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Abstract

This paper provides an attempt to prove the Riemann hypothesis in a weakened
conjecture, specifically, by proving it with the probability of 1. In Section 2 we
discuss preliminaries needed to prove the Riemann Hypothesis. They include
important functions such as the Mobius-p and the Mertens function, as well as
theorems such as the prime number theorem and k-almost primes. In Section 3
we simplify the Riemann Hypothesis by connecting the Mertens function with
a probabilistic interpretation. The Law of Iterated logarithm is used to connect
the Hypothesis with the example of a fair coin flip. In Section 4 we prove the
Riemann Hypothesis with probability of 1 using the given preliminaries, theorems,
and lemmas.
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1. INTRODUCTION

The Zeta function, denoted by notation (, was first defined in 1737 by Leonard
Euler. Later, in 1859, German mathematician Bernhard Riemann proposes the Riemann
Hypothesis, stating that the non trivial zeros of the zeta function have real part equal
to % This hypothesis has been one of the main unsolved issues for number-theorists
world wide. There were many papers and approaches formulated since then in order
to tackle this unsolved question, but limited research was done towards its connection
to k-almost primes. Therefore, this paper will attempt to prove the hypothesis with a
probability of 1 using these uninvestigated methods.
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2. PRELIMINARIES

To prove the hypothesis, it is necessary to understand certain preliminaries such as the
Mertens functions, prime number theorem, and almost primes.

2.1. Mertens function

Before discussing the Mertens function, it is essential to understand the Mobius-u
function, upon which it is built.

Definition 2.1. For any positive integer s, the Mobius-x function is defined as:
0  if dp prime, p? | s,
u(s) =<1 if s = p1ps - - - pr wWith k even,
—1 if s = pyps - - - pg with k odd.
The Mobius-p function is a multiplicative function important in number theory,

particularly in the study of arithmetic function, as its values encode the structure of
the prime factors of integers.

Definition 2.2. The Mertens function is defined for all positive integers n as:

M) =3 u(k)

The Mertens function provides a cumulative measure of the arithmetic properties
captured by the Mobius-x function up to n. It has been subject to deep studies in
number theory, partly due to its connection with the Riemann Zeta function.

This function contributes to the main part of my paper, as it will be used to generate
a statement that is equivalent to the Hypothesis, and therefore provides an approach to
which can be taken in order to give a proof to it.

2.2. Almost Primes

Understanding the distribution of almost primes—numbers with only a small number
of prime factors—is crucial in analytic number theory for simplifying problems about
prime numbers.

Definition 2.3. The number of prime numbers less than or equal to x is defined as:

m(z) = Zl

p<z
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Definition 2.4. The number of k-almost prime numbers less than or equal to x is defined

as
mr(n) = > [Qs) = K]
s=1
where if
n=[]»
then

Q(n) = Z a;.

Almost primes are particularly interesting because they bridge prime numbers and
general integers. The function 7 (n) helps us understand how integers are constructed
by the multiplication of prime numbers.

Theorem 2.5.
m(y) = Li(y) + O(ye V'*8Y)

This theorem is known as the prime number theorem, which helps approximate the
number of prime numbers less than or equal to y.

Proof. This is a well-known result, see [2]. L]
Theorem 2.6.
s\ (loglogs)k—1
Ti(s) ~
log s (k—1)!

7 (s) helps approximate the number of k-almost primes less than or equal to s, which
will be used in my paper in order to calculate the number of square-free integers with
an odd or even number of prime factors.

Proof. This is also a well known result, see [1]. [l

2.3. Asymptotic analysis

Asymptotic analysis is a fundamental tool in many other areas of mathematics,
providing insights into the behavior of functions as arguments approach certain limits.

Definition 2.7. Functions f(z) and g(x) are asymptotically equivalent, meaning f ~ g,
if and only if
f(z) = g(x)(1+0(1))

where if a function h(z) = o(1) then:

lim h(z) =0

T—00
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This definition is crucial for understanding how various number-theoretic functions
behave as z becomes large. It allows us to simplify complex expressions and focus
on dominant terms in our analyses. For example, the Prime Number Theorem itself can

T

be seen as an asymptotic statement about the ratio of m(z) to --—.
ogx

By applying these preliminary concepts, we set the stage for a deeper exploration of the
Riemann Hypothesis in subsequent sections, focusing particularly on its probabilistic
aspects and numerical verifications.

3. PROBABILISTIC INTERPRETATION OF THE RIEMANN HYPOTHESIS

In this section we explore a probabilistic interpretation of this hypothesis using concepts
from probability theory and statistical behavior.

Theorem 3.1. The Riemann Hypothesis is equivalent to the statement that for every

infinitesimally small positive €, M (n) = O(n%+€).

Proof. For a detailed exposition, see [3]. O

3.1. Law of Iterated Logarithm

We can use the Law of Iterated Logarithm in order to show that the number of heads
subtracted from the number of tails when a fair coin is flipped 7 number of times grows
slower than a certain rate with probability of 1.

Lemma 3.2. Suppose { X, } are independent, identically distributed random variables
with a mean value of 0 and variance of 1. Let {S,} = X1 + -+ - + X,,. Then:

! S0
im sup

n—oo /2nloglogn

where a.s means true with probability of 1.

=1 a.s.,

Proof. This theorem is cited from [4]. L]

When considering a fair coin flip, we denote the outcome of each coin flip as Y; where
Y; = 1 for heads and Y; = —1 for tails. Since E[Y;] = 0 and 03, = 1 are satisfied,
we can directly apply this theorem. S,,, in our case, which denotes the number of heads
subtracted from the number of tails, would, according to this theorem, grow at a rate

proportional to y/n log log n. Since
. vnloglogn
im ———— =

1
n—00 n2te

0, Ve>0
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it can be concluded that S,, grows at a rate less than n2* with probability of 1.

Similarly, if we show that p(n) = =1 with equal probability then it is the same
to showing that M (n) grows at a rate less than n2"¢ and therefore proves that the
Hypothesis is true with probability of 1. The case where x(n) = 0 can be ignored
since adding 0 does not change the value of M (n), and therefore would not affect the
growth rate of M (n).

Therefore, if it is shown that the proportion of the number of integers up to n which have
a value of 1 when input into the Mobius-u function to those which have a value of —1
is 1 as n approaches infinity, then it could be concluded that the Riemann Hypothesis is
true with probability of 1.

4. RIEMANN HYPOTHESIS WITH PROBABILITY OF 1

Theorem 4.1. The Riemann Hypothesis is true with Probability of 1

Proof. Let us define the function F7(m) as:

Then, Fi(m) can also be written as:

Fi(m) = m(m) + (ws(m) — S3(m)) + (mw5(m) — S5(m)) + (w7(m) — Sr(m)) + ...
= (w(m) + m3(m) + 7w5(m) + w7 (m) +...) — (Sz(m) + Ss(m) + S7(m) +...)
(1)
Where Sy (m) is the number of non square-free k-almost primes less than m.
Since S, include numbers that can be divided by the square of a prime number, we can
define S} as:

st = ¥ 0a(2)- X w(2)

2 p<q 2

(2)

m
+ Z 7T/’C—G( 2.2 2) -
p=q'r
p<g<r</%
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Now, by using (1), (2), and 2.6 we get:

m m (log logm)? m (loglogm)*
Fi(m) :<<logm <logm> ( 2! ) + (10gm) < 4! )
m (log log m)°®
+<10gm)( glog >+...>_

_|_

p<+/ % P
_m_ _m_ _m_)2 3
Z 2 n Z 2 (lOg 108; 2 ) 3)
log(5ez) log(52z) 2!
P<q<+/ 5 p<q<\/§
m_ (loglog 25 )*
4 P qm p’q R
2 _log(:7%) ( 4l
p<g< 53

_m__ _m__ log log - )2
p2q2,,.2 p2q27.2 ( g g p2q27.2
( DAy ( : )

log( 052 log (52—
p<a<r<\/% g(quQTQ) p<q<r< /2 g(qum)

5 loglog %)%
>, L )<( & if“)>+...)>(1+o(1))

log(—=5=
p<q<r< /% g(p2q2r2

Using the Taylor series, 3 simplifies to:

m m m m
JOYC I R o -
2 2log*(m) 20% 921002 (m)
<% P08 {32
m m
+ > + (4)

2p2q2 221002 [ _m_
p<q<\/§ P=q 2]7 q 1Og (p2q2>

- > ACE = ) +o | (1 +0(1))

2p2q%r? 2.2,.21002 [ _m
p<q<7‘<\/§ p q 2p q r log p2q27.2

Similarly using the same method if we define F; as:

Fy(m) == 3 u(n) = 1

n=1
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We get:

m m m m
Fa(m) = 2 21og?(m) a Z 2p? 2 2 ]og? <m)
p<\/E p= 108

p> 2p7?q2_ . )

2021002 [
p<a< /% 2p*q*log <p2q2

573

)

- 3 s - n +oe | (14 o(1))

2p2q2r? 2 ( )
p<g<r<y/Z 2p%¢*r? log? ( s

So, if we want to prove that ;(m) = +1 with equal probability then we need to prove

that:

F
lim — (m)

=1.
m—00 F2(m)

Now we can simplify this to:

(0 5~ ST SpocyT 8 ~ pererey g )~ AGW) (14 0]
"% (14 iy — Soe B 3+ SococF 77 ~ Sococray/F s+ ) +Am) (1+o(1)
Where ©

A(n) = v R 1 ~

2 2 (n 2.2 2(_n_ Z 22,2 2
p<y/3 P 108 (,,2) p<q<y/T P07 108 (pzqz) p<g<r<y/T P 10g (pzqzrz

1

A(n) < p<\/§p—2 log? (ﬁ)

From 2.5, we can see that

d
dn(y) = 1+ AOWe )

Then:
Z (;2:/2 Q(d&:El(gj)JrEZ(@
\/E p

where

(7)
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V3 ¢—eViogy
zmm:é )

(ylog(}z))?

Lemma 4.2. £;(n) = O(——)

log®(n)

Proof. First, we split the integral into two parts:

1/3

/\/E dy _/" dy +/\/§ dy
2 (ylog(z))*logy  Jo  (ylog((3))?logy  Juus (ylog((z))*logy

For the first integral, we can use the fact that y? < g to show:

1/3 1/3

" dy 9 /" dy 1
< =0
/2 (ylog(yz))?logy ~ (logn)? J,  y?logy og?)

For the second integral, we can use y? > % to show:

Vi dy 1 V3 dy B
/n1/3 (leg(%))zlogy (log2)/ y2 =0(n"3)

By combining the results of both integrals:

3 dy 1 _1 1
=0 O(n=3)=0
/2 (ylog(73))? logy <log2n) +O) (log2n>

Lemma 4.3. E5(n) = O(@)

Proof. Using integration by parts, we set u and dv = d(O(ye cv'oe¥)),

- <—ylog<%>

Y
Through a simple computation, we can show that

d 1 1
@(w%%w):O@wMﬁJ

When y? < 2. And so,
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The boundary term

v
O(ye*V'8v) - ]

(ylog(z))?

requires us to consider the values at the endpoints y = 2 and y = \/g . Wheny = /3,

2

O(yeV8v) .

Similarly, at y = 2,

O(yefc\/logy) . ; =0 ( ! 2)

Therefore,

For the integral:

2 1
O(ye=Ve¥) . O | —— | d
/2 W ) <y310g(y%)2> !

we can split the integral into 2 parts such like 4.2 and using the majorization
e~evlosy << 1 we show that :

/ Olye™*17)-0 <y3 lo;%)?) =0 (12)

And therefore, we can conclude that:

o 07+ (o) =© ()

Corollary 4.4. Ep<\/z m =0 <10g12n>

2 P

Proof. Using (7), and lemmas 4.2 and 4.3, we can conclude that:
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Now, we come back to (6) and 4.4 to conclude that:

1 1
- <<1+ Tog2(n) Zp<\/1§7p*2 +2p<q<\/%7 pere —Zp<q<r<\/>p2 52 T ) A(n)) (1+0(1))
n— 00 1 1
" (4 T = Epey T+ Doy T 7~ SpeasrayT s +007) +A4M) (L o(1)

=1

)

and therefore p(n) = 41 with equal probability, which concludes that the Riemann
hypothesis is true with probability of 1. [
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