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Abstract

In this paper,we have constructed the suitable space of pseudoquotient for
the Laplace-Carson transform.The extended Laplace-Carson transform has been
defined by extending the definition of the Laplace-Carson transform to the space
of pseudoquotient.Moreover,we have illustrated some properties of the extended

Laplace-Carson transform and developed its operational calculus.
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1. INTRODUCTION

One of the most popular mathematical methods for figuring out the solutions
to cutting-edge issues in science, engineering,technology and space is integral
transformations.It provides the analytical solution of the issue without requiring a
significant amount of computation,is the most crucial aspect of these transformations.In
this paper we consider one of the integral transform namely Laplace-Carson
transform(LC Transform) defined by John Carson[1] which is used as normalizer of
classical transform like Laplace transform.It has wide range of applications in the fields
of physics, engineering and applied mathematics[2-6].This paper deals on extension
of LC transform on pseudoquotients.The pesudoquotient is the space defined by using

basic algebra and elementary theory of calculus.The applications of pesudoquotients is
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visible in the fields like generalized functions,functional analysis,and abstract harmonic
analysis[7, 8].The construction of pesudoquotients was introduced in[8] and it is
defined as the space of equivalence class of pairs (z, f) € A x G, where A is the
nonempty set and GG is a commutative semigroup of injective functions from A to
A[9].In literature we can see that the Laplce transform is extended to the space of
pseudoquotients[10].The authors[11,12] have developed the operational calculus of
the extended Sumudu transform and Sadik transform.In this paper we construct the
suitable space of pseudoquotient for the extension of LC transform and study some
basic properties of pesudoquotients.

The structure of this document is as follows.We define LC transform and its useful
identities in section 2.The creation of the space of pseudoquotient is explained and
several of the pseudoquotient properties are also illustrated in section 3.In section 4,we
define the LC transform and we extend the notion of the LC transform on the space
of pseudoquotient.In section 5,we define the generalized derivative,convolution product
and generalized multiplication by ¢’ and create the operational calculus for the extended

LC transform.

2. LAPLACE CARSON TRANSFORM

The LC transform is a variant of the Laplace transform (LT), and it is named after
John Renshaw Carson (1886-1940),a telecommunication engineer at Bell AT and T
Labs.Particularly in the domains of railway engineering and physics, the LC transform
has been used.For the analysis of dynamical systems formulated by ordinary/partial
differential equations,integral transforms like Fourier, Fourier-Bessel,Mellin,Hilbert
and Laplace are effective tools.Since LC transform is equal to the price of an

American option with random maturity,it can be used to price a variety of American

ﬂaetfi(l)l%{&g-}.sket f(t) be a continuous real-valued function for t € R+ = [0, 00 ),and
assume that | f(t)| < AePi(t > 0) for constants A and B.Then,for s € C(Re(s) >
B),define the Laplace transform of f(t) as

CIFD)(s) = / et (t)de (1)

Definition 2. For f(t) specified above,define its Laplace Carson transform as{16]

LOL(B)(s) = F(s) = s / et ()t @)
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Definition 3. (Bromwich Integral)

ft)=LCHF(s)|(t) = L /a+m e“wds = E‘l[w}(t),t >0 (3

271 S S

—100
where a is a real number such that the contour path of integration is in the region of

convergence of F(s) .

Definition 4. A piecewise continuous function on (—oo,00) which vanish on
(—00,0) and having exponential order w,where w is any real number is called
as Laplace-Carson transformable function.Let A be a set of all Laplace-Carson

transformable functions.

2.1. Some Useful Identities

1. LO[Lf(1)] = s(F(s) — F(04))

2. LOIfM(1)])(s) = s"F(s) — Sop—g 8" FF®(0+) ,n > 1
3. LCIJL F0)H(s) = LF(s)

4. LC[ED)(s) = s [ ng)ds

t s

5. LO[f(t —a)lpsay(t)](s) = e *F(s),a >0

6. LC[e“f(t)](s) = =-F(s—a)

S—a

7. LOf()](s) = F(as) ,a>0

a

8. LOfy fi(y) fo(t = y)dy](s) = LFi(s) Fy(s)

3. SPACE OF PSEUDOQUOTIENT

In this section,we construct the space of pseudoquotient.We require the set of
continuous functions with at most exponential growth,since we intend to extend the
LC transform on the space of pseudoquotient.M.Khosravi [8] thoroughly examined the
creation of pseudoquotient.In order to construct space of pseudoquotient,we require
two sets (X; G).Consider the non-trivial function g(t) = e+ for ¢ > 0 and g(¢) = 0
for t = 0.Since g(t) is continuous and bounded in (0,00).So that g(t) € set of

Laplace-Carson transformable function i.e.g(t) € 2
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Let G(s) be the LC transform of ¢(¢) and Let G; = {¢"/n € N} Note that here,
g" = g(t) * g(t) % g(t) = ... x g(t)(n times) and g(t) = e+

Definition 5. The action of g(t) on 2 is denoted by (g * f)(t) and is defined by equation

(f*ﬁ@%=/g%w—wﬂ@@f 4
0
forall f €U

Lemma 1. An algebraic structure (G, *) is a commutative semigroup.

Proof. Consider ®, ¥,y € Gy,then we have ® = g™ U = ¢ y = ¢" for some

ny,ng, n3 € N. Clearly (7, is closed under convolution product *

Consider @ * (U x y) = g™ * (¢"* % ¢"*)
=g" * (g"™")

— gn1+n2+n3

= (g

= (PxU)xy,foral®, ¥,y € G

n1+n2) * gna

Also, @ x U = g™ x g"2 = gMt"2 = g2t — g"2 4 "1 = U x D forall®, ¥ € G

Hence an algebraic structure (G, *) is a commutative semigroup. ]

Lemma 2. The action of (G1, %) on 2l is injective.

Proof. Let f(t) € 2 and g(t) € G4

Our aim is to prove that if f x g = 0Othen f =0

Consider fxg =10

Applying Laplace-Carson transform on both sides,we get

LO[fxg] =0

LLO[f(1)] * LClg(0)] = 0

But LC[g(t)] = s [;° et e tdt > 0,for s > 0

Hence LC[f(t)] = 0 which implies f(¢) = 0

In general g" * f = g* [¢" ' % f] =0

which implies ¢" ! x f = 0,using inductive argument, we obtain f = (

Hence action of (G, ) is injective on 2. O
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Definition 6. A product set 2l x G is defined by

Q(XGlz{(f,¢>/f€Q[,¢€G1} (5)

Definition 7. Let m,n € N and f1, fo € U then (f1,9™) and (f2, g") are said to be
equivalent if and only if f1 * g" = fo % g™

i.e. (fi,g™) ~ (fo, ") if and only if fi x g" = fo x g™

Hence (U, Gy) isa Y, —pair

Definition 8. The set of all pseudoqotients is the the set B(A, G1) of equivalence
classes [(f,g")] i.e B, G1) = {5% cfed g e G}

Now,we define addition(+),convolution(x) and scalar multiplication (.) for each
element of B(A, Gy) by following way

Sroy fo _ gtxf14g"xfo
]' gm + g - gmxgn

2 Loyl o fieh

g7ﬂ gTL gm *gn

3. a;—ﬁl = Z—Q,where aeC

Theorem 1. The operations addtion (+),convolution (x) and scalar multiplication (.)
defined in B(A, G1) are well defined.

Proof. In order to prove that the operation addition(+) is well defined,we have to show

o f2 I3 O 4 implies S 4 f3 o f2 4 fa
that ; pr and ol implies P + polad + o

m

(g"xfr+gmxfa)x (g% g") = (g"* fr*xg?*xg") + (¢" * f3*xg"*g")
=g"x(f2x9")*xg" + 9" * (faxg") x g*
= fax (g"*g" *g" + fax (g7 * g" * g7)
= (faxg")*(g"xg") + (fax g) * (¢" * g")
(9" * fr+g"* fs) x (9" % g") = (9" = fa+ 9" % fa) (9™ * g")
Hence the operation addition(+) is well defined.

Similarly ,we can easily show that convolution () and scalar multiplication (.) is well
defined in P(A, G;) O

Theorem 2. P(2A, G1) is a commutative linear algebra with respect to operations

addition (+),convolution (x) and scalar multiplication (.) with unity.
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Proof. Let x,y, z € B(A, G ) then
T = f1 y =1 f2 Z—f3

By the deﬁnltlon of addltlon,we have

Loy oo T gy € PA,G)

Slmﬂarly (x*y) = fl w L2 — _hixfo

Since fi * fo = fo % fl,we have

(zxy)(t) = (y * 2)(t)
Hence convolution product is commutative in P(2(, Gy).
Similarly,we can easily show that B (2, G) is closed under scalar multiplication (.)

Consider

ﬁ*(gr*fQ_an*fB)

g™ grxgr

fix (g x fat gt f3)

g (ghxg)

fixg" x fot fixgtx [f3

a grE g x g

_ fixg" x fo _I_fl*gn*f:s
gnkgrtxgt gnxghtxgr

_ Ji* fo +f1*f3

grxgt gnxgr

rx(y+z)=

s (y+2) = (zry) +(y*2)
This proves that convolution is distributive in P(2(, G).
Consider, 5(z xy) = 5(f1 f2)
grxgr
_ Bfi* fa _ Bh *ﬁ
gmxgr g g"
sB(ary) = Prxy

Similarly we can show that 5(z * y) = (z * By)
Hence B(A, G1) creates commutative linear algebra,Here ¢ = £ is unit element in
(m@[, G1>7+7*7'> O]

4. EXTENDED LAPLACE-CARSON TRANSFORM

In this section we extend the definition of the Laplace Carson transform on the space of

pseudoquotients and illustrate its auxiliary results.
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Definition 9. Let x = % be any element of P(A, G) then extended Laplace-Carson
transform denoted by LC|x(t)] is defined by

S

L) _ 0 Fils) ©

ORI = LG =" Lot 0]~ Grto)

Preposition 1. The extended Lapalace -Carson transform of each element of P(2A, G1)
is well defined.

Proof. Let g—}” gf—,i € B(A, G ) such that 5_3» ~ gf—,i
Hence ,we have f; x g™ = fo % g"

Applying classical Laplace -Carson transform to both sides of above equation,we get
LC[fy* g™ = LC[f2 % g™]

Using convolution theorem of classical Laplace-Carson transform,we have

%chﬂLcwmy=§LCMALCwﬂ

1 1 1 1
gLC[fl]'Sm—1 LC[g]™ = ELC[fQ]'sn —

1LCMW

HLCURILCl"™ = S LOIf)LClg)
LCUA] o LCIR)
LClgl* — LC[gI™
o F108) o F2(s)
G (s) Ge&(s)
where F(s) and Fj(s) are classical Laplace-Carson transform of f;(¢) and f»(t) and

G(s) is classical Laplace-Carson transform of g(t).Hence the extended Laplace -Carson

transform is well defined. O

€ B(A, G1) such that LC’[f—n] LC| m]

Theorem 3. (Uniqueness Theorem)lf ok
for R.(s) > 0 then J}L = fi

g 77L

Proof. We have LC[J—}Z] — LC[gf—i]
By definition ,we get

Fi(s) _ . Fa(s)
Gn(s) Gm(s)
SimFl(s)Gm(s) = %FQ(S)GN(S)
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Since classical Laplace-Carson transform possesses uniqueness property,we have

(fixg™) = (faxg")(t)

h_F
grg"
Hence the uniqueness theorem is proved. []

Definition 10. Define H,, : B(A, G1) — P(A, G1) by
Ha(i) = Haf for all g—J; € P(A, G1) where H, f(t) = f(at),aeRy

g" a™(Hag)"

Preposition 2. H, : B(A, G1) — P(A, G1) defined by

Ho (L) = fiilss is well defined.

Proof. Consider ﬁ = f—fL

g
S fixgt = faxg™
Applying classical Laplace-Carson transform,we obtain

LO[fir*g"] = LCf2 % g™
CR()G"(5) = o B()G"(5)

Now replacing s by as,we obtain

! " _ ! as)G™(as
(as)nFl(as)G (as) = (as)mF2( )G™(as)
m Fi(as) » Fo(as)

(as) G™(as) (as) G"(as)
ST (as) s"Fy(as)
G™(as) G"(as)
m Hafl(t) n Haf2(t)
LC[Hagm(t)} LC[Hag“(t)]

By uniqueness theorem of extended Laplace-Carson theorem.We obtain

a™ Haf1<t) _ nHafZ(t)

Hagm(t) " Hag(t)

iy g2
Ha(gm) Ha(gn)

Hence the operator H, is well defined. ]

Definition 11. Define K, : B(A, G1) — P(A, G1) by
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Ka(ﬁ) = [éag’zg})n for all % € P(A, Gy), where K, f(t) = e® and a € R

Preposition 3. K, : P(A, G1) — P(A, G1) defined by

Ka(gin) — %for all % € P(A, Gy) is well defined.

Proof. Consider gf—jn =L

g
Sfixgt = faxg™
Applying classical Laplace-Carson transform,we get

LC[fi % g"] = LC[fa % "]

CFi(5)G"(5) = 5 Ba(s)G ()

Now replacing s by L,we get
s—a

1 S " s B 1 s - <
(sia)nFl(S—a)G (S—G) B (ﬁ)mFZ(S—a)G (s—a)
(S ; a)npl(s i CL)Gﬂ(S j a) - <S ; a)mF2<s i a)Gm<5 j a)

£ _ (=) . s
(=)~ (o G
K1) | o Kahlt)
Ll gy~ R g

By uniqueness theorem of extended Laplace -Carson transform,we obtain

Kafl (t) _ Kag(t)

[Kag@®)]™  [Kag(t)]

Ka[j—;} - Ka[;—m

Hence an operator K, is well defined. [

Definition 12. Define H, : B(A, G1) — P(A, G1) by

Ho(L) = 2220 for all £ € (A, Gy)

where H,f(t) = f(t —a)H(t — a) and a € R, ,H(t) is Heaviside unit step function
Preposition 4. H, : P(A, G1) — B(A, G1) defined by

Hy(L) = 228 for all L € P(A, G,) is well defined.

gn g™(t)

Proof. Consider ;—;L = g—i
Shixgt=faxg™
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Applying classical Laplace Carson transform,we get

LC[fi % g™ = LC[f2 % g"]

CR(P)E™(s) = — F(P)EM()
Now multiplying by e~ “*,we obtain
gn e " Fi(s) _ gm e " Fy(s)
g9"(s) g™(s)
P LCOAM —a)(H({t —a)] _ ,LO[fo(t — a)(H(t —a))]
G (s) G™(s)
LC[Haf;(t)] _ LC[Hafi(t)]
g g

By uniqueness theorem of extended Laplace -Carson theorem,we get

[Haf1<t)] — [Han(t)]
g" gm
H@[flf)] :Ha[fQT(j)]
g g
Hence an operator H, is well defined. [

S. OPERATIONAL CALCULUS OF EXTENDED LAPLACE CARSON
TRANSFORM

In this section,we will illustrate the operational calculus of extended Laplace Carson

transform including the convolution and generalized derivative theorem.

Property 1. Ifg—1 ;—Z € P(A, G1) and «, 5 are any scalars then

mo)

LCloks + BL]) = o LC[L] + 5 LC[2]

Proof. From the definition, we have

fr o _ afi | Bfs _ g"x(af1)+g™*(Bf2)
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Applying extended Laplace-Carson transform,we obtain

LCla gfl +5f2] LC[gn*<af;)tZ:*(ﬁf2)]
. Fi(s5).G"(s) + f.o: Fa(s).G™(s)
- e G (s)
_ " ag Fi(s)G(s) + B Fa(s)G™ (s)]
Gmtn(s)

= asmFl( ) ( ) + /B.SnFQ(S)Gm<S>
Hence, LC|a fl -I—ﬁfz] —CYLC[fl] /BLC[f_n]

Property 2. (First Scale Preserving Property)

823

Let z(t) € B(A, G1) and LC|x(t)] = X(s), then LC [M,x(t)] = X (as),where a € R,

Proof. Forsome n € N and f; € 2,we can take z(t) = L

Q

a"H, fi(t
(Hag(t))"
B a” f1(at)
=Ll g"(at) |
_ Clfi(at)]
[LCg(at)]]"
Fi(as)
G (as)
fi(t)
N Lo[g”(t)

LC[H,x(t)] = Lo[L el 10

(as)
o LC[H,x(t)] = X(as)

Property 3. (Convolution theorem of Extended Laplace-Carson transform)
Ifx(t),y(t) € P(A, Gy) such that LC[z(t)] = X (s) and LC[y(t)] = Y (s),
then LC[(z x y)(t)] = X (s)Y (s)

f2

Proof. For some n,m € N and f1, fo € 2,we can take x(t) = %,y(t) =

w(mxy)(t) = Dtk
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Applying extended Laplace-Carson transform on both sides,we get

LCl(a+y)(0)] = LOLAT L

1 Fi(s)Fy(s)

— —gntm
s Gntm(s)
1RGSR
s Gn(s) Gm(s)
—Lrehrerz
S g g

]

Property 4. (Second Shifting Property) Let x(t) € P(2A, G1) and LClx(t)] = X(s),
then LC [H,x(t)] = e~ * X (s), where a € R.

Proof. Consider z(t) = % for some f € A, n € N then

LC[H,x(t)] =LC[H,(£)]

_ Haof17 _ fi(t=a)

= LC[] =LC[ ]

_ 4" LC[f1(t—a)] — 4" e 5 Fi(s)

LC[Q"(?}(” TG(s)
= e " LC[gl(s)
LC[H,z(t)] = e~ *X(s) O

Definition 13. (Generalized Derivative)
Let D be the generalized differential operator for the elements of P(2, G1).

If g }L((?) € P(A, Gy), then its generalized derivative is defined by
N f(0)o(t)
D(g"(t)) o g"%t) T T

Preposition 5. The generalized derivative D defined as D( ;c,ll((?)) =1 1t) + L én)é(t) is
well defined.

Proof. Let f—}l = f—fn
g g

= fixg" = foxg"
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Applying classical Laplace-Carson transform,we get
L Rs).am(s) SinFQ(s).G"(s)
s"Fi(s)  s™Ey(s)
G"(s) G™(s)
s"Fi(s) s Fy(s)
S G(s) = GY(s)
s[Fi(s) = F1(0) + Fi(0)] _ s[Fa(s) — F(0) + F>(0)]
Sn{lgn<3> P = G™(s)
LOf1()] + f1(0) + LC[6(t)] _ LC[f3(t) + f2(0) + LC[5(2)]
LCg™(t)] LClg™(t)]
L[] + f1(0) + LC[6(t)] _  LO[fa(t )+f2( )+ LCS(®)]
LC[g"(1)] LC[g™(t)]
[f1(®)] + f1(0)[5(2)] [f5(t )+ f2(0)[6(2)]
e r ) T e
Using uniqueness theorem,we have
Si®)] + £100)0@) _ f5(E) + f2(0)(t)
g*(t) gm(t)
fi(t) fa(t)
D|—=| = D|—/——=
)~ Plgna)
Hence,generalized derivative is well defined. ]
Preposition 6. If z(t) € B(A,G,) and T(t) = tH(t), where H(t) is Heaviside unit

an =
step function then , LC|T.x(t)] = £ 4[Z(s)] + 1 Z(s)

Proof. For some n € N and for some f;(t)

o € PG

we have z(t) =

e,

s Ta(t) = Tfl() (f;*{g)()
Applying extended Laplace Carson transform,we get
N S%Fl(S) + s Fa(s) . SF1(8)( .G (s) + lG(S))]
W G) G (s)
_LR() lR(s) nhF()G(s) | R(s)
C wG(s) wGn(s)  mGTL(s)  RGn(s)
1 1 n.5Fi(s)G'(s),  LFi(s)
= Tan(s >[ Fi(s) =n_Fi(s) - Gls) J+ 1Gn(s)



826 Fasiyoddin I. Momin, Sadikali L.Shaikh and Anil D.Chindhe

Multiplying numerator and denominator of first term of above equation by ﬁG"(s),we

get
LOT )] = et + T e
= & LCl(0)] + TLOT()
LO[T.a(t)] = S%d%Z(s) + %Z(s)
Hence the proof ]

6. CONCLUSION

In this article the Laplace Carson transform has been successfully extended on the
space of pseudoquotients.The LC transform theorems for generalized multiplication
and generalized derivative are helpful in resolving integral and differential problems that
require solutions expressed in terms of generalized functions.Additional investigation
may reveal that LC transformable distributions and LC transformable pseudoquotients
are isomorphic.The suggested distributional approach to the LC-transform on represents
a significant theoretical advancement that generalizes the classical LC-transform to
a much broader class of objects called distributions.This approach provides rigor to
previously heuristic operational calculus and it maintains computational discipline
while expanding its applicability in pure as well as in applied mathematics.This
generalized approach of LC-transform establish that generalized LC-transform is a
robust tool in the modern mathematical treatment of linear dynamical systems and
differential equations.This study suggest that similar approaches could be fruitful for

other existing integral transforms on suitable distribution spaces.

REFERENCES

[1] Carson,J.R.,Electric Circuit Theory and Operational Calculus,McGraw-Hill Book
Company,New York,1926.

[2] Shivaji S.Pawar,Sandip M.Sonawane,Fractional Differential Equation using
Fractional order Laplace-Carson Transform,Tuijin Jishu/Journal of Propulsion
Technology ISSN:1001-4055,Vol.44,No.5(2023).



Operational Calculus of Extended Laplace-Carson Transform 827

[3] P.Kumar,S.Qureshi,Laplace-Carson integral transform for exact solutions of
noninteger order initial value problems with Caputo operator.Journal of applied

mathematics and computational mechanics 2020,19(1),57-66.

[4] Yaghvendra Kumawat,Mohsin Turuk,Rashmi Modi,The Study Of Inverse
Laplace-Carson Integral Transform and Solution Of Linear Fractional Differential
Equation,Ilkogretim Online - Elementary Education Online, 2020;Vol.19(Issue
4):pp.7470-7477

[5] T.G.Thange and A.R.Gade,Laplace-Carson transform of fractional order,Malaya
Journal of Matematik, Vol.8,No.4,2253-2258,2020.

[6] A.M.Makarov,Application Of The Laplace-Carson Integral Transform Method To
The  Theory Of  Nonstationary  Flows Of A  Viscoplastic
Medium,Inzhenero-Fizicheskii Zhurnal,Vol.19,No.1,94-99 July,1970.

[7] Piotr Mikusi ‘nski, “Boehmians and pseudoquotients”, Applied Mathematics and
Information Sciences,5(2)(2011),192-204.

[8] M.khosravi;Pseudoquotients:  constructions, applications and their Fourier
transform.Doctoral Thesis, University of Central Florida,Orlando,(2008).

[9] Anya Katsevich and Piotr Mikusinski, arXiv:1302.1856v1[math.RA].

[10] Dragu Atanasiu,Dennis Nemzer;Extending the Laplace transform.The
Mathematics Student,77(2008),1-4.

[11] Fasiyoddin Inayat Momin and
Sadikali L. Shaikh, Operational calculus of the extended Sadik transform,Malaya
Journal of Matematik,Vol.S,No.1,632-637,2019.

[12] Sadikali Latif Shaikh, M.S.Chaudhary; operational calculus of extended sumudu
transform. international jour. of math. sci. and engg. appls.,5(v) (2011),153- 164.

[13] A Toshikazu Kimura,Applications of the Laplace-Carson Transform to Option
Pricing:A Tutorial (Financial Modeling and Analysis).2016, 1983: 68-89:
KJ00010128465.

[14] Peter Carr Morgan Stanley;Randomization and the American Puts,The Review of
Financial Studies,11(1998),597-626.



828 Fasiyoddin I. Momin, Sadikali L.Shaikh and Anil D.Chindhe
[15] R.Estrada and S.A.Fulling, “How singular functions define distributions”,Journal
of Physics and Mathematics,Vol.35,No.13,2002,pp.1-15.

[16] C.Donolato,Analytical and numerical inversion of the Laplace—Carson transform
by a differential method, Computer Physics Communications 145(2002)298-309.



	Introduction
	Laplace Carson Transform
	Some Useful Identities

	Space of Pseudoquotient
	Extended Laplace-Carson Transform
	Operational Calculus of Extended Laplace Carson Transform
	Conclusion

