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Abstract

In this paper we introduced a new measure of information centre and radius
corresponding to Fermi’s measure of entropy and it has been generalized.
The generalized measure is interpreted as the minimum value of the given
set of probability distributions from any distribution.
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Introduction
Let P= (pl,pz,...,pn) and Q= (ql,q2 ,...,qn) be two probability distributions.
Shannon’s [4] measure of entropy for probability distribution P is given by

n
H(P)=—Zpl-lnpl- (1)
i=l1
Kapur [2] has introduced the concept of information radius by using Shannon’s
measure of entropy, it is given by
P+ HP)+H
R(P:Q):H( 2Qj_ B+ HQ o
and equation (2) is called information radius (Sibson[5]) or Jensen-Shannon directed
divergence measure(Burbea and Rao[1]). Om Prakash and Verma[3] have introduced
the information radius on Kapur’s entropy and its generalization.
In this paper, we study a new measure of information centre and radius
corresp-onding to Fermi’s measure of entropy and its generalization.
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New probabilistic measure of information radius
Fermi Dirac’s measure of entropy defined as

n

n
F(P)==) pilnp; =) (1-p;)In(1-p;) 3)
i=1 i=1
We now introduce a new probabilistic measure of information radius given by

RI(P:Q):F(P;QJ_F(P);F(Q)

:_i(pi+‘]ijln(pi+‘]ij_i(l_pi+%’jln(1_pi+%’)
=\ 2 2 ) & 2 2

i=l

—%{—ipilnpi—i(l pi)in(1 Zq,lnq, > qi)ln(l—qi)}

i=1 i=1 i=l1

1S Pi (1-») gi (1-4;)
=3 ;p’lnpﬁ% +Z}(l pz)ln(l Pi+%‘j+§' ;In = l+§(l—ql)ln(l Pzﬂlzj

2 2 2 2

1 P+Q P+Q
ZE{DJ’(P: 2 jwf(Q: 2 ﬂ @
(1 Pi)

h 1 5
where Zp nqi Z ( ‘]i) )

which is a directed divergence corresponding to Fermi-Dirac’s measure of entropy
F(P).D, (P : Q) has following properties:

(i) Dy (P:Q)>0,
(i) Dy (P:Q)=0iff P=0Q,

(iti) Dy (P:Q) is a convex function of P =(pj,py,... p,) and O = (9192524 -
From (4) it is obvious that
R (P:0)=0 (being sum of two directed divergences)

and R (P:0)=0 iff P= Q—P+Q

Ry (P:Q) is a convex function of P=(p1,p2,...,pn) and 0=(q1,92,..4q,) -
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Thus Ry (P:Q) satisfies all the essential properties of a directed divergence. It is
symmetric also in the sense Rj(P:Q)=R;(Q:P) but not in the
sense D(P:Q)=D(Q:P).

Generalized information radius
We define

Dy (P:Q)=F(AP+(1-2)Q)-AF(P)-(1-4)F(Q),0< A<1
=AD(P:AP+(1-2)Q)+(1-4)D(Q:AP+(1-1)Q)  (6)

We generalize it further to define

m m
R(R.P,...P,)= Z/ijD Pj:lePj (7)
j=1 j=l
n
where  A=(A1, 40,0y )24 20,3 4 =1 8)
j=1
This is also > 0 and vanishes iff’
m
B=P=... =By, =D A;P; )
j=1

i.e.when all the probability distributions are coincide.

A Minimization problem
We find the distribution P for which

iAjD(Pj:P) 2/1 Zpﬂln 2(1 pﬁ)lnm (10)

j=l1 i=1 (l_pi)
is minimum, subject to
n
dpi=1 (11)
i=1

Since p,'s are given to us, we have to choose p,, p,,..., p, to minimize

—Z Zp]llnpl+2(1 pﬂ)ln( pi) (12)

j=1Li=1
subject to (11), we get that

zz.p_{i_fz.(l__—p{") (13)
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should be independent of i, so that using (9)

- T T - p—
2 AP XA 2 AiPjn 22 AP
J=1 J=1 j=1 i=1j=1

m
Let S=Y AP,
j=1
m
so that s, =ith component of § = Z ljpji
J=1
n n m
and Zsi:zz/ljpjizl
i=l =l j=1
sothat p; =s;,,Vi=12,...,n.
m
Thus Z /IjD(Pj :P) is minimum when
j=l1
m
j=1

Thus the weighted sum of directed divergences of F, P,

913

(14)

(15)

(16)

a7

(18)

perreeeens ,P, from any

distribution P is minimum when P is weighted sum of the m given distributions and

the minimum value of the weighted sum is
m m
2 AP\ By: 2 AF
J=1 J=1

We shall call the distribution P (18) as the centre and
of the set of distribution A, P,.......... , P, with weights 4y, 45, ........

19)

(19) as the radius
A

n -

We shall explain the reason for this terminology below. For the present we

note the special case,
m=2, B=P, =0
The centre is (P%Qj and the radius is

(52 o(e 5 )

which was called information radius by Sibson.
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Centre and radius of a set of probability distributions
We have defined the centre of a set of probability distribution A, P,.......... , P, as that

m m
distribution P, for which Z A jD(Pj :P) 1S minimum, is P = Z A ij . Also the
J=1 J=1
radius of the set of distribution is the minimum value i.e.(19).
Now we have two distinct divergences between two probability
distributions. as such for a given set of probability distributions, there will be two
centers and two radii.

Another minimization problem, the second centre and radius
Here we seek to choose P to minimize.

S PSS P (1-p:)
> 4D(PiP;) = 4| Y pint 3 (1= p;)In 1 (20)
j=1 j=1  |i=l Pji =1 ( _pji)
Minimizing it subject to (11), we get
” Pi Pi
1- p: 1— p:
Samze)  /0n) @
A 17
1 p; /
Jt
j=1 (1_in )
is independent of i, so that the i th component of P is proportional to the weighted
geometrical mean of the i th component of A, P, .......... B,
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