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Abstract

After the works on (p, q)" relative order of entire function with respect to another
entire function by Lahiri and Banerjee [13], Banerjee and Jana {[3], [4]} studied
(p, q)th relative order for meromorphic functions also. Recently Biswas and
Biswas [9] studied generalized relative order (a, 3). In this paper we attempted
to combine the above stated idea of generalized relative order and the idea of L-
order given by Somasundaram and Thamizhakasi [20] into (p, )" generalized
relative L-order (v, 3). With this definition of order we prove some basic theorems
on order which gives the standard results for some particular cases. Further we
observe that the finiteness of (p, q)*" generalized relative L-order (v, 3) is closely
connected with the convergence of a certain integral.
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1. INTRODUCTION AND DEFINITIONS

First we consider several types of order starting from classical order of entire and
meromorphic functions.
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Definition 1.1. Let f be an entire function and M (r, f) = M¢(r) = max{|f(z)| : |z| =
r}. Then the order of an entire function f is denoted by ps and is defined by

, log log M (r, f)
py = limsup .
r—00 log r

When f is meromorphic, then [17]

. log T'(r, f)
pf = limsup —————

r—00 logr ’

where Ty (r) = T'(r, f) is the Nevanlinna characteristic function of f.

Let L(r) is a positive continuous function increasing slowly in the sense of *Karamata’
that is, L(ar) ~ L(r) for every positive constant a. In [20], Somasundaram and
Thamizhakasi defined L-order of entire functions.

Definition 1.2. [20] L-order of an entire function f is defined by

i log log M (r, f)
= 11111 Su
L= P Tlog [rL(r)]

In 1963, Sato [18] hinted the definition of generalized order of entire functions.

Definition 1.3. The generalized order of an entire function f is defined by

log Mf
pp(f) = limsup Og—(T’f); > 2.
r—00 log T
When f is meromorphic, then
logT
po(f) = limsup =21 UE) ;p> 1.
r—00 log r

Later on, Juneja et. al. [1] introduced (p, q)*" order of entire functions.

Definition 1.4. The (p, ¢)™" order of an entire function f is defined by

log” M (r, f)

ip>q > 1.
ogily P71

Ppq = limsup
r—00

When [ is meromorphic, then Bergweiler [5] defined (p, q)th order as

log”'T(r, f)

I

Ppq = limsup p>q> 1.

r—00 lOg[q]T
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In 1988, Bernal [6] introduced the notion of relative order of an entire function with
respect to another entire function.

Definition 1.5. The relative order of an entire function f with respect to another entire
function g is defined as

py(f) =inf{p > 0: Ms(r) < My(r");r > ro(u) > 0}
log(M, " (M;(r)))

= lim sup g
r—o0 log r

When f is meromorphic, then the definition of relative order is modified by Lahiri and
Banerjee [15] as

py(f) =inf{p > 0:Ts(r) < Ty(r);r > ro(p) > 0}

i 98T (T ()
= lim sup .
r—00 log r

Further when f and g both are meromorphic then the definition of relative order is due
to Banerjee [2] as follows.

po(f) =1nf{p > 0: Tp(r) < (Ty(r))H;r > ro(p) > 0}
ey BT
rooo log(Ty(r))

When g(z) = €7, then the definition of relative order coincides with the classical
definition of order.

In 2002, Lahiri and Banerjee [14] introduced the concept of k" generalized relative
order.

Definition 1.6. If f and ¢ are entire functions then k'" generalized relative order is
defined as

pe(f) =inf{p > 0: My(r) < M, (exp® =ty > ro(p) > 0}
. log" (M, (M;(r)))
= lim sup
r—00 log r

. log" (M, (r))
= lim sup = :
rooo  log(M;(r))

After this in 2005, Lahiri and Banerjee [13] introduced more general type of relative
order.
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Definition 1.7. If f and g are entire functions then (p, q)*" relative order of f with
respect to g is defined as [13]

Ppg(frg) =1nf{p > 0: Ms(r) < Mg(exp[”’”(ulog[ﬂr));r > ro(p) > 0},p>q
log” (M (My(r)))

r—o0 logly
log? (A, (1)
r—00 log[q](Mf’l(r))

P> q.

Later on, Banerjee and Jana {[3],[4]} extended the definition for meromorphic
functions.
When f is meromorphic, then (p, q)*" relative order is defined by

pra(frg) = inf{p > 0: Ty(r) < Ty(exp? I (ulogr));r > ro(p) > 0}

. log? (T, (Ty(r)))
= lim sup
r—00 log[‘”r

P> q

Further when f and g both are meromorphic then

ppa(fr9) =inf{p > 0: Tp(r) < (exp? 1 (ulogT,(r)));r > ro(p) > 0}

[p—1]
ey 02" T(0)
r—00 log[q} (Tg(T))

P> q.

Now let L be a class of continuous non-negative function o on (—oo, c0) such that
a(z) = a(xg) > 0 for x < xy with a(z) — oo as & — oo. For any o € L, we say that
a € Ly, if a(cx) = (1 + o(1))a(z) as g < & — oo for each ¢ € (0,00) and @ € Lo,
if a(exp(cx)) = (1 + o(1))a(exp(x)) as zy < x — oo for each ¢ € (0,00). Clearly,
Ly, C Ly.

Considering the above, Sheremeta [19] introduced the concept of generalized order
(e, B) of an entire function. For the purpose of further applications, Biswas and Biswas
[9] modified the definition of the generalized order («, ) of entire and meromorphic
functions in the following way.

Definition 1.8. [9] Let v, § € L;. The generalized order («, 3) of an entire function is

defined as
pla, B, f) = limsup 04(2/[(—’;};)).

r—00

The generalized order («, 3) of a meromorphic function is defined as

pla, B, f) = limsup W@z € Ly, b€ L.

T—00
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Accordingly generalized relative order is defined as follows.

Definition 1.9. [9] Let o, € L;. The generalized relative order («, () of a
meromorphic function f with respect to an entire function g is defined as
(T, (Ty(r)))
po(a, B, f) = limsup —~ :
ol 50 50)

r—00

The previous definitions are easily generated as particular cases, e.g. if g(z) = z, then
Definition 1.9 reduces to Definition 1.8. If a(r) = S(r) = logr, then we get the
definition of relative order of meromorphic function f with respect to an entire function
g introduced by Lahiri and Banerjee [15] and if g(2) = exp z and a(r) = S(r) = log r,
then p, (o, 8, f) = py.

Now we introduce following definitions and using this we prove several results.

Definition 1.10. Let o, 3 € L;. Then (p, q)*" relative order (o, 3) of an entire function
f with respect to an entire function g is defined by

q C a(log (M (My(r)
pytlen B, 1) = hﬂigp B(loglt=1y)

D> q.
Definition 1.11. Let o, 3 € L,. Then (p, q)"" generalized relative L-order (c, 3) of an

entire function f with respect to an entire function g is defined as

aflo [p—2] M*l M (r
(0, 3, £,g) = limsup 2008 My (M5(7)
r—00 5(10g[Q* ][TL<T‘)])
When f is meromorphic, then (p, )" generalized relative L-order (v, 3) is defined by

' a(log? (T, (Ty(r))))
P, B, f,g) = limsu 719
(e, B, f,9) o B(log" L (r))

Y

P> q-

Here we give some examples of meromorphic functions whose (p, q)!" generalized
relative L-order («, 3) varies for different values of p and q.

Example 1.1. Let fi(z) = €%, g(z) = €%, a(r) =logr, B(r) = log log r, L(r) = log
r. Then p79 (v, B, f1, g) may be zero, finite or infinite.

We have T'(r, g) = %, T(r, f1) ~ , where A is a finite constant. So

1
r2
10g[p71]i1€r 0o, p<q+3

ro0 loglt ™ rlog (r)]
0, p>q+3.
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1
Example 1.2. Let f(z) = T g(z) = e*, a(r) =logr, f(r) =loglogr, L(r) =
Z p—
log r.

Then we have T'(r, g) = . T(r, f2) =logr. So
7r

log" rlogr )1, p=q+1
“Ulrlog ()] |0, p>q+1L.

p%q(a7 ﬁ? f27 g) = hmsup
r—00 IOg

2. PROPERTY (A) AND PRELIMINARY RESULTS

In this section we state some results in the form of Lemmas, which will be needed in
the subsequent section. First we need the following definition.

Definition 2.1. [6] An entire function ¢ is said to have the property (A) if for any o > 1
and for all large r
[M,(r)]* < My(r7)

holds.

Examples of entire functions are known [6] which have the property (A) as well as
which do not have the property (A).

Lemma 2.1. [6] Let g be an entire function which has the property (A). Then for any
positive integer n, for all o > 1 and for all large r, the inequality

M < My(r°)
holds.
Lemma 2.2. [17] If f is an entire function, then
Ty(r) <log My(r) < 3Ty(2r), for all large r.
Lemma 2.3. [16] If f(z) is a transcendental meromorphic function, then
Ty(r) < 2T¢(2r) + O{Ts(2r)}, for all large values of 7.

Lemma 2.4. ([12],[21]) Let f be a meromorphic function. Then for all large values of
r

Ty(r) < C{Ty(2r) +log r}, where C' is a constant which is only dependent on f(0).
Lemma 2.5. [3] Let f be a rational meromorphic function, then for all large values of r

Tp(r) < T¢(r)+ K logr + O(1), where K is a constant depending on f only.
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Lemma 2.6. [3] Let f be a transcendental entire and M () = max{|f'(z)| : |z| = r}.
Then
Mg(rY) < Mp(r) < Mg(2r), forr > 1and X € (0, 1).

Lemma 2.7. Let o, § € Ly with 3 is an increasing function and f be a meromorphic

| o exp (allogh AT, H(TH()) )
function, g be an entire function. If |

o [Blog L]

dr is convergent

for some ry > 0, then
 exp (allogh (T, 1 (Ty(r))) )
lim

T [Blogarn)]”

=0, where 0 < k < o0.

Proof. Given ¢ > 0, there is a number 7/(¢) > 7 such that for > 7/(¢) > 1
]%xp (alog (7, 1 (1y(1)))))
! [Bloge L))
/p (alog (7,1 (1y(1)))))
! [Bloge L))
r exp (((logh (T, (T

. g
ie., 7 <€

dt < ¢

dt < e

L2

exp (a 1og[p T, 1(T3()

exp (a(log[”_m(Tg_l(Tf('f’))))>
Therefore lim

- = 0 and this proves the lemma. ]
T |Bliog L ()|

3. SUM AND PRODUCT THEOREMS

Here we study (p, q)'" generalized relative L-order (o, 3) of the sum and product of
two meromorphic functions with respect to an entire function.
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Theorem 3.1. Let o, 8 € L; with a and S both are increasing functions and fi, f> be
meromorphic functions having (p, ¢)™* generalized relative L-order (c, 3) with respect
to an entire function g, p7(a, B, f1,9), P74 (e, B, f2, g) respectively, where g has the
property (A). Then

Z) P]z ( 7ﬁ7 fl + f27g> S max{p%q(oz,ﬁ, fl?g)ap][);q(aaﬁa f27g)}
”) (O& vilang) < max{p%q(aaB7flag)7p%q(avﬁaf27g)}'

(
(
(i) If P2 (e, B, f1,9) # P74 («, B, fa, g), then the equality holds in (i7).
(/“}) p}z ( 7B7 %7 g) S max{p‘;’q(a, 67 fla g)a p%q(&7 53 f27 g)}
(v) If P24, B, f1,9) # P, B, f2, g), then the equality holds in (iv).

Proof. We may suppose that pV%(«, B, f1,9) and p7(c, B, f2,g) both are finite,
because if one of p7(«v, B, f1,9), p7* (v, B, f2,g) or both are infinite, the inequalities
are evident. Let

pr =70 B, f1.9), p2 = (. B, fo. 9) and p1 < po.

Then for arbitrary € > 0 and for all large  we have

T, (r) < T, (exp? 2 (a7 ((p1 + )8 (log V(rL(r))) ) ))
<T, (exp[p_z} (ofl ((,02 +6) (log[q’” (TL(T))»))
and T, (1) < T, (exp?2 (o™ ((p2 + )8 (log (rL(r)) ))) -
So, for large

Tpxp,(r) < Tp (r) + Ty (r) + O(1)

< 31, (exp[p 21( -1 ((p2+6 <log[q U(rL(r ))))

<310gM (exp[p 2] (a ((pg—f—E)B (log[q U(rL(r )))) using Lemma 2.2
Liog My (exp2 (a7 ((p2 + )8 (o= (rL(r)) ) ) ) }
< “log M, (exp[p 21( ((p2+e)/3 <10g[q U(rL(r ))))”

for every o > 1, by Lemma 2.1.

— W

w

Since the above inequality is true for any o > 1, for simplicity we may choose o = 2.
Then the above inequality becomes

Tpep(r) < glog M, (exp? (207 (2 + 98 (10 r2(1))) )))
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1
< glog M, (exp[’”Q] (Ofl ((pz + 2¢)8 (log[q_”(QrL(r)))>>> ,
since «, [ are increasing functions

3.1)
<1, <Qexp[p’2] (ofl ((pg + 2¢)8 <10g[q_1](27’L(T))))>> , by Lemma 2.2
<17, <exp[p’2] <of1 ((pg + 4e)3 (log[q’” (47"L(r))>>>) :
Since ¢ is arbitrary, we obtain
pr (v, B, fr £ f2,9) < p2 = max{p7(, B, f1,9), 7" (v, B, fo, 9) }
which proves ().
For (i1), since T, 1,(r) < T, (r) + T, (r), we obtain similarly as above

p%q(av 57 flf?a g) S max{ﬂ%q@éa ﬁa flv g)v p%q(a7 /Bv f27 g)} (32)

Now suppose that p7%(«, 8, f1,9) # p7%(a, B, f2,g). We show that in (3.2) the equality
will hold. For this, let f = fif; and p7%(«, 53, f1,9) < p7%«, B, f2,9). Then

o, B, f,9) < p(a, B, f2,9). Again since fo = i1 and Ty, (r) =T (r) + O(1),

fi
applylng (32) we have p%q(Oé7 57 f27 g) < max{p%q<&7 67 f7 g)7 p%q(av ﬁa f17 g)} Since
p%q(Oé,B7f1,g) < p%q(aaﬂaf%g)’ we have p%q<0é,6,f27g) S P%%Oéaﬁa f7g) and so

(7i7) holds.
Now we prove (iv). Let f = % and suppose p; < po. Then f; = ff,. If possible

2
let p%(c, B, f,9) > p2. Now applying (3.2) we obtain p; = pi(«, 3, f,g) and so
p1 > p2, which contradicts our hypothesis. So (iv) holds.

Next suppose p; < po. If possible, let p7 (v, B, f, g) < p2.
Then p; = max{p}*(«a, 8, f, g), p2} = p2, which is also a contradiction. Therefore (v)

18 true.
Hence the theorem. ]
. 1 e
Example 3.1. Let fi(z) = e, fo(z) = T f= ¢ T g(z) = €%, a(r) =logr,
z— z —

p(r) =loglog r, L(r) =log r. Then using Theorem 3.1, we get

o0, p<q+3
P%q(%ﬁ;fag): 27 PZQ+3
0, p>q+3.

If we had considered the classical order we get py = oo.
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4. (p,q)" GENERALIZED RELATIVE L-ORDER (a,3) OF THE
DERIVATIVE

Regarding the (p, )" generalized relative L-order (c, 3) of f and its derivative f’ with
respect to g and ¢’ we prove the following theorems.

Theorem 4.1. Let o, 5 € L; with a and 3 both are increasing functions. Let f be a
transcendental meromorphic function and g be an entire function with the property (A).

Then (e, B8, f, 9) = pi" (e, B, f', 9)-

Proof. From Lemmas 2.3 and 2.4, we have for all large r

Tp(r) < [K|T¢(2r), where K > 1 4.1)
and Ty(r) < [K'|Ty/(2r), where K’ > 1. 4.2)

Let
P11 = p%q(a767f7 g)7:02 = p%q(aaﬁmflag)'

Then by Definition 1.11, for arbitrary ¢ > 0 and for all large » we have
Ty(2r) < T, (exph’_ﬂ (ofl ((,01 +€)p (log[q’u(2rL(27’))>>>)
< T, (exp 2 (a7 ((p1 + )8 (tog M(arL(r) ) ) ))
Using Lemmas 2.1 and 2.2, for all large » we have from (4.1)
T(r) < log [M, (exp? (a7 (o1 + )5 (log" (arL(r))) )) )]

< %log M, (exp[p_Q] <of1 ((,01 +€)p (log[q’l] (47"L(r))>>))a, for every o > 1.

3(K]

Since the above inequality is true for any ¢ > 1, for simplicity we may choose o = 2.
Then the above inequality becomes
Tf/(?“) <

< %log M, <exp[”_2} (204_1 ((pl +¢)p (log[q’” (47‘L(r))>)>)
< %log M, <exp[p_2} <a‘1 ((,01 + 2¢) (log[q_”(SrL(r)))))) :

since «, (3 are increasing functions
<T, <Qexp[p_2] (ofl ((pl + 2¢)8 (log[q’l](&"L(T)))))) , by Lemma 2.2

<7, (exp[”_Q] (a—l <(p1 +4e)B (1og[q—ﬂ(16r1;(r)))>)) .

Since € > 0 is arbitrary, we have ps < p;.
Similarly using (4.2) we obtain p; < py and this proves the theorem. O]
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Theorem 4.1 is still true even when f is a rational meromorphic function. Lemma 2.5
gives the assertion.

Theorem 4.2. Let o, € L; with a and ( both are increasing functions. If
f be meromorphic and g be transcendental entire having the property (A), then

p}zq(CY?/B?f?g) = pzzjq(a{75’f7g/)'
Proof. We may suppose that p7(a, 3, f, g) and p7% (e, B, f, ¢') both are finite. Let

= pzl),yq(Oé?/@?f?g) < H1, P2 = P}E%O‘aﬁa f7g/) < )\1-

Then by Definition 1.11, for arbitrary ¢ > 0 and for all large r similarly like (3.1) we
have

Ty(r) < %log My (exp?~2 (! (1 + 208 (tog" (2rL(r) ) ) ))

>/IH

< %log M,y (exp[p_Q] <a_1 ((m +2¢) <log[q UrL(r )))
), by Lemma 2.6
)

at ((Ml + 2¢)8 (logq UarL(r ) )) , since A € (0,1)

o <Zexp[p_2} ( ! ((m + 2¢) <log[q’1] (47“L(7’))>>>) :

using Lemma 2.2, since ¢’ is entire

<T, (exp[p—2l (oz_l ((,JL1 +4e)B <log[q_”(87"L(r))>>>> .

where A € (0,

1
1
= —log My (exp[pQ] <X041 ((Ml + 2¢)3 <log[q YrL(r >

—
®)
0)°]
5
/N
o
>4
o)

S}
LA
/N

4.3)

Since ¢ > 0 is arbitrary, we obtain p, < . Now p; > p; is arbitrary, so we have
finally
p2 < p1. 4.4)

To obtain the reverse inequality, from Definition 1.11 we have for all large r
Ti(r) < Ty (exp[p’z] (ofl (()\1 +€)8 (log[q_” (rL(r))))))
< log M, (exp[”’Q] <oc’1 (()\1 +€)p (log[qfl] (rL(r))))))

using Lemma 2.2, since ¢’ is entire
g ; g

< log M, (26Xp[p_2] <0f1 (()\1 +e)p (log[q’” (rL(r)))))) , by Lemma 2.6
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o, e (o (0 + 205 (g )
- %log [Mg (eXpr_ﬂ (O‘_l <(A1 +26)3 (log[qfl](QrL(m))))} 3
logM, (exp“"?] (ofl ((Al +26)3 (log[q‘”(%"L(?“))))))g’

for every o > 1, by Lemma 2.1

Since the above inequality is true for any o > 1, for simplicity we may choose o = 2.
Then the above inequality becomes

Tf(r) < “log Mg <eXp[p72} (2(171 (()\1 + 2€)ﬁ (log[q—l}(QrL(T))>>))

o (o9 o (0 103 (g )

since «, ( are increasing functions
<2€Xp[p_2] (oz_l (()\1 + 4e)p <log[q_1}(4rL(r))>>>> , by Lemma 2.2

<T
<T, <exp[”_2} (a‘l (()\ + 4¢€)p (log[q_l](SrL(r))»)) , where A; < \.

<

W =Wl

Since € > 0 is arbitrary, we obtain p; < A. Now py < A is arbitrary, so we have finally
p1 < pa. (4.5)
Combining (4.4) and (4.5), we obtain
P1 = P2

and this proves the theorem. ]

Starting from the function f’ we can similarly show that
pri(e, B, ', 9) = p7% (e, B, [ 9).
Thus we have the following theorem.

Theorem 4.3. Let f be meromorphic and g be entire transcendental having the property
(A) then

pﬁ’q(a,ﬁ,f, g) = p%q(a7ﬁ> .f/>g) = Pﬁ’q(ajﬁ, fa g/) - p]zq(a’/ﬁ’ f/ag,)'

If one or more of the above expression is infinite, then a slight modification of the proof
is needed.
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5. FINITENESS OF p2%(«v, 3, f. )

In this section we show that the (p,q)"" generalized relative L-order (o, ) of a
meromorphic function f with respect to an entire function g is not greater than a
number P defined by certain integral that involves the Nevanlinna characteristics of
both functions. As a consequence, p?(«, 3, f, g) is finite as soon as P is.

Definition 5.1. Let o, 8 € L; and let f be meromorphic and g be entire. Then we define the
number P € [0, oo] as

P=inf{k>0: /OO exp (log ™ (1T ()
T e [6(log[q‘” [rL(r)])r

Theorem 5.1. If P is as in Definition 5.1, then p7(«, 3, f, g) < P.

dr converges for some ro = r9(k) > 0}.

Proof. If P = oo then the result is trivial. Assume now that P is finite. Then for
arbitrary €(0 < e¢ < 1), the integral

dr is convergent.

/oo exp (a(log[pd] (Tg_l(Tf(T)>>>>
v o L]

Now by Lemma 2.7 we have

exp (a(log (T, (T5(1)) )

lim =0

T [pog Iz )]

So for sufficiently large 7, we have

exp (aflog” (T, (T4(r)))) )
[Bttog arz ()]

= a(log? (T, \(Ty(r))) < log ( [Blog 4L (r)])] P“)

= loge + (P + ¢)log [ﬁ(log[q_” [47“L(r)])}
< loge + (P + €)f(log Y [4rL(r))).

< €

Since € > 0 is arbitrary, it follows from Definition 1.11 that

P (e, B, f,g) < P.

Hence the theorem. OJ
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6. CONCLUSION

Using this definition of (p, ¢)!* generalized relative L-order (o, 3), growth properties

of composite entire and meromorphic functions may be studied closely.
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