base is the family of open
o-balls, B, (u, €), where

By(u,e) ={veY:lo(uv) —a(u,u)| < e},

forallu € Yand e > 0.

Definition 1.4 [4] Let (Y, o) be a metric-like space. A sequence {u,} in Y converges to
apoint u € Y, with respect to z, if and only if o (u, u) = lim o(u, u,).
n—-oo

Definition 1.5 [4] Let (Y, o) be a metric-like space.

(@ Asequence {u,}inY isa Cauchy sequence whenever lim o(u,,u,,) existsand
is finite. e

(b) (Y,o) is complete if every Cauchy sequence {u,} in Y converges with respect to
Ty, toapointu €Y.

Thatis, limo(u,u,) =oc(w,u) = lim o(u,,uny)-
n—-oo m,n—oo

Definition 1.6 [4] Let S be a self-map defined on metric-like space (Y, o). Let {u,} be
a sequence in Y such that o(u,,u) - o(u,u) as n - o, we have o(Su,, Su) -
o(Su,Su) asn — o. Then the mapping S is continuous.
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Lemma 1.7 [11] Let (Y, o) be a metric-like space and {u, } be a sequence in Y such
that

u, - u,whereu € Y and o(u,u) = 0.
Then,

lim o(u,,v) =o(u,v), forallv ey.
n—-oo

Let ® be the family of functions ¢ : R —» R satisfying the conditions:

(i) ¢ is non-decreasing;

(ii) Xtr& ™ (t) < oo, forall t > 0.

Also, if ¢ € ®, we have ¢(t) < ¢, forall t > 0.

The class of & — admissible mappings were introduced by Samet et al. [15] in 2012.

Definition 1.8 [15] Let S be a self-map defined on any non-empty set Y and « : Y X
Y - R{ be another mapping. Then S is called @ — admissible if

a(u,v) 21 = a(Su,Sv) = 1,forallu,v €Y. 1)

The concept of @ — ¢ contractive mapping is also defined in the following way.

Definition 1.9 [15] Let S be a self-map defined on a metric-space (Y, d). We say that
S is a — ¢ contractive mapping if there exist two functions « : Y x Y - R{ and ¢ €
Y such that

a(u,v)d(Su,Sv) < qb(d(u, v)), forallu,v ey. (2

Some writers have proved fixed point results using the function a for generalized
contractions see for example ([3], [6], [7], [10]). Now, we state a generalization of the
a — ¢ contractive mapping in the following definition in the context of a metric-like
space.

2. Main Results

In this section, we establish the existence of fixed point results for generalized a — ¢
contraction in metric-like spaces. Here, examples are provided to prove the validity of
our results. Also, an application is used to solve boundary value problems for second
order differential equation.

Definition 2.1 Let S be a self-map defined on metric-like space (Y, o). If there exist
two functions a : Y X Y —» R¢ and ¢ € @ such that

a(u,v)o(Su, Sv) < (,‘b(Ml(u, v)), forallu,v €Y, (3)

where
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o(u,v),o(u,Su),o(v,Sv),
o(w,Su)+o(u,Sv) o(u,Su)+ow,Sv)
M, (u,v) = max{ 2 ’ 2 l : 4)
[1+0(u,Sw)]o(w,Sv) [1+0(v,Sv)]o(u,Su)
L o(uv)+1 ’ o(uv)+1 )

Then, we say that S is a generalized a — ¢ contractive mapping of type A.

Theorem 2.2 Let S be a self-map defined on complete metric-like space (Y, o) and a
generalized a — ¢ contractive mapping of type A. Consider that

(i) Sisa— admissible;
(i) There exists uy € Y such that a(ug, Sugy) = 1;
(iii) S is continuous.
Then, there exists a point ¢ € Y such that o(¢,¢) = 0. In addition, suppose that
(HY1) If o(u,u) = 0 forsome u € Y, then a(u,u) > 1.
Then such € is a fixed point of S.
Proof. By assumption (ii), there exists a point u, € Y such that
a(ug, Sug) = 1.

Define a sequence {u,,} in Y by u,.,; = Su,, = S™*1u,, foralln > 0.
Assume that u, = up, 41, for some n,.
Therefore the proof is done, since & = u,, = Uy, 41 = Suy, = S¢.
Also, consider u,, # u,.,q, forall n. (5)
Now, a(ugy, 1) = a(ug, Suy) = 1.
That is, a(Sugy, Su;) = a(ug,uy) =1,
Since S is a — admissible.
Repeat the above process, we conclude that

a(uy, Uyy1) =1, foralln = 0,1, ... (6)
We shall prove that Tlggo o(Up,uUpnsq) = 0. @)
Combining equations (3) and (6), we get
0 (Un, Uns1) = 0(SUp_q, SUy)
< a(up-1, Un) o (Suy_q, Suy)
< ¢(My(uy_y,uy)), foralln > 1, (8)

where
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(O-(un—lt un)' O-(un—ll Sun—l)! O-(unl Sun)\
0 (Up, Stn—1) + 0(Un_1, Stin)

) 2 )
U(un—lvsun—l) + O-(unwsun)

M; (Up_q,u,) = max < 2 ’
[1+ o(up—1,Sup-1)]o Uy, Suy,)

o(Up_1,uy) +1
[1+ o(up, Sup)loWp—1,Sun—1)
\ o(Up_1,uy) +1 J

1)

0 (Up—1,Un), 0 (Up_1,Un), 0 (Up, Uns1)))
0 (U, Up) + 0(Up—1, Uns1)
> )
0(Up—1,Un) + 0 (Up, Upt1)
= max < 2 ' }
[1 4 o(up-1, up)]o(Un, Uns1)
o(Up_1,uy) +1
[1+ o(up, uny1)]o(Un—_1,un)
o(Up_1,uy) +1

O-(un—lJ un)' O-(un—li un)J U(un' un+1)'\
O-(un—l'un) + G(un' un+1)
2 )
O-(un—l'un) + G(un' un+1)
< max 5 , }
0 (U, Uny1),
[1 + U(un' un+1)]0-(un—1' un)
\ o(Up_1,uy) +1

’

= max{a(un—l' un)' O-(un' un+1)} . (9)
If max{o(up_1,upn), 0(Up, Uns1)} = 0 (Up, Upyq) # 0 fOr some n,
Then from equations (8) and (9), we get
0 (Up, Unyq) < ¢(M1 (Un-1, un))
a contradiction.
Hence,
max{a(un_l, un); U(un' un+1)} = a(un—lf un);

for all n € N and equation (8) becomes

0 (Un, Unyq) < ¢(U(un—1' un))’ (10)
that is,

0(Up, Upy1) < ¢(G(un—1' un))

< 0 (Up-1, Un), (11)
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foralln € N.
From equation (10), we get
o (Up, Uns1) < ¢n(o(u0,u1)), (12)
foralln € N.
By properties of ¢, we have
#_ﬁ}o 0 (Up, Un+1) = 0.

Now, we will show that {u,,} is a Cauchy sequence.
Firstly, using (o3) and equation (12), we get
0 (Un, Un+k) < 0(Un, Un1) + 0(Uns1, Unsa) + 0+ 0 (Untk-1, Unsi)
< TPkt P (9 (uo,ur)) (13)
< Y3 P (o(uguy)) » 0asn > .
Thus, by the symmetry of o, we obtain

lim o(u,, u,) =0. (14)

n,m—co

Therefore, we conclude that {u,} is a Cauchy sequence in (Y, o), because (Y, o) is
complete, then there exists a point & € Y such that

limo(u,,é) =0(,&) = lim o(uy,u,) =0. (15)
n—->oco n,m—-oo
Since S is continuous, from equation (15), we get
lim o(uyyq1,S8) = lim a(Su,, S¢) = 0(S¢,S5¢). (16)
n—oo n—oo
Also, by using equation (15) and Lemma 1.7, we have
lim o(ups1,5€) = 9§, 56). (7)

From equations (16) and (17), we get
0(§,58) = a(S¢,5%).
By equation (3),
a(§,$)a(88,58) < p(My1(£,9),

where
O’(E' E)l O’(E’ SE)’ O-(E' SE)F
0(§,58) +0(§,58) a(§,58) +0a(§,58)
M, (&, &) = max 2 ’ 2
L [1+0(,5]0(§,58) [1+a(£,59)]a(E, SE)J
' a(§,8)+1 ' o8 +1

= max{0,0(¢,5¢)}



Fixed Point Theorems for Generalized a — ¢... 383

= 0(§,5%).

Now, from hypothesis (HY1) and fact that o (¢, &) = 0, we have
a(§,§) = 1.

Hence, from equation (3)

0($,58) < a(§,$)a(§,5¢)

< ¢(a(§,59),

which holds unless a(¢,5¢) = 0.

That is, & = S¢.

Therefore, we get ¢ is a fixed point of S.

Remark 2.3 If we change the hypothesis of continuity by the following property, then
Theorem 2.2 remains true. This implies that there exists a subsequence {un(k)} of {u,}
such that a(uy, k), u) = 1 forall k, if {u, } is a sequence in Y such that a(uy,, up4+1) =
1forallnandu, »u€Yasn - .

Theorem 2.4 Let S be a self-map defined on complete metric-like space (Y, o) and a
generalized a — ¢ contractive mapping of type A. Consider that

(1)  Sis a— admissible;
(i) There exists u, € Y such that a(uy, Suy) = 1;

(iii)  There exists a subsequence {u,} of {u,} such that a(u,q),») =1 for all
k,if {u,,} is a sequence in Y such that a(u,, u,4+;) = 1forallnandu,, »u €Y
asn — oo,

Then there exists ¢ € Y such that S¢& = ¢.

Proof. Following the above proof of Theorem 2.2, we know that the sequence {u,,} is
defined by u,,; = Su, for all n > 0, which is a Cauchy sequence in (Y,o) and
converges to some ¢ € Y.

Also, equation (15) holds, so

Lim o (Un(iy+1,58) = 0 (£, 5. (18)
Now, we will prove that S¢ = ¢.

Let us consider that S¢ # ¢ that is, 6(S§¢,&) > 0.

From equation (6) and condition (iii), there exists a subsequence {un(k)} of {u,,} such
that

a(un(k), l) =1, forall k.
By applying equation (3), we get
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a(un(k)ﬂ,SE) < a(u

<¢ (M1 (Uniy, f))

where

My (unqoy, €) = max
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n(ie)» § ) (Sttn(iey, S€)

(0 (uny €)» 0 (Uniy Stniy ), 0 (€, S8),)
a(&, Sungy) + 0 (Unr), S§)
> ,
0 (Uney Stny) + 0(€,58)
> ,
[1 + a(un(k),Sun(k))]a(f, Sf)
o (Uny, €) +1
[1+ d(&, 58]0 (Un), Sunk))

)

0 (Un () Un (i) +1) +0(€,58)

)

2

= max <

[1+0 (up i) Uny+1)]0(€,58)

2 ’ ’.

[1+0(€,58)]0 (Un k) Unci)+1)

)

0 (Un(r),§)+1

\

a(un(k),f)+1 )

By equations (7) and (18), we obtained
him My (ungry ,§) = 0§, 58).

Letting k — oo in equation (19), we have

0(£,5¢) < ¢(0(¢,59))
a contradiction.

<o(§,5%),

Hence, ¢ is a fixed point of S, that is, S¢& = ¢.

\ (unge §) +1 y

(0 (Untiy §)r 0 (Une), tniy+1), (€, 58),)
U(f.un(k)ﬂ)"'o(un(k)’sf)

(19)

(20)

(21)

(22)

Definition 2.5 Let S be a self-map defined on metric-like space (Y, o). If there exist

two functions o : Y X

a(u,v)o(Su,Sv) < qb(MZ(u, v)),for alluy,v ey,

where

Y - R¢ and ¢ € @ such that

o(u,v),o(u,Su),o(v, Sv),

M, (u, 17) = max [1+0(u,Sw)]o(v,Sv)

o(u,v)+1

(23)

(24)
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Then, we say that S is a generalized @ — ¢ contractive mapping of type B.

Theorem 2.6 Let S be a self-map defined on complete metric-like space (Y, ) and a
generalized a — ¢ contractive mapping of type B. Consider that

(1)  Sisa— admissible;
(i)  There exists u, € Y such that a(ugy, Suy) = 1;
(iii) S is continuous.

Then, there exists & € Y such that a(¢,¢) = 0. If in addition (HY1) holds, then such &
is a fixed point of S.

Proof. Along the lines of the proof of Theorem 2.2, we obtain the required result. as of
the analogy, we skip the explanation of the proof.

Theorem 2.7 Let S be a self-map defined on complete metric-like space (Y, o) and a
generalized a — ¢ contractive mapping of type B. Suppose that

(1)  Sisa— admissible;
(i) There exists u, € Y such that a(uy, Suy) = 1;

(iii)  There exists a subsequence {u, )} of {u,} such that a(unq, u) = 1 for all k,
if {u,,} is a sequence in Y such that a(u,,, u,4+;) =1, forallnandu, > u €y
asn — oo,

Then, there exists ¢ € Y such that S¢ = €.

Due to the similarity of Theorem 2.4, we omit the proof.

Corollary 2.8 Let S be a self-map defined on complete metric-like space (Y, o) such
that

o(Su,Sv) < (,b(Ml(u, v)), forallu,v ey,
where

o(u,v),o(u,Su),o(v, Sv),
o(v,5u) + o(u,Sv) o(u,Su) + o(v,Sv)

M, (u,v) = max 2 ’ 2 .
[1+ 0y, Su)]o(v,Sv) [1+ a(v,Sv)]o(u,Su)
' o(u,v)+1 ’ o(u,v)+1

Then, S has a fixed point.

Proof. If a(u,v) = 1 in Theorem 2.4, then the result is proved.
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Corollary 2.9 Let S be a self-map defined on complete metric-like space (Y, o) such
that

o(Su,Sv) < AM;(u,v), forallu,v €Y,

where 1 € [0,1).

Then, S has a fixed point.

Proof. If ¢(t) = At in Corollary 2.8, then the result is proved.

Corollary 2.10 Let S be a self-map defined on complete metric-like space (Y, o) such
that

o(Su,Sv) < d)(MZ(u, v)), forallu,v €Y,
where

o(u,v),o(u,Su),o(v,Sv),
M,(u,v) = max{ [1+ 0w Sw]o(v,Sv)
o(u,v) +1

Then, S has a fixed point.
Proof. If a(u,v) = 1 in Theorem 2.6, then the result is proved.

Corollary 2.11 Let S be a self-map defined on complete metric-like space (Y, o) such
that

o(Su,Sv) < AM,(u,v), forallu,v €Y,

where 1 € [0,1).

Then, S has a fixed point.

Proof. If ¢(t) = At in Corollary 2.10, then the result is proved.

3. Examples
Here, we give two solid examples to support our results.

Example 3.1 Consider Y = {0,2,3}. Take metric-like (dislocated) o : Y XY - R{
defined by

0-(010) = 0-(2,2) - 0,0'(3,3) = %,
,0(23) =a(3,2) =4,

0(0,3) =0(3,0) = >

aln wilek

0(0,2) =0(2,0) =

Here, 0(3,3) # 0,0 ¢ is not a metric and ¢(3,3) > ¢(0,3), so ¢ is not a partial metric.
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Clearly, (Y, o) is a complete metric-like space.
GivenS:Y - Y asS0 =52 =0andS3 = 2.

Take ¢(t) = %t foreach t = 0.x
Define the mapping a : Y X Y — [0, o) by

(1 ifu=0,
a(u,v) = {0 otherwise.

Firstly, suppose that u, v € Y such that a(u, v) = 1.

Now, u = 0 by the definition of @ and since SO = 0, s0 a(Su,Sv) = 1 foreachv €Y,
this implies that S is @ — admissible.

Now, we will consider the following cases:

Casel:If(u=0andv=0)or (u=0 andv = 2) or (u = 2 and v = 2), we have
a(Su, Sv)o(Su,Sv) = o(Su, Sv) = 0.

Case 2: If (u = 3 and v = 3), we have

a(Su, Sv)o(Su,Sv) = 0.

Case3: If (u=0andv =3) or (u=2orv = 13),we have

2 4

a(Su,Sv)o(Su, Sv) = o(Su,Sv) = 0(0,2) = T=7% 0(3,2) = ¢(a(v, Sv)) < ¢>(M1(u, v)),

where M; (u, v) is defined by equation (4),

Hypothesis (iii) of Theorem 2.4 is satisfied. Thus, we may apply Theorem 2.4 and so
S has a fixed point, that is, ¢ = 0.

Example 3.2 Let Y = R¢ be with metric-like o defined as o (u, v) = max{u, v}.

Define the mapping S : Y = Y by

1, 1
Su = {gu ifue [O'E]'
2u — 1 otherwise.
Also, consider ¢ : Rf — R given as
1
t3if0<t<=

d(t) = 2

otherwise.

Wl Rk Wl +~-

Clearly ¢ € ®. Now, assume that  : Y X Y —» R{ given as
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1
1ifu, e[o,—]
Tu,v 2

a(wv) = 0 otherwise.
and,
( o(u,v),o(u,Su),o(v,Sv), ]
o(v,Su) + a(u,Sv) o(u,Su) + o(v,Sv)
M;(u,v) = max 2 ’ 2 o
L[l + o(u,Su)]o(v,Sv) [1+ a(v,Sv)]o(u, Su)J
o(u,v)+1 ’ o(u,v)+1

Firstly, let u,v € Y such that a(u,v) > 1,s0u,v € [O,%].
In this case, a(Su, Sv) = a (§u3,§v3) =1;
That is, S is a — admissible.

Also,

a(Su, Sv)o(Su, Sv) = a(Su, Sv)
ol

= o(p(w), p(v))

= max{¢(u), p(v)}

= ¢p(max{u, v})

= ¢(o(u,v))

< ¢(M1(u, v)).

Now, hypothesis (iii) of Theorem 2.4 is also satisfied. By applying Theorem 2.4, S have
two fixed pointsin Y, whichare ¢ = 0and & = 1.

4. Applications
We assume two-point boundary-value problem for the second order differential
equation

dZ
- =f(tu®),t€[01]
u(0) = u(1) =0, (25)
where f : [0,1] X R = R is a continuous function. Also, Green’s function associated
to equation (25) is
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t(l—-r)ifo<st<r<i1

G(t'r)z{r(l—t)ifOSrStﬁl-

LetY = C(I), (I =[0,1]) be the set of real continuous functions defined on I and

a(f,9) = supiepo,(If (O] + 1g@©]) , forall f,g € C(I,R).

389

(26)

It is well known that u € C2(I) is a solution of equation (25) is equivalent to that u €

Y = C(I,R) is a solution of the integral equation

u(t) = folG(t, r)f(r,u(r))dr, forallt € I.

Theorem 4.1 Suppose that these conditions hold:

Q) There exists a continuous function p : I - R{ such that
|f (r, )| < 8p(r)cl,
foreachr € I and ¢ € R;

(ii)  There exists a continuous function g : I - R{ such that
|f (r,d)| < 8q()ldl,
foreachr € I and d € R;

(i) suprep() = 41 <3;

(V) supreq(r) =1, <.
Then, problem (25) has a solution ¢ € Y = C(I, R).
Proof. Consider the mapping S : Y — Y defined by

Su(t) = folG(t, rf (r,u())dr,

forallu € Yandt € I.

Here, problem (25) is equivalent to find ¢ € Y that is a fixed point of S.

Letu,v €Y, we get

|Su(®)| =

1
f G(t, r)f(r, u(r))dr
0

1
< f G(t, r)|f(r,u(r))|dr
0

<8 fol G(t,r)p()|u()|dr.

(27)
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Taking sup on both sides, we have
1
SUPtefo,)|SU) | < 8A1supiefo,)|u(t) supiefo) fo G(t,r)dr

= A1Supiefoylu(®)l.

As folG(t,r)dr = _th+ %,

And so SUPtefo,1] fol G(t, r)dr = %

Similarly,

|Sv(t)| =

le(t, r)f(r, v(r))dr
0

1
< f G(t, r)|f(r, v(r))|dr
0

<8 [ G(t,q)|v(r)ldr.
Taking sup on both sides, we have

1
SuPte[o,1]|5v(t)| < 8/125upte[0,1]|V(t)|5upte[o,1] fo G(t,r)dr
= AaSupiefo,)lv(®)I.

1 -t2 t
As fO G(t,r)dr = T+ >

ANd, SO Sup¢e[o 1] fol G(t,r)dr = é.

Take A = A; + A,. Using assumptions of Theorem 4.1, we get 4 < 1.
Also, o (Su, Sv) = supefo,11(ISu(t)| + |Sv (D))

< A1Supiepo, 111U ()| + Az5uprepo 17lv (0|

< (4 + 22)sup, gy, (O] + v(D)])

= Asupeepo,y ([u(D)] + [v(©)])

= Ao(u,v).

Therefore, o (Su, Sv) < Ao(u, v).

Hence, all assumptions of Corollary 2.9 are satisfied, so we can say that S has a fixed
point £ € Y, That is, the problem (25) has a solution £ €Y.
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