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Abstract

The aim of this paper is to establish various common fixed-point (CFP)
theorems for self-maps in a complete cone S-metric space (Cs-MS). We
extended and initialized the notion of contractive type of self-maps and
proved related fixed-point (FP) results in the framework of Cs-MS.
Consequently, we demonstrated certain applications for fixed and periodic-
point for these contractive type maps. These results of FP theory extend the
existing literature in Cs-MS.
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1. INTRODUCTION

In 1922, Banach S. [3] introduced a remarkable idea as Banach FP-theorem {Banach
contraction principle (BCP)}, that was initialized as one of finest research works of
FP theory of mathematical sciences and nonlinear analysis in recent decades. In 2007,
Huang and Z. [7] established the idea of cone metric space (CMS) as a generalization
and unification of the metric spaces (MS) by replacing the set of real numbers () by

ordering Banach spaces. They obtained certain CFP results and later Jankovic et al.,
[8] extended the FP results in CMS. G-MS as an extension of MS was presented by

Mustafa and S. [10] and Sedghi et al., [15] established the framework S5-MS.

Certainly, analogues to FP theory many researchers proposed certain assumptions to
guarantee the existence of CFP theorems in MS and its generalized spaces viz: G-MS,
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5-MS, fuzzy-MS, @-MS, CMS and those outcomes are already existing in literature

[9, 12, 15]. Abbas and R. [1] initially gave the fixed and periodic-points contractions
maps in CMS. Moreover, in 2016 Rauf et al., [13] pointed out a few CFP theorems
for self-maps in CMS. In 2017, Dhamodharan and K. [5] by amalgamating CMS and
5-MS proposed the concept of cone 5-metric space (Cs-MS) and underwent related

outcomes. Dubey et al., [6] in 2014 and Vigaya et al., [19] in 2016 pointed to CFP
theorems using contractive type self-maps in CMS. Saluja [14], in 2020, by
considering implicit relation presented CFP in Cs-MS. In 2025, Raji et al., [11]

established FP results in CMS for the contractive type maps with related application
to fixed and periodic-point.

Influenced by the research work done by these eminent researchers, now we study
novel CFP results for self-maps in a complete €.-MS to obtain an existence and

uniqueness of FP. We are extending the definition of contractive type self-mappings
in Cs-MS and also demonstrate certain applications in the mentioned space.

2. PRELIMINARIES
This section begins with some pertinent definitions and related lemmas. In this paper
B represents the ‘real Banach space’ and M represents the set of positive integers. & is

zero of .

Definition 2.1. [7] A subset 0 — B is defined as a cone iff:

(C1) O is closed, non-empty and 0 = {6},

(C2) by, b, €[0,00) and @, w € O, then by, @ + byw € O,

(C3) weODand-w €0 thenw = 6.

Given a cone @ c B, we define a partial ordering in B with respect to O as w < ¥
iff ww—o € 0 and @ < 1 indicate that @ = w» but @ # w», while @ < w» stands
for w—w € int(0), where: int(0) denotes the interior of 0.

In the present paper, all cones have a non-empty interior.
Note 2.1.1. [7] A cone @ is said to be normal if for a given ¥ = 0 s.t. for all

@w,w €B, 0< @< wimplies @l < ¥llwll.

Note 2.1.2. [7] A cone O is said to be regular if every monotone increasing sequence
which is bounded from above is convergent, i.e., for every meM st
B = Pmeq = w; for some w € 0, then there is @ € 0 s.t. Jli_rﬂcllpm —@l| =0. In

Similar way, @ is regular if every monotone decreasing sequence which is bounded

from below is convergent.
Remark 2.1.3. [7] Every regular cone is a normal cone.

Definition 2.2. CMS [7] Let B stand for ‘real Banach space’, O is a cone in B (with
int0 # @) and ‘<’ is a partial ordering w.r.t. cone 0. Suppose (= {@}) set and a
map C : 3> = B on U s.t. pair (2, C) said to be a CMS, if it satisfies the following for
all w, w, & €A



(i)

(iii)
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(Cvm1) 0 = C(w,w) and @ = w iff C(w, ) = 0,
(Cwm2) Clw, w) = Cluwr, w),
(CM 3) C(‘E‘Il', w:] = C(‘E‘Il', E;'-:] + C(m: ’w':]

Definition 2.3. 5-MS [15]: The pair (%,5) is called an 5-MS if (= {@}) and
$: 93 — [0,00) s.t. for any @, e+, £, 1, € U satisfies the following axioms:

(Sm1) $(w, w1, ¢) = 0,

(Sm2) S(w,w, &) =0ifandonly if w = w = &,

(Sm3) S(w@, w1, &) < S(w, @, 1y) + S(awr, wiiy) + S(£,8,14).

Example 2.4. [16] Consider %{=R" and Il a norm on 9, then a map
$5: 93 = [0,00) be defined as $(wm, w, &) = llawr + & — 2wl + |lwr — &Il for any
w,wr, & € 9 is S-metric on .

ie, (U S)isaSs-MS.

Definition 2.5. €4-MS [5]: Suppose that B is a real Banach space. O is a cone in B
(with int0 # ©) and “=" is a partial ordering w.r.t. 0. Let % (= {@}) set and function
¢ : 9° - R, then the ordered pair (U, €) is said to be a cone S-MS (Cs-MS) if satisfy
the following axioms for each @, w+, &, a € U:

(Csml) E(m,wr, &) = 0,

(Csm2) C(w,wr, &) =0 iff w = w = &,

(Csm3) E(w,w+, &) < €(w,w,a) + C(w,w,a) + C(,£,a).

Example 2.6. [5] Let B = R? 0 = {(w,w) € R? : @ = 0, w = 0}. Then the map
S B be defined as
Clw,w, &) = {lo—wl+ |low—&Lk(lo— w|+ lo— &)}, where k=0 is a Cc-
MS on 4.

Lemma 2.7. [5] Let (U €) is a C5-MS. Then, E(w, @, w) = €(w, uw,, @) for all

i

w,wr € 9.

Definition 2.8. [5] Let (%, €) is called a C5-MS, then

A sequence {p,,} in 9 converges to @ iff G(py, pm, @) — 0 asm — oo, i.e., there exists
my € M s.t. for any m = my, E(p,.pm.@) < c €B, 0 <« c. Notion of convergence is:
lim py = @ or lim E Py, P @) = 0.

A sequence {p,,} in [ is called a Cauchy sequence if E(p,,, P, @) = 0asm = o, i.e.,
there exists m, € M s.t. for every n,m = mg, €(pp, P, py) < cforall c€B, 0« c,

The Cs-MS (%, €) is called complete if every Cauchy sequence is convergent.
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Definition 2.9. BCP [3] Consider a self-map @: % = % of a MS (2, d), then @ is
said to be a contraction map if there exists a constant 0 < k< 1 s.t. for any
w,w € it satisfies:
d(fw, Pur) < kd(w, w).
Definitions 2.10. [4] Consider two self-maps £, §: % - & of a MS ([, d), then @ is
said to be f- contraction map if there exists a constant 0 < k < 1 st. for all
w,w €7 it satisfies:
d(fpw, fpuw) < kd(fw, fur).
Definition 2.11. [17] Consider A{= (@)} and two self-maps @, f: A — A of a MS
(¥, d). Then self-maps § and f have CFP if Pw = fw = w.
Definition 2.12. [18] Consider @, A = 9 — 9 be two self-maps, then the pair (2, 4) is
said to be IT-commuting at w € &, if @(a(w)) = A(@(w)) with @(w) = A(w). The
ordered pairs (f.4) and (f.g) are sharing the IT- commuting if
Plaif (g@))}] = a[@lg(f (@)}
Definition 2.13.[11] Consider a normal cone O with ¥ be normal constant and (%L, &)
as a complete CMS, then two self-maps @, f: % — U have type-I contraction, if for
each @, wr € A with @ # w and for ky ky ka k= 0, ky + 2k, + kg + k, < 1
satisfies the following condition:
C(Pw, fw) = k[C(wm w)} + k. {C(Pw, @) + E(Fuwr, w)}
Ttk {f@m, mj(?u[fuw',m) + t’f[f}m,w]f[:fuw,w)}

: C(Pw, w) + f(fw, m)
+k4{u E(E}T’mjé[fwﬂf)u }

C(w,w) + C(Pw,w) + C(fw,w)

Definition 2.14. [11] Consider a normal cone O with ¥ be normal constant and (%, ¢)

as a complete CMS, then two self-maps 3, f: 2l = % have type-II contraction, if for
each @, wr € A with @ # w and for ky ky kq ky =0, ky + 2k, + kg +k, < 1
satisfies the following condition:
f[ﬁm, fw} = kl{rf (oo, w]} + k2{§ (Pw, w) + f[fw',m)}
Tt {f@m, m]f[fw',m} + f(f}m,w:]f[:fw,w}}

: C(Pw, w) + f[fw, m)
i fp COmeem) )

C(w,w) + C(Pw,w) + t’f[:fw',m)

3. CFP RESULTS FOR FIVE SELF-MAPS IN COMPLETE €¢-MS
In the present section, we prove some CFP theorems in complete C.-MS for five self-
maps.
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Theorem 3.1. Consider the five continuous self-maps ¢;,{5, {5, ¢, and P of a
complete €.-MS [ﬁf,é) s.t. if following holds:
(A1) g, [ﬁ) = [ﬁ), gl[ﬁ) - (4@”1) and (1@”1) =, [ﬁ),
(A%12) Map @ is an injective and normal cone O with ¥ be normal constant;
(A% ¢, (U) or ¢, (A) is a complete subspace of &, for any w,wr € A and
ki ks ky =0,

ky, + 2k, + 2k5 < 1 fulfils the following condition:
é(g}fimrﬁqimrﬁfzw'j = ki{‘f@(amrﬁ(amrﬁﬁwj}
+k2{'§ (ﬁcim:ﬁqimrﬁqamj + é(ﬁ(:wrﬁfzwrﬁﬁwj}[

+k3{§ (ﬁ{lmxﬁflmrﬁquj + é(ﬁ(:w} cﬁ'{:w} ﬁ{giﬁ] }

(3.1) N N B
Then, the maps ({;.43, §2) and (..., §2) have a coincidence point in [, along with
self-map .., , {5, and § have a unique CFP.
Proof: Suppose an arbitrary point p, € 9, moreover fl[ﬁ) c (4[:@), implies that
there occurs p, € As.t. {ypy = {up, and similarly as {,(A) < ;(A), thereisp, = U
s.t. {opy = (3ps.
By iteration for the formation of sequences, one can have
Yom = t&i(lpZm = 55<4P2m+1 and
Uame1 — ﬁ(2p2m+1 = ﬁ<3p2m+2'
Consequently, this means that
é(qﬂml Yams Gams1) = é[ﬁ<1pzmrﬁ<1pzmrﬁfzpzm+ 1)
= kl{f(@fgpzm:ﬁ(gpzm:f}hpzmﬂ}
+k2{§ (ﬁqupim!ﬁqlpZm!ﬁ{Epij + é[ﬁ<2p2m+1!ﬁ(:p2m+lfﬁ<4p2m+1j}
+k:{'§ (ﬁqlpzm!ﬁqlpzmrﬁ<4p2m+lj + é(@<2p2m+1!ﬁ<2p2m+1! ﬁfapzmj}
= JI“1{'§(‘Izm— 1 q:m—qu:m]} + kz{é[q:mr G2ms G2m—-1) T E(q2m+1! Tzm+1r q!m]}
+k3{§(q2m1 G2ms Gam) T é(q2m+1! Qzm+1r q!m—lj}
= k1{§(q:m—1r Tzm—1+ q!m]} + kz{é[q:mr Qam» q!m—l:]} + k!{é(q2m+11 Qam+1r q:mj}
+k3{§(qzm+ 1+ Tam+1r q!mj} + ka{étq:mr Qzme q!m—l:]}

= (ky + ky + k3) € (a2 G2m G2m-1) + (kz + k3)C (G2 G2ms T2ms1)-
Simplifying further, we imply that

(1—k,— kﬂjé[q2m!q2m1q2m+1j = (ky+k, + kajé[q:mrq:mrqzm—ﬂ

5 Ky Heg s [ 5
and € (azp Gzm: Gzm-1) = ( P— 5) (€ (@2m-1 G2m—1 G2m) }-
z B
Assume that & = [%) and for every instance of @ < 1, it follows that
2 g
€ (G2me Gzms G2m+1) S (€ (Qzmo1, Qom1,G2m) } 3.2)

Likewise, € (agm Goms Gzm-1) = @*™{€(qp,9,)}.
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Now, for choice of 7, € M, n = m, we deduce that

C(G2ms G2m» G20) E € (G2 G2 G2m 1) T € (G2 Gam 21 G2mas2)
+C(Q2me2 G2m+2: G2ms3) T+ € (G2n—1, G2n—1, G20)

<a’™ {é(qu:qur qu} + fx:mﬂ{é(qurqur qu} + -+ fx:n_l{é[qurqur ql:]}
=(@™ + a4t fx:”‘l]{é[qwqmqu}

=a™(1+a+a? ++a® ™) {E(qp,90,91))

= % {€(ag.qq.q,)}
On the other hand, on functionality of normality of cone, imply that

1€ @2 G2 a2 | < ¥ [ 1€ (a0, 000 2,
i.e., C(qa,: 92 92,) tending to 0, as n, m approaching to co.
This means that, {g,,,} is a Cauchy sequence in {,(2). Equivantenly, {,(2) is a
complete C-MS, therefore the sequence {g.,, } converges to some point & € ¢, [ﬁ}
Meanwhile, {,(2) = {3(A), then there exist &, € A s.t. & = (&, and P& = PI¢E,.

Now, we settled to initially show that §¢,&, = §¢.
In tbis way, we d(_euduce thatw N N s N N
é(@ﬁfy @'iﬂflr P& = é[@(lfl!@(lfl!@(: ‘]zm—1j + ﬁ(ﬁ)(:qzm—lf@(:q:m—l!@(ﬁ]
= ki{é(g}qafirﬁfafpﬁ"(:;ﬂ:m—ij}
+k:{§ (ﬁfifpg}fifir ﬁ(afij + E(ﬁ"(: Qam-— 1rﬁ"<z a!m—i’f}cd-qzm—ij}
+k {ét@qlﬁrﬁ(ﬁrﬁcﬂ:m—lj + étﬁ(:“:m—lrﬁfzﬂzm—pﬁfaSrlj}

3 o o o

+C (@(:“:m—irﬁ}fzq:m—ir@ﬂ

= ki{é(g}frﬁfrﬁ<4qﬂm—ij}
+k:{§ (ﬁfifpg}fifir ﬁif}} + k:{é (EK: Qam— 1rﬁ"<z a!m—i’f}cd-qzm—ij}
+k {é[ﬁﬁﬁrﬁﬁﬁrﬁ{ﬂzm—l] + é(ﬁ(:ﬂ:m—rﬁ{:q:m—lrﬁﬂ}

3 — - - -

+C (:‘fﬂ"(:q:m—p@{:q:m—p@{]
= (k, + k3]{§(ﬁ<1f1rﬁqlflrﬁf]} + k, {Etﬁf:ﬁfrﬁf]}
+k3{C (98, P8 DO} + k(D¢ 58,59}
< (ky+k, + ka]{é(ﬁflfﬁflfﬁfj} = E(ﬁ(rﬁ(pﬁﬂ

which contradict to our given hypothesis.
Indeed, we implies that

é(ﬁ(lflrﬁ(lflr f}fj =0 iff E}fifi = ef?}f (3.3)
Although, ; () = (%), then there exist £, 9 in such a way that $3{,&, = P¢.
Moreover, we claim that £{,&, = @¢. Since,
é(g}&f}&ﬁ(zfﬂ = é(ﬁﬁﬁrﬁQﬁrﬁ(zfﬂ
< ky (9058, 9838, 80.E,)

+ ko (G908, 90,8, PT3E) + C(0,8,, 20,8, 97,8}
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k3 (€ (00,8,.80,8,, 90,8,) + C (90,8, 98,8008,
=k, (G (P&, 9, PE )} + K, {C(9E,0& PE )} + Kk {C (90,8, 9118, 98}
+hs {C (98, P&, PO} + k3 {C (PE, PE, 9O}

= kﬂgg@quzfﬁqu?ﬁfj}'
Thus, one can have
[1 - k:){é@frﬁfrﬁqu:]} =0,
again, which is a contradiction. Therefore, we get

C (¢, 98, 9,8,) = 0 iff 9§ = PIE,. (3.4)
Through equations (3.3) and (3.4), we deduce that

P& = Pii& = P8, = PLE = PJLE.
Meanwhile, pairs ({;,4;) and ({,,{,) are ({T)-commuting,
C (48198, 810108, §,98)) = €(8,0, 98, 1,108, {08,)
= C(8,0, 81, $,0, 08, 0.08,) = ky{€ (058,08, 0:8,87,,0,08,)}
+k, (€(8,8,80¢,, €1 048981, $380 08, + C(,898,, $,80,, (. 0E,)
+hs (€ (018084,8 0001, 8PE) + € (3,08, $.0¢,, 80, 9¢,))
= k1{§ ((1(14%5{1! (1'37155{? clﬁfﬂ}
+ho (€ (4,808, 4,408, 5 PE) + C(P0,8, P8, &, BT &)
+k3(€(8,6, 08, §,5,498,, {108, + €(4,8,08,, .0, 88, 19, ]
= Ekl + zkaj{é (qlflﬁflr (1(1{&5{1;(1@{1)}

e, (1—ky— Ekaj{é((1(155{1r<1<15561r55<1f1]} = 0,
again, we arrive at contradiction. This means that

é((l(lﬁfl! (1'3715-5{? ilf?fl] = 0 and (1'514%—.}{1 = ';11?}{1 = f}f

35
Sl'hu)s, {,§¢&, = §¢ is a CFP for self-maps ¢, and ;.
Equivantenly,
C (202808, 020008, §,008,) = C(0,0,08,, (.08, {.0E8,)
= (401981, $18198,.5:008,) = Iy (€ (83098, (38984, $90.8,8,)]
o {€ (9030180, 9038380, 0730:80) + C (00,0585, 90,065, 80.0:8,)}
+ka{€ (98,8181, 90,8181, 00,0,8) + € ($08,0,8,, $90,8,86,,03:8,8,)
= kigé(fgﬁfiﬁ, faﬁfifpg}f:(:f:]}
+ho {C (D8, 86y, 9818:8, 08,880 + C(90,8:8, §0,0,8, §3:4:6,)}
+ka{€($2,8,8,, 90,88, 00,0,8,) + € ($08,8,8, 90,8,8,.90,8,&))

= {1 - (k1+ zkaj}{é(@(1(151:@(1(1511ﬁ(z(zfﬂ} =0,
it is also a contradiction. Therefore,

C($20,882, 020,808, $,08,) = 0 iff {,0, 08, = {,HE,. (3.6)
Implies that, ¢ is a CFP of self-maps ¢, and .
Along with, we have
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é((:}(:}ﬁf:r (4(4@{2: '3743-5{2) = 5(5454335:, (4(4@5{? Q':m] + é(Q’:mr Qame (4:%-.}{::]
= é(@(:}ﬁ%r (4(4@6:: Q':mj + é[ﬁﬁpzmrfﬁszm: (zﬁif:j
= é(ﬁf‘;ﬁ'f:r (4(4?3'{:; Gam) T ki{é[qﬂf}pzm! faﬁpzmr (4@'{:]}
+ley{C (B 1Py BE1P2ms CaPP2m ) + (02085, 4,882, 04082
+k3{'§ (E}cipzm’ﬁqipzmrcd-ﬁf:] + é((:ﬁf::(:ﬁf:r faf}lﬂ:m]}
= C({.0.808,, {008, 008) + ko (C (98,0, )} + ko {C(9E, 0¢,98)}

+ey (P8, P8, PO} + Kz (C (9, P2, PO} + ko (€ (28, £, 9O}
On using normality condition, one can get

€ (§.8.898,, {, 0,408, L, E) ||

< V|| € (8,808, {.0.08,, 98) || = Y||C(0:0.08,, {u0.08,. {.HE) |-
So, that
(1 — Y{E(Cu0afdEr, (0,05, (8D} < 0.
Thus,

é((r;{r;ﬁf:r(4(4@&:(4(5@&) =0 and (4(45-5{: = (4555;2- (3.7)
Hence, ¢ is a FP of {,§¢,.
Although, we have
C ($20:&1, (2328981, {2 §984)

= é((afaﬁfr fafaﬁflrfi’:m+ )+ é(‘i’:mﬂr%mﬂrfaﬁﬁj

= é((a(aﬁfr (3(3@61:‘?:m+1] + g@(z Ham+1s ﬁ<2q2m+1! (1@51]
= é(fafaﬁﬁr fafag}fl:QQm+ 1] + §[<1ﬁf1r<1ﬁf1rﬁfzpzm+ 1]
= E((a(ag}fix qafaﬁ'fir Tam+1) T ki{étfaﬁfir faﬁfir (4E}P2m+1j}
+k2{'§(<1g}fir qiﬁ'fir faﬁ'fi] + E(ﬁ<2p2m+11ﬁ<2p2m+ir <4ﬁpzm+1]}
+k3{§(§1fhf‘1, qiﬁfir <4E}p2m+1] + g[ﬁ(2p2m+irﬁ<2p2m+1! faﬁ'fi]}
= C ({30308, (30308, PF) + ks (C (508, {308, PO} + ko {C (28, 9, 98) }
+ko{C (¢, 98, )} + ka{C (98, 08, 98) } + k3 {C (92, 08, 7))
= é((afaﬁ'fir (3(3&%51: faﬁ'fi:] + ki{é @frﬁ'fr ﬁif}}

+2k, (€ (P8, P& PO} + 2k (C(PE, P&, HE)}.
Simplifying further, we have
C (83838081, 3838081, $a081) < Y| € (83038081, 4288084, S8 |

ie, (1— Y]{é(faqaﬁfirfafaﬁfir faf}fi]} = 0.
Implies that,

C (3303881, 303081, $:08,) = 0 iff {30,908, = {98, (3.8)
Therefore, ¢ is a FP of {3§9¢,. Moreover, as
C(PPE, PPE, PE) = C(PPE, PP, d2m) + € (@2ms Aam: PF)
+§(§7ﬁ&<ﬁf§5 Q':m:] + é(ﬁqlpzm:ﬁﬂpzmr qu}f::]
= é(ﬁﬁfﬁﬁﬁfIquj + k1{£®(3?2mrﬁcapzmr(4@52)}
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+y (€ (81 Poms BE1P2m s $3P2m ) + € (32882 $28082, $sP8))
+k3{§ (ﬁ(lIJmeﬁ(lpmeqd-ﬁij + é((:ﬁf:r(:ﬁf:r faﬁpzm]}-
Thus,
e @, pis. 59|
= v||e(Pp¢, PP, PE) + (ky + 2k, + 2k5){E(PE, 9, O ||
ie., (1-Y)C(PPe, PP¢, Pg) < o,
which is a contradiction. Implies that
C(PPE, PPE, PE) = 0 iff PPE = P& (3.9)
Therefore, §2¢ is FP of @¢.
Hence, we conclude from equations (3.5) to (3.9) that §2& = £ i.e., & is the CFP of five
self- maps ¢y, ¢, {3, {, and §.
Uniqueness: To prove it, assume that 1. be another CFP of {,{,, {5, {. and §2. So, we
have
C(&, u,) = E(er {185, Gon,)
= k1{§[:§3 flf(ﬂflr (41’-.?)} + k:{é[:(lfp glfquaflj} + k:{é(qzuwfzuw (41’-.?)}
+h5{€ (%81, G180, Can )} + ka{C (G0, o, G580
= k1{§(frfr‘llgj}+ kg{l‘f(f,f, f]} + kz{{?u(nwnwu:,]}
+ho{(& &u )} + ka{é(f: tf,‘llg]} + ka{gt%ruwﬂ}
< (ky + 2k){C(E Eu) )} = (ky + 2k, +2k){C (&8 1,)} < E(u,u,,1,)
Obviously, a contradiction to u.. is another FP.
Hence, § = u,, i.e., uniqueness is established.
O
Theorem 3.2. Consider the five continuous self-maps {;,{,Z5,{, and & of a
complete €5-MS (¥, €) s.t. following holds:
(A2 &(U) & &(A), ¢2(A) = ¢ (A) and &4 (A) = &(A);
(A%22) Map §2 is an injective and normal cone @ with ¥ be normal constant;
(A323) ¢, (W) and ¢, (%) is a complete subspace of 9, for every w,w € U and for
=k < 1,

k; = 0 fulfils the following:
Ef(?){lm,ﬁflm,f){:w'] = k1{§@<amrﬁqamrﬁ<4wj}
+k:{§ (ﬁ{lm,ﬁflm,ﬁfgw]} + ka{é[ﬁqzw}ﬁqz’w}ﬁQWJ}
+k{C(P0, @, 9@, P} + ks {C (90w, Plow, @) )
If ({,.¢5) and ({,,&,) are Banach pairs, then self-maps ¢,05, {5, and § have a
unique CFP.
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Proof: Let p, € & an arbitrary point, although ,() c {3(A) and 7,(A) = (),
then there survives p,,p, € A st. {1p, = {up, and {,p, = {3p, respectively. By
iteration, we generate
Qom = @flpzm = @<4p2m +1
Qom+1 = ﬁ<2p2m+1 = ﬁ(ﬁpﬂm +2
Obviously, which implies that
'fu(qzm;fI:m;Q':m+1j = é(ﬁ(lpszﬁqlpﬂm!ﬁ<2p2m+lj
= ki{é(E}cﬁpzm’ﬁ(apzm’ﬁ<4p2m+1]}
+k2{§ (ﬁfipgm,ﬁfipgm,ﬁfgpgm]} + ka{é(ﬁ(:}”:m +1’E}<2p2m +1rﬁ'q4pzm+1]}
+k4{§ (ﬁfipzmrﬁfipzmrﬁfapzm +1]} + ks{é (ﬁ(:?:m+ 1’ﬁ<2p2m+1!ﬁ<4p2m—1j}
= ki{étqzm—ir Gom—1s Q':m]} + kz{ét%mr q 2me fhm—ij}
+k3{§(q2m+11 Ham 41 fi’:mj} + k4{'§(fi’:mr  2me q!m]} + kE{é(q2m+1! Ham 41 fif:m]}

= (ks +k + kE){E(QZquZquZm—lj} + (ks + kE){E(QZm+1!q2m+1!QEmj}'
Simplifying further, we have

= b, thotke
S(qim!  2pms q2m+1:] E( k.+k
g THg

gtk ik,
gtk
E[q:m, Qo Aame1) = a{é[:qu—ll T 2m—1 G 2m) (3.10)
On comparing equation (3.10) with (3.2), one can conclude the proof from Theorem
3.1. m}

) {étqzm—ir Hom—1- q!mj }

Assume that, & = and for every instance of « < 1, it follows that

Now, we illustrate some related corollaries induced from above theorems in this
section:
Corollary 3.3. Consider the four continuous self-maps ¢,.¢,.¢5 and {. of a complete

Cs-MS (U, €) s.t. following holds:
(A*31) & (A) = &3(A), 44(A) = ¢ (A) and &, (A) = &(N);
(A®3?) 0 be normal cone with ¥ be normal constant;
(A%33) £, (U) and ¢, (A) is a complete subspace of I, for every w,w € U and for
=k < 1,
k; = 0 fulfils the following:
C(§m. @, w) < ky {"f ((y@.(3@, (4’”)} + k:{é(QWr (1@, qa’w‘j}
o {C (Lw, G, ()} + k{6 ({w, {ow) } + ko {E(Lw, (ym) ).
If (¢,.{3) and ({,,&,) are Banach pairs, then ¢;,{,, {53 and ¢, have a unique CFP.
Proof: The proof can be done if §2 is an identity map in Theorem 3.2, ie., § =1I_.
m|
Corollary 3.4. Consider the three continuous self-maps ¢.<, and § of a complete C-

MS (2, €) s.t. following holds:
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(A%*1) § is an injective map and normal cone @ with ¥ be normal constant;
(A3*2) £, (A) and ¢, (A) is a complete subspace of I, for every w,w € U and for
f=ik: < 1,
k; = 0 fulfils the following:
C (9w, Pl yw, Plrw) < ky{C(Pw, Pw, Puw)} + k(€ (9w, P{,w, Pw) |

o€ (B Py, P} + ko fC @Sy, DGy, P)} +
kE{é (9, wr, Py, Pur) }

If ({,,8) and ({,.§2) are Banach pairs, then {;,{, and § have a unique CFP.
Proof: One can conclude the proof by Theorem 3.2 by setting {; = ¢5 and ¢, = {,.
m|

4. CFP THEOREMS IN COMPLETE €¢-MS USING CONTRACTIONS MAPS
In this section, firstly we defined the notion of contraction type-I & II maps in Cs-

MS. Further, we prove the existence and uniqueness of CFP results for these
contractive maps in Cg-MS.

Definition 4.1. Consider a normal cone 0 with ¥ be a normal constant and (%, ¢) as a
complete €;-MS. Then two self-maps @, f: A — A have type-I contraction, if for
every w,w € A with @ = w and for ky, ko kg, ky =0, ky + 2k, + ks + k<1
satisfies the following condition:
f[f}m,f}m,fw) = kl{{?(m,m’,w']} — kz{f (P, Pw, o) + f(fw,fw,w)}
i, {f@m, f}m,mjfu[fw',fw',m) + fy[f{m,f):m,w'jé[fw',fw',w')}
C(Pw, Pw, w) +C [:fw', far, tzr)
+k4{u E[Eﬁmiﬁm,m]f[fw',ﬂf)tﬁ) _ } (41)
C(w,w, w) + C(Pw, Pw, w) + E(fw, fu, w)
Definition 4.2. Consider a normal cone 0 with ¥ be a normal constant and (%, ¢) as a
complete C~-MS. Then two self-maps &, f: A — A have type-II contraction, if for
every w,w € ¥ with @ # w and for ky, ky kg ky =0, ky + 2k, + kg +k, < 1
satisfies the following condition:
rf(f}m,f?m,fw) = kl{rf[m,m,w'j} + kz{f (Pw, Po, w) + f[fw', fur, m)}
i, {f@m, f}m,mjfu[fw',fw',m) + fy[f{m,f):m,w'jé[fw',fw',w')}
C(Pw, Pw, w) +C [:fw', far, tzr)
s ¢ o, B, @) Fuo, f ) |
C(w,w, w) + C(Pw, Pw,w) + C [fw',fw',m)

(4.2)
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Theorem 4.3. Consider a normal cone @ with ¥ be a normal constant and (U, ¢) as a
complete €--MS with two self-maps @, f: A — A having type-I contraction. Then,
self-maps §2 and £ have a unique CFP in 3. Moreover, any FP of £ admits a FP of f

and vice-versa.
Proof: Suppose an arbitrary element p, € 9. Let {p,, } be a sequence from ¥ in such a

way that by induction process for any m = 0: p,,. ., = 2P, and Pomsg = [Domsq-
Then from equation (4.1), we imply that
S(szﬂrpzmﬂrpzmh S[@p”m!g}p;mrfPZm+1)
= k1{"f (szrpzmrpzmﬂj}
+ kﬂ{é(g}pim’ﬁﬁm’p!mj + é[fp2m+lf fp2m+11p2m+l)}

( C(Ppym P ‘m’pzmjé[fp2m+1’fp2m+1’p2m)
Ty ] EE?}P szrpzmﬂj'f (fp2m+1’fp2m +1’p2m+1)
(@szu@?zmrpzmﬂj +C [fpzmﬂrfpzmﬂrpzm)
\
/

E@Em!ﬁpﬂmlpﬂmjé[fp2m+ll fp2m+1! Pam +1)
é(?:m!pzm-'pzm s1) T é[ﬁpzmrﬁpzmrﬁmﬂ]
\ +§[Fp2m+1’fp2m+1’p2m)
=(ky+k,+ky;+ kq){’f@:mr?’:m:?’:mﬂ]}"‘ k!{g(p2m+11p2m+1lp2m+2j}
i.e., C(Papmsir Pam 21 Prman) = a{§[p2m1p2m1p2m+1]}

Ky gtk R
i ] ] 4:.:1.
1-k,

Repeating the above procedure, one can get

é(p2m+2!p2m+2!p2m+3] = fx{'f(pzm+1!p2m+1!p2m+2]}'

Moreover, for all m, we deduce that

é(pm+11pm+llpm+2] = QEE(Pm:Pmerﬂ]} S = fxmﬂ{g(PurPDrPl]}'
Now, for any n == m, where m,n € N, we can have

C(PsPrms Pn) = C(PpsPrs Prs1) T C(Ppats PrstsPrsa) T+ C(0moys Py, Pr)
< {ﬂfm+1 +amt g a”_l}{f(%;Purplj}

< (L E o pop0)): (4.3)
Obviously, by using equation (4.3) and normality together, imply that
1€ @) | < ¥ {E} €0 20,20

i.e., C (P P P, ) approaches to 0 as n, m tends to oo,

Finally, {p,,} is a Cauchy sequence in 9[ and since it is complete C;-MS, therefore
p,, — @, asm — o for some w, € Iq.

This means from equation (4.1) and lemma 2.7, we can imply that

+ky |

where & =
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{E‘U(fm*,fmg,mg) = {?U(Wy?ﬂwfmg) = C(@. @, Pame) + é(p2m+1fp2m+1’ fm&)
= é(ms’mslpzm-Fij + f[ﬁpgm,ﬁpgm,ftﬂJ
C(Pams+1s Pam 17 Pam)
+¢(fw,.fo,w,) }
1k, {E(pZm+1’p2m+1’ Pznijé[fms:fmsrpzm) + §(E2m+1: p2m+1,m$:]§[fum$,fm$,m$)}
C(Pam+1 Pom+1. @)+ C [:fmse’fmwpzm)
+k, { € Prm+1/Pom+1 Pem) C(fo fm, @)

é(p2m’p2m’m$] + é[p2m+1’p2m +1J'm-s=j + é[fumse’ fm—a’pzm )}
Simplifying further, we have

= E(mslms?p2m+1j + kl{é (P:mrpzmrmsj}‘i' K {

E(mslmslp2m+1) + kl{é (p‘zm’pz:m’msj}
- = 1 +k2{'§ (p2m+1’p2m+1’p2mj}
& ﬁr*,m*,fm*) = P o
z +k3{'f (p2m+1’p2m+1’p2mj}
+k4{{? (p2m+1’p2m+1’p2mj}

(4.4)
Therefore, by using equation (4.4) and normality, we deduce that

"é[mslmslpm+1j ||
||§[m$,m$,fm$)|l = F{l_l_kz} +k1|IE(Pm+1er+1rWs]|l +k, |§[:pm!pm!pm+1j" :
+k3 ||§[pmf pm* pm+1j " + k‘l |§Epm’pm! pm+1j ||

4.5
(By I)etting as m — co in equation (4.5) and lemma 2.7, we get
Ié(@. . f@.)| = 0 = |6(fm. fo, .||
Thus,
fo,. =m,.
Consequently, one can have
¢(pw,, o, w,) = (P, po,.fz,)
= kl{é[:mi-c’m&’ ms)} + kz{f(ﬁmﬂf}mﬂm&] + E[fm*’fm*’m*)}
Tt {t’f@mg,ﬁmymgélzfmyfm*,m*) + é@ma,ﬁwg,méc]rf[fﬁr*,fm*,m*)}
: C(pw,, pw,w)+C(fo,.fo, @)
L f[f}ms,f)mymsjé[fm*,fm*, ms)
T {é @, @.w,) +C P, P, ) + E(Fo, fer, mg)}'
Simplifying further, we arrive at
¢(Pw,, pw,w,) < I{€ (Pw,. po,,w,))}.
By using the property of cone @ and partial ordering on B, we conclude that
é(pw,, pw, =) =0,ie, Po, = @,.
Uniqueness: Assume that 1, be another CFP of maps § and f. Then, by equation
(4.1), we get
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(w,@.,1,) = C(pw., Po.,fu,)

< &y {E (@, 1)} + fC B, P, ) + E(Fu,, fu, )]

iy [$P B )l fon ) + B B )l o)
i C(Pw., P, u,) +C(fu, fu, @)

i[5 SO Pm o) i) )
@, u,) + E(@w, P, ,) + E(fu, fu,@.)

ie, Clw,w, u,)= ki{rf (w,, @,,u,) }

Thus,

E(mi-c-'mi-c!uﬂ’] = ﬂl i.e., m&c = uf.""

Hence, the uniqueness of CFP is established.
m

Theorem 4.4. Consider a normal cone @ with ¥ be a normal constant and (U, ¢) as a

complete C;-MS with two self-maps @, f: A — A having type-II contraction. Then,
self-maps § and £ have a unique CFP in 91. Along with, any FP of § admits a FP of f

and vice-versa.
Proof: Assume an arbitrary element », € 9. Consider {p,,} be a sequence from ¥ s.t.
for any m = 0: p,,. +4 = P, and Pom+2 = fPam +1-Then, from equation (4.2), we
have
é(p2m+1fp2m+lfp2m+2) = g[ﬁpzmxﬁpzmrfpzm+1)
= k1{§(p2m1p2m1p2m+1j}
+ k:{gtﬁpzmrﬁpzmrpzm+1j + E[fp2m+lffp2m+lfp2m )}
( Etﬁpzm’ﬁPZm’pEmjé[fp2m+1’fp2m +1rP2m)

+§E@p:mr@?’:mrpzm +1j§(fp2m+1’fp2m +1Pam +1)
C (02 PPams Pam+1) T € [fpzmﬂrfpzmﬂrpzm)

+ks 4

\
i

E@erﬁpszPijé[fp2m+1! fp2m+1! Pam +1)
é(?:m!pzm-'pzm s1) T é[ﬁpzmrﬁpzmrﬁmﬂ]
\ +§[Fp2m+1’fp2m+1’p2m)
=(ky+hy+k; + k4j{§(p2m!p2mlp2m+lj}+ k!{é(p2m+llp2m+1!p2m+2j}
1.8, C(Pams1s Pam +1: Pam42) = rx{é[pﬂm’pim’pzm+1]}

k,tk,+k.+k . .
% = 1. Likewise, one can deduce that
—Hg

+ky |

where & =

é(p2m+2!p2m+21p2m+3] = a{§(p2m+1!p2m+vp2m+2]}
Moreover, for any m, one can have

é(pm+11pm+1!pm+2:] = fx{é(Pm:Pmerﬂ]} S = fxmﬂ{g(Pu:PurPﬂ}-
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Now, for all n = m, where m, n are positive integers, we get
é(pmrpm!pn:] = é(pnfpn!pn+1:] + E(pn+1!pn+1!pn+2] + -t é(pm—llpm—llpmj
< {@™ +a™ "2 + 4 @ HE(py 2o, 2y
= {%} {E[Pur Purp1j}- (4.6)
Clearly, by using equation (4.6) and normality together, imply that
1€ @ 22 | < ¥ {E} |60 20,20
i.e., C(p,.Pm: P, ) approaches to 0 as m, n tends to co.
Therefore, {p,, } is a Cauchy sequence in 9 and since it is complete C.-MS, therefore
p,, — @, asm — oo, for some @, € Iq.
This means from equation (4.2) and lemma 2.7, we can imply that
é[fms!fms’ms) = é[ms’m—sffms) = C(w,, @, Pams1) T é[p2m+1?p2m+1! fmsc)
= é(ms’mslpzm-Fij + é[ﬁpzm:ﬁpzmrfms)
= E(m3!m3!p2m+1j + kl{é (pﬂmfpﬂmfmsj} + k:{é (sz+ 11p2m+1’m3] +
é(fmg,fma,pgm)}
Tk, {E(pZm+1!p2m+1! pgmu:]é[zfms,fms,pgm) + '%(Ii:m+1: P2m+1rmg]§[fumsrfmsrm$)}
c [F2m+1rpzm +1,‘m$] +C [fmglfmglpzm)
1k, { i} E(P:mﬂipzmﬂrszjé[fmgrfﬁar?a) _ }
C(P2ms Pom: @) + C(Poms1 Pam+1, @) + C [fﬁfy fmi-:!pZm)
Simplyfying further, we have

C(@., @, Do 21) + k1{C Do, Do @)}
L} +ho{C (@, 0., P )} + K2 {€ (Poms 1 Poms 1 @)}
e +k3{§(p2m+1! p2m+1’p2mj}
+k4{'§(p2m+1! p2m+1’p2m:]}

¢ ﬁr*,m*,fm*) = {

(4.7)
Therefore, by using equation (4.7) and normality, we deduce that

. s ||'§(ms’ms’pm+1:]|l + k1||é(pm+1’pm+l’m$:]|l
I (m.@. f=,)| < Y{;} +k; || 6(@, @, P )| + | C P P @) ||
+k3|IE(Pmerer +1j || + kg Ié(Pm:Pmer+1j |I

4.8
E)n gonsidering limit as m — 2@ in equation (4.8) and lemma 2.7, one can have
Ié(@. . f@.)| = 0 = |6(fm. fo., .|
Thus,
fm$ =,
Consequently, we can get
¢(pw,, o, w,) = (P, po,.fz,)
<k {C(w, ., w)}+k{C(Po.po.w) +C(fo.fo.o,))
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Ttk {f@mg,f}mg,mijﬁ[fm*,fm&,m*) — f@mg,f}ms,msjrf[fm*,fmg,m*)}
i ¢(Pw,. pw,w.) +C(fo.fo,@,)
g O B ) fm) )
e, w)+E(Pw, pw,w)+ (fo,fo,,))
Simplifying further, we arrive at
¢(pw., pw,.w,) < k(¢ (Pw, pw,, @)}
By using the property of cone @ and partial ordering on B, we conclude that
E(E}mscfﬁmslmgj =0,i.e., E}mg = W,
Uniqueness: Assume that u, be another CFP of §# and £. Then, from equation (4.2),
we get

C(w,w,.1,) =E(Pw., Pw..fu,) < k{C(w, . u,)}+k, {

C(Pw,, Ppw.,u,) }
+E(fu, fu,.@,)
Tt {f @mg,f)ms,méc]é[:fnwfuw ms) + f(f}ms,f)ms,uﬂ:]é[funﬂ,fug,uﬂ)}

i C(Pw., Pw.,n,) +C(fu, fu, @)
3 EAY. 0 B M-

C@omon,) + E(Pw, pw,,u,) + E(fu,.fu, @)
ie., E(w, w,u,) < {ky + 2k, {C(wm,,w,,u,)}
Therefore, €(w,, @,.u,) =0, i.e., @, = u,.

Hence, uniqueness is established.
m

Followings are the two corollaries that arise from the theorems stated above in this
section: Corollary 4.5. Consider a normal cone @ with ¥ be normal constant and

(U, €) as a complete C;-MS with maps @, f: % — U having type-I contraction for

some meN, If for any w,w WU with w=w and for ky k, ky =0,
2k, + k, + ky < 1 satisfies the following condition:
C(P"w, Ppw, fmw) < ky[C(w,m, w)} + ky{C (Pw, Pw, @) + E(fw, fwr,w)}
i, {f@m, f}m,mjfu[fw',fw',m) + fy[f{m,f):m,w'jé[fw',fw',w')}
C(Pw, Pw, w) +C [fw, far, m)
iy SBPo ) )
C(w,w,w) + C(Pw, Pw,w) + C [fw',fw',m)
then self-maps 2 and £ have a unique CFP in 1I.
Proof: Letting ™ =, f™ =Ff in equation (4.9), one can have proof using
Theorem 4.3. O
Corollary 4.6. Consider a normal cone @ with ¥ be normal constant and (2, ) as a

(4.9)

complete C.-MS with maps @, f: A — A having type-II contraction for some m € N.
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If for any @, wr € A with @ # w» and for ky, ko, k3 = 0, 2k, + k, + ky < 1 satisfies
the following condition:
f@ﬁmm,ﬁmm,fmw') = kl{f[m,ﬁr, w]} + kz{f(f}m,ﬁm,w'] + f[fw', Far, m)}
i, {f@m, f}m,mjfu[fw',fw',m) + fy[f{m,f):m,w'jé[fw',fw',w')}
C(Pw, Pw, w) +C [fw, far, m)
[ SBe PR ) )
¢ (w, @, w) + C(Pw, Pw,w) + C(fw, fu, @)
then self-maps § and f have a unique CFP in 9.
Proof: Letting ™ = @, f™ = f in equation (4.10), one can have proof using
Theorem 4.4. O

(4.10)

5. APPLICATIONS
In this section, we established some allied applications of our results for some
periodic point on complete C.-MS. Initially, we stated some linked definitions i.e.,

notion of property (P) stated as (refer: [2]):
Assume a self-map & : A — %, then map @ have property (P) if Fix($™) = Fix()

for every m € N, where Fix($) : {w € U: p w = w}. (5.1)
Assume two self-maps @, f on U, then self-maps # and f have property (P) if
Fix(§™) n Fix(f™) = Fix(§) n Fix(f) for every m €N, where
Fix():{w e N:Ppw = fw)

(5.2)

Theorem 5.1. Consider a normal cone @ with ¥ be a normal constant and (%, ¢) as a
complete C;-MS with two self-maps @, f: % — A satisfies the hypothesis of Theorem
4.3. Then, self-maps § and £ own the property (P).
Proof: From the given hypothesis of Theorem 4.3, self-maps §2 and £ have CFP in 9I.
Assume that @, € Fix(™) n Fix(f™). Then, by using equation (4.1) and lemma
2.7, we imply that
¢(fw.fo.,w,) = CE(w.0.fo.) = @@ @).p @ o). f(f"a.))
< k{CE™ e, P, P ,))
+k2{§ (Prw, Prw,, P w,) + l‘f[ frmt 1m3,fm+1m3,jﬁmm3)}
C@"w,, P, P w )E(f " e, [T e, T e,
+E(P"w, 0" @, e ) (T e, [ e, 7 w,)
E(prw, pmw, fmw,)
+E(f™w, fmw,, " w,)

+k,
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(P w9 @, p" @ )C (" w, [ W, P, )
CP™ ‘w, P tw, Prw,) + C (e, [ e, o e, ) |
+e(prw, prw,, [ w,)
< C T, 5, @)} + e 6, ) + 6 (F, o)
iy (T ) ) )
: §[m$,m$,m$] + f[fm$,fm$,ﬁm‘1m$)
o (o, 5 ) e, f, ) |
: C(Ppmw, P lw,w,)+ C(fo,. fo, . p" v, )+ C(w, @, @) '
ie, C(w,.w, P w,) < f{6(w,®, 0™ 'w,))],

gtk tlgtk, <1,
1-k,
Moreover, this means that
C(w, o, pw,) =C(P o, f"w,.fp" w,) < fIC(P .. p"w,, ™ 'w,)}

+k,

where § =

< = fé(w, w, pw.)} (5.3)
Trlen, from gquation (5.3) ang obey noimality, on can have
||£? (w,, @, ) || = Yﬁm”[?(m*,m*,f:}m*] || (5.4)

On considering as limit m — co in equation (5.4) and lemma 2.7, we imply that
|€¢@.@..0w)| = 0= |[¢(@=,f=., )|
Hence, we conclude that

Pw, =@, and Fix() n Fix(f) = Fix(™) n Fix(f™), m|
Theorem 5.2. Consider a normal cone © with ¥ be a normal constant and (U, €) as a
complete C;-MS with two self-maps @, f: % — A satisfies the hypothesis of Theorem
4.4. Then, self-maps § and f own the property (P).
Proof: By using the hypothesis of Theorem 4.4, self-mappings § and f have CFP in
9. Consider @, € Fix(™) n Fix(f™) an arbitrary point.
Then, from equation (4 2) and lemma 2.7, one can have
é(fo.fo,o.)=C(w,o.fo,)=CHE" )@ ') f(fre.))
= k(P e, P e, P w))
+ho{¢ (97w, oM w. [ "w.) + (" ., [ e, 0" )}

Efra, pro, e )e(f e, e, B )
+t’§'[:g£) w,, m$,fmm ){?[ frmtl $,fm+1m$,@ m)

c(pro, o, fm )
+e(fmte, frite, P e, )

+k,q
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(P w9 @, p" @ )C (" w, [ W, P, )
CP™ ‘w, P tw, Prw,) + C (e, [ e, o e, ) |
+e(prw, prw,, [ w,)
< T, @) + k@, @) + 6 (F, o, 57m,))
iy (T ) ) )
: ¢(w,w,w)+C(fo.fo, " 'w,)
o (o, 5 ) e, f, ) |
: C(Ppmw, P lw,w,)+ C(fo,. fo, . p" v, )+ C(w, @, @) '
6. C(w, @, e < H{E(@, @5 @),
ey ey g 4

2 1.
1-k,

Moreover, this means that
¢(w,w, pw,) =C(P e, e, ™ w,) <y (P e, pmw,,p™ 'w,))

+k,

where 7 =

< =y C(w, @, Pw.)} (5.5)
Then, from equation (5.5) and using normality, one can have
(@, 0=.)| < v¥™|é(m. @, §=.)||. (5.6)

On considering as limit 1 — co in equation (5.6) and lemma 2.7, we imply that
|6 (@, pw.)| =0 = ||é(Pw.pw. =)
Hence, we conclude that i

Pw, =@, and Fix(™) n Fix(f™) = Fix() n Fix(f). O

6. CONCLUSION
In this manuscript, we have established CFP theorems for generalized contraction
self-maps in complete C.-MS. We demonstrate fixed and periodic-point results for

new contractive type self-maps including some applications in complete C.-MS. This

study overgeneralizes, consolidates and prolong respective results from the existing
literature in Cs-MS.

Acknowledgement: The authors are sincerely thankful to the anonymous referees for
their valuable suggestions to improve the manuscript.
Abbreviations: C;-MS: cone 5-metric space; s.t.; such that; CFP: common fixed-

point; FP: fixed-point; MS: metric space.
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