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Abstract

In this paper, we study Felbin-type fuzzy inner product spaces, where the inner
product is a real-valued fuzzy number. Some inequalities of basic 2-inner product
spaces are framed in fuzzy 2-inner product spaces. Results on the refinement of
Cauchy-Schwarz’s inequality are proved in fuzzy 2-inner product spaces. Also
we establish some inequalities in fuzzy 2-inner product spaces in connection to
Aczel’s inequality.
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1. INTRODUCTION

The idea of basic 2- inner product spaces, has been initiated by Diminnie, Gahler and
White in [5], [6] and rigorous study of various properties and inequalities based on
2-inner product spaces were investigated in [2], [3], [4], [8]. A. Hasankhani et al [1]
introduced the concept of Felbin-type fuzzy inner product space. A new version of
Cauchy-Schwarz’s inequality in fuzzy inner product space can be found in [9]. In this
paper, we have generalized the concept of basic 2-inner product and fuzzy inner product
to fuzzy 2-inner product and studied behaviour of various inequalities of [3] in fuzzy
2-inner product spaces.
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2. PRELIMINARIES AND NOTATIONS

Definition 2.1. [1] A mapping n : R — [0, 1] is called a fuzzy real number with a-level
set [n]o = {t : n(t) > a}, if it satisfies the following conditions:

1. there exist ¢y € R such that n(t) = 1.
2. for each a € (0, 1], there exist real numbers —oco < 1, < 1! < +oo such that

the a-level set [1)], is equal to the closed interval [n_,77].

The set of all fuzzy real numbers (fuzzy intervals) is denoted by F'(R). If n € F(R)
and 7(t) = 0 whenever ¢t < 0, then 7 is called a non-negative fuzzy real number and

F*(R) denotes the set of all non-negative fuzzy real numbers. The real number 7, > 0
foralln € F(R) and v € (0, 1].

Since each r € R can be considered as the fuzzy real number 7 € F'(R) defined by
1,ift=r

P(t) = 2.1)
0,ift#r

it follows that R can be embedded in F'(R).
Also a-level set of 7 is given by [F], = [r,7], 0 < o < 1.

Lemma 2.2. [1] Let n,v € F(R) and [n|o = [n5,n%), Ve = [v5,7F]. Then for all
€ (0,1],

& =2 + V000 + 2],
meYa=Ma — Yo 00 — Val-

[n®7] = mava meal, Y,y € FH(R),
[% —] if Na >0,
7] = [max(0, n,, —n.), max(|n, |, [nt])]-

Definition 2.3. [1] Let n,7 € F(R) and [n]a = [n5,7}], W]a = [a,~F], for all
€ (0,1]. Define a partial ordering by n < ~ in F(R) if and only if n, < v, and

nt <A, forall a € (0,1].

Remark 2.4. Let ),y € F(R) and [n]o = [n,,71], [Y]la = [v5 77 ], for all a € (0, 1].

By above definition, if , = 7, and n} =~ then ) = ~ and vice versa.

Definition 2.5. [1] For a non-negative fuzzy real number n we define /7 = v where

'7]04 = [\/%7 \/ﬁ]’ € (07 1]'
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Lemma 2.6. [1] Letn € FT(R) and v € F(R). Then

L (yn)?=n
2. y <l

Lemma 2.7. Let X be a fuzzy 2-inner product space, then

1. (x+ru,y+rvlz),
) (mylz)g 4+ r(r,v]
(z,y|2)y + r(z,v|

Vo + iy, ul2)y + r¥(uvlz), fr>0;
Yy, u| 2)E + 2 (u,v]2),, ifr <0.

2. (x4 ru,y+rol2)t

:{ (x,y|2)t + r{z,v

(z,ylz)q + riz,v

|20 + r{y,ul )8 + r¥u,v|2)d, ifr>0;
|2)a + rly,ul2)g + r(uv|2)f, ifr<0.
forall z,y,z,u,v € X and o € (0, 1].

Proof. Let [{(x + ru,y +rv|2)]o = [(x + ru,y + rv|2),, (x + ru,y + rv |2) ]

For » > 0, we have

(o +ru,y+rvl2)a =z, y]2) ® (z,1v]|2) & (ru,y | 2) & (ru, rv ] 2)]a
=[(z,y|2)a. (@ y|2)a] + [z, v 2)q, 7z, v 2)d]
+ [y ul2)g, m(y,ul 2)g] + [P (u v | 2)5, 12 (u, v | 2)F]
=[(w,y|2)a +r{z.v|2)s +rly,ul2)g +r¥u,v]2);,
(x,y| )t +r{z,v| )t +r{y,u|2)f +r*{u,v]2)1].

And for r < 0, we have

[+ ruy + o 12)a =@,y | 2)as (0 y | 2] + (Mo 2)5, ria, o] 2);)
[y ] 208y ] o] + [P0, 2)5, % (] 2)] ]
[y | 2s + e, | 2)F + iy ul 20+ (w0 2);)
(2,y] 205 + e, | 2)5 + rlyu] 2 + 20 2)2)

]

Corollary 2.8. By Lemma 2.7, we have (x, —y | z2)L = —(x,y | 2), and (z,—y| 2), =
—<flf,y | Z)I
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Definition 2.9. Let X be a vector space over R and dim(.X) > 1. A fuzzy 2-norm on
X is a mapping ||-,-]| : X x X — F(R) such that for all vectors z,y,z € X, r € R
and o € (0, 1], we have:

NLL [lz +y, z[| = [z, 2] © [ly, 2|

NL2 ||rz, z|| = || ® ||z, z|| for all r € R;

NL3 ||I‘,ZH = HZ,Z’H,

NL4 ||z, z|| = 0;

NL5 ||z, z| = 0 if and only if z and z are linearly dependent;

NL6 inf,c 1 ||z, 2|5 > 0, if z and z are linearly independent.

Then the vector space X equipped with this fuzzy 2-norm ||-,-|| is called a fuzzy
2-normed space over the field of real numbers R.

Definition 2.10. Let n be a natural number greater than 1 and X be a vector space over
R and dim(X) > n. A fuzzy 2-inner product on X is a mapping (-, -|-) : X x X x X —
F(R) such that for all vectors z,y, 2,2’ € X, r € Rand « € (0, 1], we have:

DI) (z 42", ylz) = (z,ylz) & (,ylz);

D2) (rx,yl|z) = 7 & (z,y|z) forall r € R;

D3) (z,y[2) = (y,[2);

D4) (x,z|z) = (z,z|z);

D5) (z,z]2) = 0;

D6) (x,z |z) = 0if and only if z, > are linearly dependent.

D7) infae(,1) (@, v |2); > 0, if @, z are linearly independent.

Then the vector space X equipped with this fuzzy 2-inner product (-, -|-) is called a
fuzzy 2-inner product space over the field of real numbers R. We denote the a-cut of
(oo by [Go[)]a =[G o)as (5 -1)a ] Note that (-, +[-) and (-, -[-); do not satisfy the

property of homogeneity for crisp inner product in general.

For any non-zero vectors x1, Za, ..., T, in X, let V(xq, o, ..., x,,) = span{xzy, xa, ..., T, }
denote the subspace of X, where x1, x1, ..., x,, are linearly independent.
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Theorem 2.11. Let (X, (-, -|-)) be a fuzzy 2-inner product space and x,y, z € X. If x, z
are linearly dependent, then (x,y|z) = 0.

Proof.
Case 1. y, z are linearly independent. Consider the vector u = ax — By,
where o = (y,y|z), and 8 = (x,y|z) .. Now

0 < (u,ulz),
= (ax — By, ax — Py|z),
= o*(z,z|2), = 2a8(z, yl2)T + 5%y, yl2)5
= (y,yl2)5 [, yl2)a (2, 2|2) 5 = ({2, 9]2)5)7]
= —(y,92)5 ((z,y12))°

Since y, z are linearly independent it follows that (y, y|z), > 0 and thus (z,y|z) =

Case 2. y,z are linearly dependent. Then also z + y, z are linearly dependent.
Because (z,x|z)! = 0, (y,y|z); = 0 and (z + y,x + y|z)L = 0, from the relation
(r+y,z+yla)d = (,zl2){ +2(x,yl2)s + (. yl2)d, we get (z,y|2) =

Similarly, using (u, u|z) > 0, we can show that (z, y|z), = 0 assuming o = (y, y|2)
and 8 = (z,y]2);. =

Let Y = span{z}, where z is a non-zero vector and let X/Y = {&# = Y + z :
x € X} be the quotient space. The function ¢ : X/Y x X/Y — F(R), defined
by ¥(z,y) = (x,y|z) is well-defined because if we consider vectors x, 2", y,y € X
such that (i’,g’) = (Z,9), thatisz’ —x € Y andy' — y € Y, then

O y) = (@ y'lz) = (@' =z + 2y —y +yl2)

{
{
& (z,y —ylz) & (z, yl2)

© 0D 0 (z, y|z)(using Theorem 2.11)

0
(2, 9).

/
LU/ - T, y/ - y|Z> D <LE’I -, y|Z>

If (X, (-, :|-)) is a fuzzy 2-inner product space, then v satisfies all the properties of
fuzzy inner product and so (X/Y, 1) is a fuzzy inner product space.

Lemma 2.12. [9] In a fuzzy inner product space (X, (-, -)), for vectors x, y and for each
a € (0,1], we have

[z, )15 < V2oV (v, y)a 2.2)
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Hence, it holds that

[(z,9)] 2V (2, 2) @/ (y,9). (2.3)

Theorem 2.13. In a fuzzy 2-inner product space (X, {-,-|)), for any x,y,z € X we
have

[z, yl2) |5 < Vi, xlz)s VY, yl2)a (2.4)

Proof. Since (X/Y, 1)) is a fuzzy inner product space, therefore by Lemma 2.12 for all
z,y € X/Y, we have

(&, 9)15 < VU (3,8) © Vi (9, 9)
& [z, yl2)|5 < VA w,x|z>; V. ylz)a

]

Remark 2.14. In any fuzzy 2-inner product space (X (] )) inequality (2.4) implies
the Cauchy-Schwarz’s inequality |(z,y|z)| = \/(z, 2| z) ® \/(y, y| 2). Due to the
Cauchy-Schwarz’s inequality the fuzzy 2-inner product induces a norm defined by

[z, 2|l = v/ (=, ] 2).

3. REFINEMENTS OF CAUCHY-SCHWARZ’S INEQUALITY

Let (X, (-,-|)) denote a fuzzy 2-inner product space with ||z, z|| = \/(z, z | z) for all
r,z € X.

Theorem 3.1. Let x,y,z,u,v € X with z ¢ V(x,y,u,v) be such that (||u,z\|;)2 <
2(x,ulz)T and (||v,z||;)2 < 2(y,v|z)t. Then

+ — —
‘<$ _U,y_v|z>‘a +niq1 < HJJVZHQ Hy7ZHa

Wl

where ny = {2 zyul2)t — (Jlu, 2||3) } and q; = {2 y,v|z)F (Hv,zH;)Q} .

Proof. We know that

(m® —n*)(p* — ¢*) < (mp — ng)? (3.1)

for every m,n,p,q € R.



Some Inequalities in Fuzzy 2-inner Product Spaces 407

Now
|z — u, ZH2 (x —u,x — ulz)
= (z,7|2) © (z,ul2) © (u, z[2) ® (u, ul2)
= [z, 2[I” © 2 ® (x, ulz) @ ||u, z||? (3.2)
Therefore,
<ZL’ —U T — U|Z>; - <[L’,I|Z>; - 2<$7U|Z>(J§ + <U,U|Z>;
= (|lz, 2[13)* = n? (3.3)
Similarly,
(y—v,y —vl2)g = (ly, 2l12)* — ai (3.4)
Using (3.1), we have
{lz, 212)% = m3H{ Uy, 212)% = @2} < {llz, 2020y, 207 = mar}” (3.5)

Now,

(1w =y = wladle)” <l = w2l) (= 0. 21)°
R E T

={(l=, 2112)* = ni}{(ly, 2112)* — ai) }
<{llz, 207y, 2llz — man}” (3.6)

Equations (3.3) and (3.4) imply 0 < ny = (2(z, u|2)} — (|u, 2||7)?)* < |z, 2|, and
1
0<a = (2(y,v|2)f = (|Jv. 213)?)® < |ly, 2|5 So, from (3.6), we have

+ _ _
}<ZE — U,y — U|Z>|a +n1q1 < ||$az||oc||yaz||oz

This completes the proof.

Remark 3.2. Since |(z —u,y —v|z); | < [(z —u,y —v]2) ]; < [z —u,y—vlz) ];r <
|z —u, z||; |ly — v, z||, , therefore the inequality in Theorem 3.1 can be rewritten as

(@ =,y — vl2z] +mar < llz, 2l15 ly, 2II5 (3.7)
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N =y — ol +man <l 2ll7 v 2l (338)

[]
Corollary 3.3. Let x,y, z,e € X be such that |le, z||, = 1 and z ¢ V (z,y,¢). Then

[(z,yl2)a| < [z, ylz)a — (@ el2)d{ys el)d | + (2, el2)d (y el )] < Nl 212 My, 2l

Proof. If we putu = (z,e|z) e and v = (y,e|z) e. Then

n} =2z, ulz)f — (lu, 2]7)?
=2z, (z,elz)fel2)f — (I el2) e, 2l7)°
= 2((z,¢l2)8)” = ((w,el2) )" (lles2l10)°
— ((z,e|2)E)?* > 0 (since |le, 2|7 = 1) (3.9)
Similarly, we get
¢t =20y, vl2)E = (v, 212)* = (. el2)5)* > 0 (3.10)
And
(@ —u,y —vl2)a | =z, yl2)5 — (2,02 — (uyl2)d + (u,v]2)7]
=[(z, yl2)z — (z, (v, el2)Lel 2t — (@, el2be, yl2)E

+{(z, elz)ae, (v, elz)rel2)s |

(2, yl2)a — (@, el2) 3y, el2)d — (z,el2)d (y, el2)d

+ (@, elz)d (y, elz)ille, 25

=|(z,ylz)a — (@, el2)i(y, el2)d | (since fle, 2l = 1) (3.11)

Now, combining equation (3.11) and Theorem 3.1, we get

(2. yl2)a | < [ yl2)a = (,el2) 3 (ys el2)d | + [(, el2) 3 (y. el2)d |
| r—u y—’U| ‘+n1q1 < “‘T?ZHa ”y7z||a‘

[
Corollary 3.4. Let z,y, 2 € X be such that (||x, z||;)* < 2 and (||y, 2||,)?* < 2. Then

2,20t (2 = (e, 21202 2 (2 = (lys 215)2)?
G yl2) {1+ (gl Y = oyl (o 202 + (s 21152
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<z, zlla My, 2llo

Proof. Letu = (x,y|z)fyand v = (y, z|z) z
We know from Remark 3.2 that

@~y — vlz)a] +ma < e, 2l lly. (3.12)

D=

where n; = {2(95,u|z)a+ — (||u,z||;)2}% and ¢, = {2<y,U|Z>;r — (HU,ZH;)Z}
Now,
ny = {20, u)2)E = (Ju, 2lI7)2)?
— {2z, (x,y12)Eul2)E — (1@, yl2)Ey, 2)12)°)
= (2,012 = (v, 212)2) (3.13)

N

Similarly,

= {20y 012)] — (o, 202} = (e yl2) i {2 = (o 2007} (3.14)

And

(x —u,y —vl|z), ]|

Do
= ‘ z y’ - <$,U|Z>Z - <y>ulz>3¢_ + <U,U|Z>;|
= [(z,yl2)s — (=, (y, zl2) z|2)s — (v, (x,yl2) Tyl2)d + (@yl2)dy, (y, ol2) fxl2); |
= [(z,y]2) {1+ (z,yl2) ) } = (@, yl2)E { (=, 2l15)* + (ly, 2113)%} (3.15)

So, from (3.12), we have

N[

[l E P (2 = (e 212027 (2 = (v 212)%)
+ [z, yl2)a {1+ (2, 912)0)")} — (@ ylda {(l, 212)* + (ly, 213)*}

<z, zlla M1y, 2llo

]

Theorem 3.5. Let z,y,z,u,v € X with z ¢ V(x,y,u,v) be such that (||u,z||})* <
2(z,ulz), and (||v, 2||1)* < 2(y,v|2);. Then

+
|<ZL’ —u,y - U|Z>|a +n2qe < ”IaZH;t ||y,2||;t,

[SIE

where ny = {2(z,ulz), — (lu, 2[I1)*}* and g2 = {2(y, v[z); — (Ilv, 2[|3)°} .
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Proof. From equation (3.2), we have

(& —u, 2 —ulz)y = (2,2]2) — 2z, ulz), + (u,ulz)]

= ([lz, 2[12)* — 3 (3.16)
Similarly,
(y—v,y—vlz)d =y, 213 — & (3.17)
Using (3.1), we have

2
{21002 = n3 { Uy =10 = 3} < {212l 211 —moge ) 3u18)

Now,

=(x —u,r —ul2){y —v,y —v|z)}

={(lz, 215)* = n2}{ (ly. 2lIF)* — a3}

2
<{lle 21 Ny, 215 = nags | (3.19)
1
Again from (3.16) and (3.17), we get 0 < ny = (2(z,ul2), — (||lu, 2]|1)?)* < ||z, ||}
and 0 < ¢ = (2(y, v]2); — ([v, 2[12)%)* < [ly, 2| so,
(@ =,y —v|2)]) +naga < e, 2| Sy 2113
This completes the proof.
O

Remark 3.6. Since |(a:—u, y—v|z>§| < |<m—u, y—vlz) ;r, the inequality of Theorem

3.5 can be rewritten as
&=y = o]E| + mage < e 2y 211 (320
Corollary 3.7. Let x,y, z,e € X be such that |le, z||} = 1 and z ¢ V(x,y,e). Then

(@, yl2)z| < [{@yle)d — (@ elz)a (v elz)a| + [z, el2)z (y elo)a | < w201 lly, 211
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Proof. Consider u = (z,e|z) e and v = (y,e|z)_e. Then

n3 = 20z, ul2)y — (|u, 2|5)?

20z, (z,e|2) el2)7 — (I(z,elz)7e, 2]|F)°
=2((z,el2)7)" — ({,el2)a) (lle. 2IIF)

( 2

(z,elz),)” > 0(since|le, 2| = 1) (3.21)
Similarly, we get

@2 = (y,v]2)7 — ([0, 2|5 = ({g,el2)z)* >0 (3.22)
And

[2)a — {,vl2)a — (uwylz)a + (u, vl2)]|
| -

) Z)I - <ZL“, (y,e|z);e|z); - <yv (x,e|z)ae|z>a
+{{z,el2)qe, (yelz) el 2)7
=|(z,yl2)3 — (x,el2)5 (v, el2)] (3.23)

Now, combining equations (3.23) and (3.20), we get
(291205 ] < [(2. 91208 — (@ el2)a(y elo)a | + [z, el2)a (g elo)a | < Nz 2Ty, 2113

]

4. ACZEL’S INEQUALITY

In this portion we shall point out some results of 2-inner product space to fuzzy 2-inner
product space in connection to Aczel’s inequality.

Theorem 4.1. Let (X, (-,-|)) be a fuzzy 2-inner product space, My, M, € R and
x,y,z € X such that ||z, z||, < |M|, ||y, z||, < |Ms|. Then

{2 — (e, 2127 H{M3 = (g, 2112)?} < {IM M| = (2, y12)5]}

Proof. By Lemma 2.2 and Theorem 2.13, we have

(2, yl2) 5] < [(2yl2)|) < Nlw 25 s 25 4.1)
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Now
Iz, 2l < [Ma] = (|l 2l17)" < MP =0 < M7 = (||, 2[17)” (4.2)
Similarly,
0 < M3 = (ly, 2[l)° (4.3)
and so

0 < { M2~ (|lz, 2] )2} { M2 = (ly, 2112)%}
< {|M M| — ||z, 2|5 |y, 2]17 } (using 3.1))
< A{|M M| — \(x,y|z>j\}2(using(4.l))

O
Corollary 4.2. Let (X, (-,-|")) be a fuzzy 2-inner product space, My, M> € R and
x,y,z € X such that ||z, z||, < |Ml, ||y, z||, < |Ms|. Then
_ _ 2 .
{ME = (2, 20102 H{ Mz = (lly, 2l12)%} < {|MMs| = (@, yl2) 3}, since (z,y]2)d <
(=, ylz)al-
In fuzzy 2-inner product space the counterpart of Cauchy-Schwarz’s inequality can be

stated as follows:

Corollary 4.3. Let (X (] - ) be a fuzzy 2-inner product space and if M > 0,
x,y,z € X such that ||z, z||;,, ||y, z|l, < M. Then

0< (lz, 2112)* (I, 2112)* = ({2, y[2)E)* < M?||z —y, 2|5

Proof. By Corollary 4.2 and taking M, = M, = M, we get

(M = (|2, 212 H{M? = (g, 2112)°} < {M° = (9|23}
= M= M*(|lz, 2015)* = M*(ly, 22)* + (12, 212)*(ly, 2112)*

< M* =227 ((a,yl2)E) + (@ yl2)E)”
Therefore,

0< (2, 202)" (s 2112)* = ({z,y12)E)?
< M2{(|lz, 2117)% + (ly, 212)? = 2((z, yl2)E) } = M?|lx — y, 2|5
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Theorem 4.4. Let (X, (-,-|-) be a fuzzy 2-inner product space, My, My € R and
x,y,z € X such that ||z, z||, < |M|, ||y, z||, < |Ms|. Then

4 Nz 1 1
(M| =l 2l15) * (1Ml = lly, 2l12)* < [MiMo|2 — (2, y]2)L]2

Proof. Using (3.1) and considering m = /|M;|,n = /||z,z|l;,p = /|Mal,q =

1y, zll5» we get

(1] =, 2)12) (1Ma] = Iy, 2117) < {V/ VM| = VT[22 Ty, 212}
1 1 1 1
= (IMi| = [l 2[17) > (| Ma] = |y, 2[15) > < [MiM]2 — (2, yl2)2]2

Corollary 4.5. Let (X, (-,-|-) be a fuzzy 2-inner product space and if M > 0,
x,y,z € X such that ||z, z||,,, ||y, z||, < M. Then

1
0 <l 2llzlly, 21l = [ yl2)d| < M{ll2, 2llz + lly, 215 — 2[(z,yl)E]* }

Proof. By Theorem 4.4 and taking M; = M, = M, we get

1 1 1
{M = ||z, 2l }2{M = |y, 2l }2 < M = [z, yl2)q |2

_ _ _ _ 1
= M2 - MHva“a - M”yVZHa + ||$7Z||a||y,2||a < M2 - 2M|(x,y|z>:[|2 + |<(L’,y|2>+

Therefore, we have X
0 <z 2l My zlla = [(=,yl2)E| < M{ll2, 2[5 + v, 2[5 = 2[(z,9l2) 8% }- u

5. CONCLUSION

The study extended certain inequalities from basic 2-inner product spaces to the context
of fuzzy 2-inner product spaces. The investigation delved into the refinement of
Cauchy-Schwarz’s inequality within this fuzzy context, shedding light on the intricacies
of fuzzy 2-inner product spaces. Additionally, a set of inequalities was established in
fuzzy 2-inner product spaces, specifically in relation to Aézel’s inequality.

6. FUTURE SCOPE

The inequalities discussed above can be extended to encompass fuzzy n-inner product
spaces, offering a broader and more versatile framework. Further exploration can
involve refining the triangle inequality specifically for fuzzy 2-norms generated by
fuzzy 2-inner products.
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Moreover, there is potential for delving into the study of infinite series within the context
of fuzzy inner products. Analyzing infinite series in fuzzy inner product spaces can
contribute to a more comprehensive understanding of their mathematical properties and
applications.
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