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Abstract

In this paper, we introduce a new class of equilibrium problems, which is
called the general mixed quasi equilibrium variational inequalities. Using auxiliary
principle technique to suggest and analyze an iterative scheme for solving general
mixed quasi equilibrium variational inequalities. The convergence of the proposed
method requires partially relaxed jointly strongly monotone and skew symmetry.
Our results represent an improvement and refinement of previously known results.
Since the general mixed quasi equilibrium variational inequalities as special cases,
results proved in this paper continue to hold for these problems.
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1. INTRODUCTION

It is well known that the variational inequality theory, first proposed and
examined by (Stampacchia [1]), offers us a cohesive, novel and all-encompassing
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framework for examining a broad range of issues that come up in the fields of
applied sciences, network analysis, finance, economics, elasticity and optimization
and transportation. Using the new and innovative methods, variational inequalities
have been expanded and generalized in a number of ways. Noor and Oettli [2]
studied and investigated a family of trifunction-related variational inequalities. They
used the Fan—Glicksberg—Hoffman Lemma to discuss the existence and uniqueness
of the trifunction variational inequalities. Regarding the use of trifunction variational
inequalities and various methods for resolving them (Noor, [3]; Noor and Noor, [4];
Noor and Oettli, [2] and the references therein).

We may explore a broad class of issues that arise in finance, economics, network
analysis, transportation, elasticity, and optimization using the unified, natural,
creative, and general framework that equilibrium problems theory offers. Theoretical
developments and applications of this theory have proliferated in all fields of the pure
and applied sciences, as seen in [5, 6, 7, 8, 9, 10, 11, 12]. Using fresh and creative
approaches, equilibrium issues have been expanded and generalized in several ways.
encouraged and inspired by the ongoing studies and endeavors in this intriguing field.

We present and examine a novel class of trifunction variational inequalities known as
the new general mixed quasi equilibrium trifunction variational inequality containing
the nonlinear variable ¢, .). This research and activity in this intriguing field serve as
our inspiration and motivation. As special instances, this class comprises many classes
of trifunctions, bifunctions, and classical variational inequalities. It is a very general
and unifying class.

A number of numerical methods, such as projection, resolvent, and auxiliary principles,
have been created and examined recently with the purpose of resolving variational
inequalities. It is important to note that the trifunction hemivariational inequalities
cannot be solved using projection-type approaches or their invariant forms. Glowinski
et al. [13] developed the auxiliary principle approach, which is typically used to
get around this limitation. Numerous approaches to resolving trifunction variational
inequalities and associated optimization issues have been proposed and examined using
this technique. It has been demonstrated that this strategy may provide a significant
number of numerical techniques as special instances (Noor [14, 15, 16, 17, 18, 19, 20,
4,21, 22, 3, 23]; Noor and Noor [24, 25]; Noor et al [26, 27]).

In this paper, we again use the auxiliary principle technique to propose and examine
an iterative scheme aimed at solving these general mixed quasi equilibrium variational
inequalities. The convergence of the method we propose necessitates partially relaxed
jointly strongly monotone and skew symmetry conditions. Our findings signify an
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enhancement and refinement of results that were previously established. Given that
the general mixed quasi equilibrium variational inequalities serve as special cases, the
results demonstrated in this paper remain applicable to these specific problems.

2. PRELIMINARIES

Let H be a real Hilbert space whose inner product and norm are denoted by (., .) and
||.]| respectively. Let C'(H) be a family of all nonempty compact subsets of H. Let
T : H — C(H) be a multivalued operator. Let K be a nonempty closed convex set
in H. Let ¢(.,.) : Hx H — R|J{+o0} be a continuous bifunction. For a given
trifunction F'(.,.,.) : K x K x K — C(H), we consider the problem of finding
u € K,v € T(u) such that

F(g(u), Tu, g(v)) + ¢(g9(v), g(v)) — d(g(u),g(v)) >0, Vg(u) e K (1)

which is called the New general mixed quasi-equilibrium trifunction variational
inequalities.

If F(g(u), Tu,g(v)) = (Tu,g(v) — g(u)), then problem (1) is equivalent to finding
g(u) € K such that

(Tu, g(v) = g(u)) + d(g(v), 9(v)) = d(g(u), 9(v)) 20, Vgu) e K (2)

which is known as the general mixed quasi equilibrium variational inequality
If g =1in (2), then

(Tu,v —u) + ¢(v,v) — p(u,v) >0, VYueK (3)

which is known as the general mixed quasi-variational inequality; see [9, 10, 11, 12, 28,
33, 34, 35, 36, 37] for applications and numerical results. We remark that if K(v) is a
closed convex-valued set in H and

S(o.) = { 0 ifve K(v)

+o00 otherwise,.

is the indicator function of K(v), then the problem (2) is equivalent to finding v € K (v)
such that
F(g(u), Tu,g(v)) >0 4)

is known as the quasi-equilibrium problem and If K(u) = K, which is a convex
set in H, we derive the original generalized equilibrium problem that was introduced



410 Netra Kumar Gupta et. al.

and examined by Noor and Oettli in 1994 [2]. In summary, with an appropriate
selection of the operator and the spaces, one can derive various known and novel
classes of variational inequalities and equilibrium problems as specific instances of
problem (1). This indicates that problem (1) is quite general, adaptable, and serves
as a unifying framework. Moreover, it is widely recognized that a broad range of
obstacle, unilateral, contact, free, moving, and equilibrium problems that emerge in
mathematics, engineering, economics, and finance can be analyzed within the unified
and general context of problems (1)-(4) and their specific cases, as referenced in
[5,6,7,8,9,10, 11, 12, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38].

We also need the following concepts and results.

Lemma 1. Vu,v € H
2(u, v) = |Ju+o|* — [|ul[* = [jo[|*. (5)

Definition 1. . The trifunction F(.,.,.) : K x K x K — R with respect to the operator
T is said to be partially relaxed jointly strongly monotone, if there exists a constant
a > 0 such that

F(g(u),Tu, g(v)) + F(g(v),Tv,9(2)) < pllg(u) — g(2)|>  Vg(u),g(v),9(z) € K

Definition 2. . The trifunction F(.,.,.) : K x K x K — R with respect to the operator
T is said to be jointly monotone, if

F(g(u), Tu,g(v)) + F(g(v), Tv,g(u)) <0 Vg(u),g(v),g(z) € K

Definition 3. . The trifunction F'(.,.,.) : K x K x K — R with respect to the operator
T is said to be jointly pseudomonotone, if

F(g(u), Tu, g(v)) + ¢(g(v), g(v)) — d(g(u), g(v)) > 0=
— F(g(v), Tv,g(v)) + ¢(g(v), g(v)) — ¢(g(u), g(v)) >0
Vg(u),g(v),9(z) € K

Definition 4. The bifunction ¢(., .) is said to be skew-symmetric, if,
¢(9(u), g(u)) = d(g(w), 9(v)) = d(9(v), g(w)) + d(g(v), g(v)) = 0,  Vg(u),g(v) € H
3. MAIN RESULT

We now use the auxiliary principle technique to suggest and analyze an iterative scheme
for solving problem (1).
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For a given u € K, consider the problem of finding a unique w € H satisfying the
auxiliary equilibrium problem such that

pF(g(u), Tu, g(v)) + (g(w) — g(u), g(v) — g(w)) + pp(g(v), g(v))

) (6)
= pp(g(u),g(v)) >0 g(v) € K

where p > 0 is a constant.

We note that if w = u, then clearly w is a solution of the general mixed equilibrium
problem (1). This observation enables us to suggest the following iterative method for
solving (1).

Algorithm 1. For a given uqg € H, compute the approximate solution u,; by the
iterative scheme

pF(g(wy), Twn, g(v)+(g(tnt1) — g(wn), g(v) = g(un+1)) — pP(g(w), g(Un+1))
+pd(g(Unt1), 9(tUny1)) >0 gv) e H

(7

BF(g(yn), Tyn, 9(v)+H{g(wn) = 9(yn), 9(v) — g(wy)) — Be(g(u), g(wy)) ®
+B86(g(wn), g(wn)) >0 gv) e H

YE(g(un), Tun, g(0))+(9(yn) — g(un), 9(v) — g(yn)) — v0(9(w), 9(yn)) ©
+Y6(9(Yn); 9(Yn)) = 0 gv) € H

where p > 0, 5 > 0 and v > 0 are constants.

If F(u,Tu,v) = F(u,v), then Algorithm 1 reduces to the following one.

Algorithm 2. For a given vy € H, compute the approximate solution u,,.; by the
iterative schemes

pF (g(wn), g(v)+(g(tns1) — g(wn), 9(v) — g(uny1)) — po(g(u), g(Uni1)) (10)
+P¢(9(un+1)ag(nn+l)) >0 g(v) €H

BE(g(yn), 9(v)+{g(wn) — 9(yn), 9(v) — g(wy)) — Be(g(u), g(wn)) (an
+Bé(g(wn), g(w,)) >0 gv) e H

YE(9(un), 9(0)+(9(Yn) — g(un), 9(v) — g(yn)) — v0(9(w), 9(yn)) (12)
+70(9(Yn), 9(yn)) = 0 gv) e H

where p > 0, 5 > 0 and v > 0 are constants.

If F(u,v) = (Tu,v — u) , then Algorithm 2 reduces to the following one.
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Algorithm 3. For a given vy € H, compute the approximate solution wu,; by the
iterative schemes

(PTg(wn) + g(unt1) — g(wn), g(v) — g(tny1)) — pd(g(u), g(uny1))
+pd(9(Unt1), 9(1ny1)) >0 g(v) e H

+B¢(g(wn), g(wn)) >0 gv) e H
(VT g(un) + g(yn) — 9(un), g(v) — g(yn)) — ¥6(9(w), 9(yn))
+Y(9(Yn), 9(Yn)) > 0 gv) € H

(BTg(yn) + g(wn) = 9(yn), 9(v) — g(wn)) — Bé(g(w), g(wy))

If the function ¢ (v, u) = ¢(v),Vu € H, is the indicator function of a closed convex set
K in H, then Algorithm 1 reduces to the following method for solving equilibrium (4).

Algorithm 4. For a given vy € H, compute the approximate solution u,; by the
iterative schemes

pF(g(wn), Twy, g(v)) + (g(uns1) — g(wn), g(v) — g(tns1)) 20 g(v) € H

BE(g(Yn), Tyn, 9(v)) + (g(wn) = 9(yn), g(v) — g(wy)) >0 gv) e H

YF(g(un), Tun, 9(v)) + (9(yn) — 9(un), g(v) — g(yn)) =0 gv) e H

For a suitable choice of the operators and the space H, one can obtain various new and
known methods for solving variational inequalities and complementarity problems.
For the convergence analysis of Algorithm 1, we need the following result.

Theorem 2. Let v € K be a solution of (1) and v, be the approximate solution
obtained from Algorithm 1. If F'(.,.,.) : K x K x K — R and T is partially relaxed
strongly monotone with constant o > 0, and the bifunction ¢(., .) is skew-symmetric,
then:

[1ons1 = " < (14 2p0)[[wn — v]]* = [[vn+1 — wal|* (13)
[lwn = vl* < (14 280)|lyn — vII* = [[wn — ynll? (14)
[1yn = vII* < (1 +290)[[vn — 0lI* = [yn — val® (15)

Proof. Let v € K be a solution of (1). Then

pF(g(u), Tu, g(v)) + pp(g(v), g(v)) — pp(g(a), g(v)
>0 veEK

(16)
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BE(g(u), Tu, g(v)) + Bé(g(v), g(v)) — Bo(g(u), g(v))

(17)
>0 ve K

vF(g(a), Tu, g(v)) +v6(g(v), g(v)) — vo(g(a), g(v)) (18)
>0 ve K

where p > 0, 5 > 0, > 0 are constants.
Now taking ©4 = v,, 11 in (16) and v = v in (7), then we have

PF(g(vni1), T0, g(v)) + pd(g(v), g(v)) — pd(g(vns1),9(v)) 20 ve K (19)

pF(g(wn), Twy, g(v))+{g(Vnt1) — g(wn), g(v) = g(vni1)) + pd(g(Vni1), 9(Vnt1))

—p¢(9(v), g(Un41)) 2 0
(20)

Adding (18) and (19), we have

(9(vnt1) — g(wn), g(v) = g(vni1)) = —p{F(g(wn), Twy, g(v)) + F(g(vnt1), T, g(v))}
—p{9(9(v),9(v)) = d(9(v), 9(vnt1)) — A(g(Vns1), (V) + A(g(Vns1), 9(Vni1))}

> —ap|||lg(w,) — g()]||?
(21)

taking g = [ in above we have
(Unt1 — Wn, v = Uny1) 2> —apl||w, — U|||2 (22)

where we have used the fact that F(.,.,.) is partially relaxed jointly strongly monotone
with constant o > 0 and the skew symmetry of the bifunction ¢(., .).

putting u = v — V11 and v = v, 1 — Wy, in (5) we get
2(Vns1 — W0 = Vns1) = J0 = wall = o = vesa |2 = Mo — wall > 23)

combining (22) and (23), we have
[vns1 = ol < (14 2ap)|llwn = v]|[* = [[nr1 — wall %,
which is the required (13).
Taking & = w,, in (17) and u = v in (8)
BE(g(wa), Tu, g(v)) + Bp(g(v), g(v)) — Bd(g(wn), g(v)) = 0 (24)

BE(g(Yn), Tyn, 9(v))+(g(wn) — 9(yn), 9(v) — g(wn)) — Bo(g(v), g(wy))

25
+B8¢(g9(wy), g(wy)) >0 (25)
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Adding (25) and (24), we have

(g(wn)=g(yn), 9(v) = g(wn)) = BLF(9(Yn), Tyn, 9(v)) + F(g(wn), T4, g(v))}
—B8{o(9(v), 9(v)) = ¢(9(v), g(wn)) — d(g(wn), 9(v)) + ¢(g(wn), g(wn))}

> —palllg(ya) — gW)II”
(26)

taking g = I in above we have
(Wn = Yo, v — wn) > —PBarl|ly, — v|]” (27)

Since F'(., ., .) is partially relaxed strongly monotone operator with constant o > 0 and
o(.,.) is skew - symmetric.

Now taking v = w,, — y, and © = v — w,, in (5), can be written as

2(wn = Yo, v = wa) = v = yulll* = v = wall|* = [[lwn — yall*. (28)

combining (27) and (28), we have
lwn — ol < (1+280) |||y — o[l = [l[wn — yall*,

which is the required (14).

Similarly by taking @ = v,41 in (18) and © = v in (9) and using the jointly partially
relaxed strongly monotonicity of F'(.,.) and T; and skew symmetry of bifunction ¢(., .),
we have

YE(9(vnt1), Ta, g(v)) +v9(g(v), g(v)) — ¥é(g(vn41), g(v)) > 0 (29)

YF(g(vn), Ttin, g(v))4+(9(yn) — g(vn), g(v ) 9(WYn)) —190(9(v), 9(yn))
+v0(9(Yn), 9(yn)) =
Adding (29) and (30), we have

(30)

(9(Wn)—g(vn), 9(v) = gyn)) > H{F(g(vn), Tun, g(v)) + F(g(vny1), T4, g(v))}
—{(9(v), 9(v)) = d(g(vnt1), 9(v)) — ¢(g(v), 9(yn)) + (9(Yn), 9(yn)) }

> —yalllg(v,) — g(v)||]?
(31)

taking g = I in above, we have

(Yn = vn, 0 = yn) = —70Jon — v]l|* (32)



General Mixed Quasi Equilibrium Variational Inequalities 415

letting v = vy, — v, and u = v — y,, in (5), and combining the resultant with (32), we
have
yn — vl < (1 +27)[lyn = vlII* = [llyn — vall%,

which is required result (15) [l

Theorem 3. Let H be a finite dimensional subspace, and let 0 < p < ia, 0<pB< i,

0 <vy< i Let w,; be the approximate solution obtained from algorithm 1 and

v € H be a solution of (1), then lim,,_,, v,, = v.

Proof. Let v be the solution of (1). Since 0 < p < 5=, 0 < < 5=,0 <7 < 5=, from
(13), (14) and (15), we see that the sequences {v — w,}, {v — y,} and {v — v, } are
nonincreasing and consequently it follows that the sequences {v,}, {y,,} and {w, } are
bounded.

furthermore, we have

S fomer = wall? < (1+ 200w — i = ffog — o]
n=0

o0

D llwn = gl < (14 280)yo — ol — [|wo — v]|”
n=0

>l = wall® < (1+290) o — vl| = llyo — vl
n=0

which imply that
lim |41 —w,|| =0
n—oo
lim ||w, —yn|| =0
n—oo
lim ||y, —v,|| =0
n—oo
Thus
lm ||v,g1 — vl < lim ||vpg1 — wy||+ Hm |Jw, — y,|| + lim ||y, —v,|| =0 (33)
n—00 n—00 n—00 n—00

Let © be the cluster point of {v,,} and the subsequence {v,, } converge to v € H.
Replacing w,, and y, by {u,,} in (7), (8) and (9), taking the limit n; — oo and using
(33), we have

F(g(a),T(w),g(v)) + po(g(v), 9(v)) — pd(g(u), g(v)) 20 g(v) € H
which implies that v solves the general mixed quasi equilibrium problem (1) and

[[0n1 = 0[[* < [Jon — 9]”
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Thus it follows from the above inequality that the sequence {u,, } has exactly one cluster
point © and

lim v, = v.
n—oo

the require result. [

4. CONCLUSION

In this research, we present general mixed quasi equilibrium variational inequalities, a
new class of equilibrium problems. analyzing and proposing an iterative method for
resolving general mixed quasi equilibrium variational inequalities using the auxiliary
principle technique. The partially relaxed jointly strongly monotone and skew
symmetry are necessary for the suggested approach to converge. Our findings constitute
an advancement and enhancement of previously established findings. This paper’s
solutions are still valid for these kinds of problems since the general mixed quasi
equilibrium variational inequalities are special examples.
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