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Abstract

In this paper, we establish new common fixed point theorems for mappings
satisfying an integral-type contraction condition in cone metric spaces. Detailed
examples are provided and applications to nonlinear differential equations with
periodic boundary conditions are presented. The results guarantee existence and
uniqueness of solutions, thereby extending the fixed point theory framework.
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1. INTRODUCTION

The development of fixed point theory in various generalized metric frameworks has
significantly evolved over the past few decades, driven by both theoretical interest
and practical applications. One such generalization is the concept of K-metric and
K-normed spaces, initially surveyed by Zabrejko [17] in 1997. This foundational work
laid the groundwork for future explorations of metric-like structures and their potential
for accommodating fixed point results.

Building upon this foundation, Pant [13] in 1998, introduced new common fixed point
theorems for contractive mappings, which expanded the range of applicability of the
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Banach contraction principle. These early explorations catalyzed a wave of research
seeking to refine the contractive conditions under which fixed points can be guaranteed.

In 2002, Aamri and El Moutawakil [1] contributed to this effort by presenting novel
fixed point theorems under strict contractive conditions, while Branciari [7] proposed
an alternative contractive framework involving integral-type conditions. These works
not only introduced new contractive forms but also suggested the potential for broader
classes of functions to satisfy fixed point conditions.

A major conceptual shift occurred in 2007, when Long-Guang and Zian [11] introduced
the framework of cone metric spaces, replacing real-valued distances with those valued
in a Banach space ordered by a cone. This new structure allowed for richer geometrical
and topological interpretations, particularly suited for applications in nonlinear analysis.

This new direction inspired a surge of interest. In 2008, I1i¢ and Rakocevi¢ [10] studied
common fixed points within this cone metric setting, followed by Abbas and Jungck
[2], who relaxed continuity assumptions to prove fixed point results for noncommuting
mappings. Rezapour and Hamlbarani [14] also provided critical commentary on
foundational aspects of cone metric spaces, refining the theoretical underpinnings of
this emerging field.

Subsequent years witnessed a deepening of this line of inquiry. Arshad etal. [3] in 2009,
and later Azam and Arshad [4], extended common fixed point results for generalized
contractive maps within cone metric spaces, thereby enriching the existing theory with
broader applicability. By 2010, Haghi and Rezapour [9] expanded these findings to
multifunctions in regular cone metric spaces, further enhancing the scope of fixed point
theorems.

In 2011, Cho and Bae [8] introduced the use of property E.A in the context of cone
metric spaces, offering additional avenues for the existence of common fixed points
under more general conditions. This trend of generalization continued into 2019, with
Song et al. [16] developing novel fixed point theorems for mappings in cone metric
spaces, while Meng [12] contributed to the theoretical base by exploring generalized
algebraic cone metric spaces.

Recently, in 2020, Bakr [5] introduced the notion of Theta cone metric spaces, a
refinement of the traditional cone metric structure, and provided several fixed point
theorems within this framework. In 2023, Sanjay et al. [15] addressed integral type
contractions in cone metric spaces, further advancing both the depth and breadth of the
theory and exploring applications to differential and integral equations.
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2. PRELIMINARIES

Definition 2.1. [11] For a non-empty set X and real Banach space F andd : X x X —
E be a mapping fulfills all the conditions of metric space. Thus d is called a cone metric
space as define by Long-Guang and Xian [11].

Definition 2.2. [11] For a non-empty set X and the mapping d : X x X — E, a
sequence x,, is called

(1) convergent sequence for ¢ >> 0 there exist an positive integer ng so as to
d(z,,x) << cforall n > ng and for certain z in X and any cin E.

(17) A Cauchy sequence if for any ¢ >> 0, there is ng be a natural number, so as to
d(xy, Ty) << cfor all n, m > ng, for some z in X and every cin E.

For the completeness of cone metric space (X, d) every Cauchy sequence should be
convergent in X.

Definition 2.3. [11] In a cone metric space (X, d) the point z € X is called the point
of coincidence for the mappings f,g: X — X if w = fz = gz.

Definition 2.4. [11] Suppose f and g be two self-mappings on cone metric space X,
then for weak compatibility of f, g the required condition is fgz = g¢fz when fz is
equal to gz for certain 2z in X.

Definition 2.5. [11] In a cone metric space (X,d), the pair (S,7) fulfills
property E.A if there exists z, in X and a point ¢ in X so as to
limy—ood(STp,t) = limy,_ood(Tx,,t) = 0.

Lemma 2.6. [11] Suppose that ¢ in ® and r,, (where n is natural number) with r,, = a
(as lim ). Then lim,,_,, forn o(t)dt = [ o(t)dt.
n—oo

Remark 2.7. [11] Let P, ), R and S be four self-mappings in X, such that P(X) is the
sub set of S(X) and (X)) is the subset of R(X), and (@, S) satisfies “property E.A”
and S(X) or B(X) is complete subspace of X. Then (A, B, S, T') is BC’s 4-tuple.

The current paper aims to build upon this rich history by exploring new classes
of contractive conditions within cone metric spaces, with a particular emphasis on
generalization and application. The approach integrates several previous methodologies
while introducing novel structures to unify and extend existing results.

3. MAIN RESULT

Now, we establish a fixed point result for a class of generalized contractive conditions
involving a new control function Ay (x,y). This result further extends the applicability
of BC’s 4-tuple framework in cone metric spaces.
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Let ¢ be the set of all functions ¢ : [0, 00) — [0, 00) such that:

1. ) is continuous and non-decreasing;
2. (t) < tforallt > 0

3. (0) = 0.

Theorem 3.1. Suppose that K, M, N, L is a BC’s 4-tuple sustaining

d(Kz,Ly) Az (z,y)
/ o()dt < v ( / ¢<t>dt) 3.1)
0 0

where (¢,1) € ¢ X ¢ and
As(z,y) = and(Nx, My) + asd(Nz, Ly) + asd(My, Ly) + aud(z, y) (3.2)

for each x, y € X, where ay, as,a3, ag > 0and oy + s +az + ay < 1
Then (K, N) and (L, M) have point of coincidence in X. As well as if they have weak
compatibility, then K, M, N, L have a unique common fixed point in X.

Proof. Since (L, M) fulfills property E.A, there exists {x,} in X and ¢t € X, such that

Lx, = Mx, =tas lim .
n—oo

Since L(X) C N(X), there exists a sequence {y,} in X, such that Lz,, = Ny,. Hence
iMoo = t.

By the completeness of N (X ) in X, there exists w in X, such that t = Nu.

Thus d(Ny,, Nu) = d(Lx,, Nu) = d(Mz,, Nu) = 0 (as n — o0). Putting x = u
and y = x,, in contraction conditions of main results, we have

d(Ku,Lzy) Az (u,zn)
/ o) < ¢ ( / gzﬁ(t)dt) (33)
0 0

where (¢,1) € ¢ x ¢ and
As(u, z,) = ard(Nu, Mz,) + casd(Nu, Lx,) + asd(Mz,, Lz,) + caud(u, x,) (3.4)

taking n — oo as upper limit in both the equations, we have

d(Ku,Lzn) Az (u,zn)
lim o(t)dt < | lim / ¢(t)dt
n—oo Jq n—00 0
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or

d(Ku,Nu) Az (u,zn)
/ p(t)dt < @ <lim (/ gb(t)dt>)
0 n—00 0

implies [;"“N) ¢(t)dt < 0. Hence
Ku = Nu.

Since K (X) C M(X), then there exists v in X, such that
Ku = Mv.

Interchanging x with « and y with v in equation (3.1), we get
d(Ku,Lv) Az(u,)
/ o(t)dt < / o(t)dt
0 0

As(u,v) = and(Nu, Mv) + asd(Nu, Lv) + agd(Mv, Lv) + asd(u, v)
= a1d(Mv, Mv) + asd(Mv, Lv) + azd(Mv, Lv) + asd(u, v)
=0+ (oo + az)d(Mv, Lv) + ayd(u, v).
Since Ku = Mwv, from (3.6), (3.7), and (3.8), we have

d(Ku,Lv As(u,v
B oy < ([ o)),
Which is possible only when d(Mw, Lv) = 0. Thus Mv = Lv, hence

where

Ku = Mv = Nu = Lw.
Since (K, N) is weakly compatible, K Nu = N Ku. Then, we have
KKu=KNu= NKu= NNu,

and
MMv=MLv=LMuv=LLv,

putz = Kuand y = v in (3.1) and (3.3), we have

d(K Ku,Lv) Az (Ku,w)
/ o)t < v < / ¢<t>dt>
0 0

255

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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where

Ao(Ku,v) = and(NKu, Mv) + asd(N Ku, Lv) + asd(Mv, Lv) + ayd(Ku,v),
= (o1 + a)d(K Ku, Ku) + 0 + asd(Ku,v),
= (a1 + an)d(K Ku, Ku) + 0 + ayd(Ku,v).
(3.13)

from (3.12) and (3.13), we get
fod(KKu,Lv) S(t)dt < (fo(oq+a2)d(KKu,Ku)+O¢4d(Ku,v) gb(t)dt).
Thus, from (3.9),
fod(KKu,Ku) S(t)dt < (fo(oq—i-az)d(KKu7Ku)+Oz4d(Ku,v) qb(t)dt)
implies d(K Ku, Ku) = 0.
Which yields K Ku = Ku and Ku = KKu = NKu. Similarly, we have Lv is the
common fixed point of L and M. Hence LLv = M Lv = Lwv, since Ku = Lv implies
KKu=NKu=MKu= LKu.
Thus, Ku is common fixed point for all the four mappings.

Uniqueness: Suppose that another common fixed point of all four mappings is w, put
x is equal to z and y is equal to w in (3.1) and (3.2), we have

d(K z,Lw) Az (z,w)
/ st < o < / gzﬁ(t)dt) (3.14)
0 0

Ag(z,w) = a1d(Nz, Mw) + aod(N z, Lw) + azd(Mw, Lw) + aud(z, w),
= ad(z,w) + aed(z,w) + 0 + ayd(z, w), (3.15)
= (a1 + a2 + ay)d(z, w).
from (3.14) and (3.15),

where

0
implies d(z,w) = 0. Hence z = w. O

fd(Kz,Lw) (b(t)dt < (fo(a1+a2+a4)d(z,w) ¢(t)dt>

The following example illustrates the applicability of our result by verifying the
required conditions for specific mappings. This demonstrates the effectiveness of the
established theorem in concrete settings.

Example 3.2. Let X = [0, c0) and define a cone metricd : X x X — R, by

d(z,y) = |z —y|, forallz,ye X.
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Let £ = R and define the cone P = [0, 00). Then (X, d) is a cone metric space over E
with the cone P, which is closed, convex and normal with nonempty interior.

Define the self-mappings K, M, N, L : X — X as follows:

K(x) =5 M(@) =3, N() =2,

- L(x) zg, forall z € X,

Let ¢ : [0,00) — [0,00) be defined by ¢(t) = 1, and ¢ : [0,00) — [0,00) by
¥(t) = it. Clearly, ¢ is Lebesgue integrable on every compact subset of [0, 00) and v
is continuous, non-decreasing and satisfies ¢)(¢) < ¢ for all £ > 0.

Choose oy = ap = a3 = oy = g, s0that oy + as + a3 + oy = 3 < L.
Now,
4r — 5
<o, = [~ ) = [E22). ava iy = [£ - Y] = 2=
20
3x — by y oy y
d(Nz, Ly) —‘——_ d(My, L :‘___‘:_'
(Na. Ly) 15\<yy>4312
Then,
A2(x7 y) = ald(N$, My) + Ckgd(N$, Ly) + 043d<]\4y7 Ly) + @4d($, y)
1|4z — 5y 1|3z — 5y 1 y+ | y
6] 20 6| 15 6 12
4xr — By 3xr — dy Y
~ | 120 ' 90 ’+72+ =yl
Also o
x,Ly 9
/ o(t)dt = | y‘,
0 6
and

As(zy) 1
dt | == A .
w(/ (1) t) - Bo(z,9)
d(Kz,Ly) Az(z,y)
[ s ([7 )
0 0

T — 2y <1 dxr — by
6 -2 120

Thus, the inequality

becomes

3T — dY y 1
90 ‘+72+6‘x y‘)’
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which is satisfied for all x,y € X.

Since the mappings K, M, N, L are continuous and weakly compatible, all conditions
of Theorem 3.1 are satisfied. The unique common fixed point of K, M, N, L is 0.

Now, we prove a fixed point theorem involving integral type contractive conditions in
cone metric spaces. This result ensures the existence and uniqueness of a common fixed
point for a pair of weakly compatible self-mappings under suitable assumptions.

Theorem 3.3. Let (X,d) be a cone metric space over a Banach space E. Let
T, S: X — X are two self-mapping satisfying following conditions

1. There exists a functions ¢ : [0,00) — [0, 00), such that for all x, y € X,

JITESD gyt < a [LOV g(t)dt,

where L(z, y) = maz{d(z,y), d(Tz,z), d(Sy, ), d(Tx, Sy)}, a € [0,1),
2. S(X) is complete subspace of X and T(X) C S(X),

3. T and S are weakly compatible.

Then T and S have a unique common fixed point in X.

Proof. Let us choose an arbitrary point xy € X and define a sequence {z,} in X by
setting

ry=Txy, x9=>_5811, x3=T1, 4= S13,

so that we generate the sequence recursively as,

Topt1 = TIQn, Topt2 = S$2n+1 for all n € N.

We will prove that {z,, } is a Cauchy sequence in S(X).
Forall z,y € X, we have,

d(Tz,Sy) L(z,y)
/ﬁ ¢@ﬁ§a/ o(t)dt,
0 0

where

L(z,y) = max{d(z,y),d(Tx,x),d(Sy,y),d(Tx,Sy)}, «€]l0,1).

Applying this to the sequence elements, for each n € N, let us denote © = x9,,
Y = To,+1. Then:

d(z2n41,22n42) d(Tx2n,ST2n41) L(z2n,22n41)
/ b(t)dt — / s(t)dt < a / b(t)dt.
0 0 0
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Similarly, since ¢ is non-negative and non-decreasing, and o < 1, we get a sequence of
integrals, implying that

d(Tn+1,%n) L(zo,z1)
/ d(t)dt < o™ / o(t)dt.
0 0

Hence,
d(x'n,«kl a"En)

lim o(t)dt = 0 implies lim d(xpq1,x,) =0,

n—0o0 0 n—oo

since ¢(t) > 0 forall t > 0.

Now we show that {x,,} is Cauchy. For m > n, we have:
d(xna Im) S d(mna 1:71—4-1) + d(xn+17 xn—l—Q) + o+ d(xm—la xm)

Since d(x,,11,x,) — 0, the series converges and {x,, } is a Cauchy sequence in S(X),
which is complete. So, there exists z € S(X) such that z,, — z.

Now, since T'(X ) C S(X), Tz € S(X). Also, from continuity of the integral inequality
and limits, we get

d(Tz,5%) L(z,2)
/ 6(1)dt <a / o(1)dt
0 0

d(Tz,Sz)
:a/ o(t)dt.
0

This implies,

d(Tz,5z) d(Tz,5z)
(1-— a)/ o(t)dt < 0 implies / o(t)dt =0
0 0
implies d(Tz,Sz) = 0.

Hence, Tz = Sz. Since T and S are weakly compatible, it follows that 7'(Sz) =
S(T'z). Therefore, z is a common fixed point of both 7" and S.

Finally, the uniqueness follows from the contraction inequality. Suppose there exist two
common fixed points z1, 2o € X such that T'zy = Sz; = z; and Tz5 = Sz = 25. Then

d(z1,22) d(Tz1,5z22)
[ ewa= [ ewar
0 0
L(z1,22)
<« / o(t)dt
0

d(z1,22)
< a/ o(t)dt.
0
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Which yields,
d(z1,22) d(z1,22)
(1—a) / ¢(t)dt < 0implies / o(t)dt = 0implies d(z1, z2) = 0implies z; = 2.
0 0

Hence, 7" and S have a unique common fixed point in X. 0

The next example illustrate that all the conditions of the Theorem 3.3 are satisfied.
Example 3.4. Let X = [0, co) and define a cone metric d : X x X — R, by
d(xz,y) =|r —y|, forallz,ye X.

Let £ = R and define the cone P = [0,00), which is a closed, normal cone with
nonempty interior. Then (X, d) is a cone metric space over the Banach space F.

Define two self-mappings 7',.5 : X — X as follows:

S(x) ==, forallz € X.

Let the function ¢ : [0,00) — [0,00) be defined by ¢(t) = 1, which is Lebesgue
integrable on any compact subset of [0, oo). Choose a constant o = € [0, 1).

We define:

L(z,y) = max{d(z,y),d(Tz,x),d(Sy,y), d(Txz,Sy)}, forall z,y € X.

Take arbitrary x,y € X. Then

Ty T —2y T 3x Y Y
dT, :‘———: 7dT, :’—— ‘:— dd ; :’—— ’:—7
rasn =[5 - 4] = 22| awoe) <[~ o = X anaasn) = |4 -] -3
Hence,

3v y |r—2y
L(x,y):max{\x—y\,z,§, 1 ‘}
Now,
d(Tz,Sy) $_2y
/ o(t)dt = 1 '
0
and
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Thus, the inequality becomes:

T — 2y <1 | |33cy
—-max\< |z —y|,—, =
—2 y74727

xr — 2y
1 .

This inequality is always satisfied. Also S(X) = {£:z € [0,00)} = [0, 00), which is
a complete subspace of X and T(X) = {£ :z € [0,00)} C [0,00) = S(X). T and S
are continuous and commute at their coincidence point, so they are weakly compatible.

Here, the unique common fixed point of 7" and S is 0. So, all conditions of the Theorem
3.3 are satisfied, thus 7" and S have 0 as unique common fixed point in X.

4.2 APPLICATION

Consider the nonlinear differential equation with periodic boundary condition:

V(1) + q(t)o(t) = h(t,v(t), ¢ € [0,t], 4.2)

v(0) = v(ty), ©'(0) (to),
where tg > 0, h:[0,t)] x R - Rand ¢ : [0,t9] — R are continuous functions.

Theorem 4.2. Suppose that / is continuous and there exist constants A > 0 and ¢ > 0
such that

Ih(t,y) + Ay — hlt,z) = da| < ply —al, Yo,y € R, te 0,1,
and p < %

Then the problem (4.2) has a unique solution in C*[0, to).

Proof. We convert the boundary value problem into an equivalent integral equation
using Green’s function G/(t, s) associated with the periodic boundary conditions:

ot) = / " Gt 5)lh(s,0(s)) + o(s)] ds.
0
Let us define mappings K, L : X — X where X = C'[0, ], as
(Kv)(t) = /Oto G(t, s)[h(s,v(s)) + Av(s)|ds, (Lv)(t) = (Kv)(t).
Let N = M = I, the identity map. Define a cone metric d : X x X — E by

d(u,v) = ( sup |u(t) — v(t)|> f, where f(t) =€, E = CI0,t).

t€[0,to)
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Then (X, d) is a cone metric space over the Banach space F with cone P = {f € E :

f(t) = 0}.
)s

Now compute:
< Sup} /0 0 |G(t, s)| - |h(s,u(s)) + Au(s) — h(s,v(s)) — Av(s)|ds - f

te[0,to

/0 0 G(t, s)[h(s,u(s)) + Au(s) — h(s,v(s)) — Av(s)]ds

te(0,to)

d(Ku, Lv) = ( sup

to
<u / G (t, )[ds - d(u, v).
0

Since G(t, s) is continuous and bounded on [0, ¢y]?, say foto |G(t, s)|ds < H for some
H >0, we get
d(Ku, Lv) < pHd(Nu, Mv).

Define A(u,v) = puH - d(Nu, Mv). Then the integral condition:

d(Kwu,Lv) Az (u,v)
/ o(t) dt < o ( / o(t) dt)
0 0

is satisfied for suitable functions ¢ € ® and ¢ € W, for example ¢(t) = t* (p > 0) and
Y(t) = at with a € (0, 1).

Since all the conditions of the main theorem are fulfilled and (K, L, N, M) is a BC’s
4-tuple with weak compatibility, there exists a unique common fixed point v € X such
that:

Kv=Lv=Nv=Mv=nw.

Thus, v is the unique solution to the periodic boundary value problem (4.2). ]

5. CONCLUSION

In this paper, we established new common fixed point theorems under integral-type
contraction in cone metric spaces, extending prior results by relaxing illustrative
examples and applications to nonlinear differential equation with periodic boundary
condition confirm the effectiveness and broad applicability of our theoretical findings.
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