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Abstract

In this work, we defined neo cobalancing numbers and then determined the
general terms of them in terms of balancing and Lucas-balancing or cobalancing
and Lucas-cobalancing numbers. We also deduced some algebraic relations on
Binet formulas, relationship with balancing, Pell, Pell-Lucas, triangular, square
triangular numbers, sums of first n-terms of them, Cassini and Catalan identities.
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1. INTRODUCTION.
A positive integer n is called a balancing number ([2]) if the Diophantine equation
I+2+-4+m—-1)=n+1)+0n+2)+---+(n+r) (1.1)

holds for some positive integer r which is called balancer. From (1.1)

 2n—1++v8n?+1
- 5 ,

r (1.2)

Though the definition of balancing numbers suggests that no balancing number should
be less than 2. But from (1.2), Behera and Panda noted that 8(0)> + 1 = 1 and
8(1)% + 1 = 3% are perfect squares. So they accepted 0 and 1 to be balancing numbers.
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A positive integer n is called a cobalancing number ([16]) if the Diophantine equation
1424+---+n=Mn+1)+n+2)+---+(n+r) (1.3)

holds for some positive integer r which is called cobalancer. Form (1.3)

B —2n—14+vV82+8n+1
— 5 )

From definition cobalancing numbers should be positive. But form (1.4), Panda and
Ray noted that 8(0)% + 8(0) + 1 = 1 is a perfect square. So they accepted 0 to be
a cobalancing number just like Behera and Panda accepted 0 and 1 to be balancing
numbers.

r (1.4)

Let B,, denote the n™ balancing number and let b,, denote the n™ cobalancing number.
Then By =0,B; =1,B, =6,B,41 =68, — B,_1and by = b; = 0,0y = 2,b,41 =
6b, — b,_1 + 2 for n > 2. Also from (1.2), B, is a balancing number if and only if
8B2 + 1 is a perfect square and from (1.4), b, is a cobalancing number if and only if
802 + 8b,, + 1 is a perfect square. Thus

C,=+/8B2+1 and ¢, = /802 +8b, + 1

are integers which are called the n'™ Lucas-balancing and the n™ Lucas-cobalancing
number, respectively.

a2n_g2n b — a2n—1_g2n-1 1 _

2n 2n 2n—1 2n—1 4\/5 o 4\/5 27 "

%andcn = %forn > 1, where = 1 +v2and 8 = 1 — v/2 which
are the roots of the characteristic equation of Pell P, and Pell-Lucas numbers (),, (Note
that B_, = —B,,b_, = by11,C_, = Cp,cy = —Cuy1, Py = (—=1)""'P, and
Q_n, = (—1)"Q,) (see also [13, 15]).

Balancing numbers and their generalizations have been investigated by several authors

Ray proved ([20]) that Binet formulas are B,, =

from many aspects. In [11], Liptai proved that there is no Fibonacci balancing number
except 1 and in [12] he proved that there is no Lucas-balancing number. In [23],
Szalay considered the same problem and obtained some nice results by a different
method. In [9], Kovécs, Liptai, Olajos extended the concept of balancing numbers
to the (a,b)-balancing numbers. Let a > 0 and b > 0 be coprime integers. If
(@+0b) 4+ -+ (aln—1)4+b = (a(n+1)+b) + -+ (a(n + r) + b) for
some positive integers n and r, then an + b is an (a,b)-balancing number. The
sequence of (a, b)-balancing numbers is denoted by B for m > 1. In [10], the
authors generalized the notion of balancing numbers to numbers defined as follows:
Lety, k,l € Z* with y > 4. A positive integer 2 with z < y — 2 is called a (k, [)-power
numerical center for y if 1* + .-+ + (z — 1)* = (x + 1)! +--- + (y — 1)". They
studied the number of solutions of the equation above and proved several effective and
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ineffective finiteness results for (k,/)-power numerical centers. For positive integers
k,x,letlg(z) = x(x +1)...(x + k — 1). Then it was proved in [9] that the equation
B, = li(z) for fixed integer & > 2 has only infinitely many solutions and for
k € {2,3,4} all solutions were determined. In [35] Tengely, considered the case
k = 5 and proved that this Diophantine equation has no integer solution for m > 0
and x € Z. In [18], Panda, Komatsu and Davala considered the reciprocal sums
of sequences involving balancing and Lucas-balancing numbers. In [14], Ozdemir
introduced a new non-commutative number system called hybrid numbers. In [3],
Brdéd, Szynal-Liana and Wioch defined balancing and Lucas-balancing hybrid numbers
and in [21], Rubajczyk and Szynal-Liana defined cobalancing and Lucas-cobalancing
hybrid numbers. In [5], Dash, Ota, Dash defined ¢-balancing numbers. In [27], Tekcan
and Aydin determined the general terms of ¢-balancing numbers. In [26], Tekcan and
Erdem defined ¢-cobalancing numbers and determined the general terms them. In [17],
Panda and Panda defined almost balancing numbers. In [19], Panda defined almost
cobalancing numbers. In [31], Tekcan and Erdem determined the general terms of all
almost balancing numbers and almost cobalancing numbers. In [24], Tekcan considered
the sums and spectral norms of all almost balancing numbers and in [25], Tekcan
derived some results on almost balancing numbers, triangular numbers and square
triangular numbers. In [28, 29], Tekcan and Yildiz defined balcobalancing numbers
and in [30, 32], they defined almost balcobalancing numbers. In [33], Tekcan and
Akglic defined almost neo cobalancing numbers and in [34], Tekcan defined almost neo
balancing numbers.

2. NEO COBALANCING NUMBERS.

In [4], Chailangka and Pakapongpun defined neo balancing numbers. They said that an
integer n > 1 is called a neo balancing number if the Diophantine equation

1424 +n-1)=n-1)+n-0+n+1)+n+2)+---+(n+r) 2.1)

holds for some integer » > 1 which is called neo balancer. By considering (2.1), we say
that a positive integer n is called a neo cobalancing number if the Diophantine equation

142+ +n=n—-1)+n-0+n+1)+n+2)+---+(n+r) (22)

holds for some positive integer  which is called neo cobalancer.

From (2.2), we get

B —2n—14+V82—-8n+9

2.3
T 5 (2.3)
and
2 V&r2 +1 1
- r+ 34+ v8r: + 167 + ' (2.4)

2
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From (2.3), we note that 8(1)? — 8(1) + 9 = 3? and 8(2)% — 8(2) + 9 = 5% are perfect
squares. But in this case r = 0 and r» = 0, respectively. Nevertheless, we accept 1 and
2 to be a neo cobalancing numbers just like Behera and Panda accepted 0 and 1 to be
balancing numbers.

Let b™° denote the n™ neo cobalancing number and let r™° denote the n™ neo
cobalancer. Then from (2.3), b™° is a neo cobalancing number if and only if 8(6"°)% —
801 + 9 is a perfect square. Thus

e — \/8(6%60)2 _ 8b%eo +9 (2.5)

n =

neo
n

is an integer which is called the n'" neo Lucas-cobalancing number and from (2.4), r
is a neo cobalancer if and only if 8(r"°)2 4 167" + 1 is a perfect square. Thus

CT?LBO _ \/8(7"360)2 + 167"260 +1 (2.6)

is an integer which is called the n™ neo Lucas-cobalancer.

In order to determine the general terms of all neo cobalancing numbers, we have to
determine the set of all integer solutions of some specific Pell equation (see [1, 8]).
Indeed, since 0™ is a neo cobalancing number if and only if 8(5"°)? — 801 + 9 is a
perfect square, we set

8(b)°)? — 8y + 9 = ¢

for some integer y > 1. Then 2[(20%° — 1)? — 1] + 9 = y?. Taking z = 2b™° — 1, we
get the Pell equation
227 — gy = 7. 2.7

Let ) denotes the set of all integer solutions of (2.7). Then we can give the following
theorem.

Theorem 2.1. The set of all integer solutions of (2.7) is

Q= {(6Bn,1+Cn,1,4Bn,1—i—3Cn,1) n Z 1}U{(6Bn—Cn, _4Bn+3Cn) n Z 1}

Proof. For the Pell equation in (2.7), the indefinite form is F = (2,0,—1) of
3 4

5 3 } (see

[6, p. 121]). Here we see that [1 3] M"~! generates all integer solutions (2,1, Y2n_1)

forn > 1and [—-1 3]M" generates all integer solutions (g, ¥o,,) for n > 1. It can be

discriminant A = 8. So 75 = 3+ 2v/2. Thus Rep = {[+1 3]} and M = [

easily seen that the n'" power of M is

M”:[ C,, 4Bn]

2B, C,
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for n > 1. Thus

[Ton1 Yona] =[1 3IM" ' =[6B, 1+ Ch1 4B, 1+3C, 4]
[Tan  you] =[-1 3IM"=[6B,—C, —4B,+3C,].

So Q= {(6B,-1 + Cr—1,4B,-1 +3C,—1) : n > 1} U{(6B, — C,,, 4B, + 3C,) :
n>1}. O

From Theorem 2.1, we can give the following result.

Theorem 2.2. The general terms of neo cobalancing numbers, neo Lucas-cobalancing
numbers, neo cobalancers and neo Lucas-cobalancers are

neo 6Bn71 + Cnfl + 1
an—1 = 9
6B, —C, +1
2
ol =48, 1+ 3C,1
ch = —4B, + 3C,
Tom 1 = —Bp1+Cpoq — 1
rhy’ = =58, +2C, — 1
cryy’ =168, — bC),

neo __
b2n -

forn > 1and
CT’gZoil = 8Bn,1 — Cn,1

forn > 2.

Proof. Applying Theorem 2.1, we deduce that

heo 68,1 +C,_1+1
2n—1 — 9

since x = 20;°° — 1. Thus from (2.5), we obtain

) = 8 )7 — 8bE, 49

B, _ _ 1
\/8(6 n 1+20n 1+ )2_8(

= \JT2B2 | + 24B, 1Coy + 202, + 7

6Bn—1 + Cn—l +1
2

)+9

= \JT2B2 + 248, Gy + 2882, + 1)+ 7

_ \/1633_1 +24B, 1Cpy + 98B, +1)
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_ \/ 1682, + 24B,_1Cyy +9C2_,

= \/(4an1 + 307171)2
=4B,_1+3C,_1.

From (2.3), we deduce that

neo —2b721;0_1 -1+ 072150—1
2n—1 = 2
_9(SBamitCnitly g 4 (4B, +3C,_y)
2

- _Bn—l + C'n,—l — L

Finally from (2.6), we get

Ty g = \/ 8(rgn-1)? + 1675, + 1
= \/8(—Bp_1 +Cpy — 1)2+16(=Bp_y +Crey — 1) + 1
= \[8B2, ~16B,1C,y +8C3, — T

The others can be proved similarly. [

In Table 2.1, the first ten terms of all neo cobalancing numbers is given.

Apart from Theorem 2.2, we can give the general terms of all neo cobalancing numbers
in terms of cobalancing and Lucas-cobalancing numbers instead of balancing and
Lucas-balancing numbers as follows.

Theorem 2.3. The general terms of neo cobalancing numbers, neo Lucas-cobalancing
numbers, neo cobalancers and neo Lucas-cobalancers are

oy 1 = —bp + Cp
by =by, +c, +1
Com—1 = 8by, — ¢, +4
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Table 2.1 Neo cobalancing numbers

T [ e e
1o 3 |1
2 Lo | 5 |1
5 |1 13| 5
10 | 3] 27| 11

56 | 22 | 157 | 65
155 | 63 | 437 | 181
324 | 133 | 915 | 379
901 | 372 | 2547 | 1055
1886 | 780 | 5333 | 2209

QO[O0 |U =W N
[\
-3
—
[aw]
-3
ot
w
—_

—_
=)

ne()_8b +Cn+4

neo  10b, — 3¢, + 3
2n—1 — 2
weo  0bn —cn +1
Top = 5
2

cryy = —4b, + 3¢, — 2

forn > 1and
cry. 4 = —12b, + 5¢, — 6

forn > 2.

Proof. Applying Theorem 2.2, we deduce that
6Bn—1 + Cn—l +1

b = >
B 6(a2n—z\_/§2n—2) 4 (a2n—2_gﬂ2n—2) 11
B 2
a3+ V2) + (=34 V2) +2V2
_ o2, @ + 2\/_a 2n—2 6 + 2\/55 1
2n—2 2n—2 ﬂ ﬁ 1
=0 D ) g
2n 1 an 1 1 2n 1 _|_52n71

:_(4—\/5_5)4_(#)

959
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= —b, + Cp.

The others can be proved similarly. O]

3. BINET FORMULAS AND RECURRENCE RELATIONS.

Theorem 3.1. Binet formulas for neo cobalancing numbers, neo Lucas-cobalancing
numbers, neo cobalancers and neo Lucas-cobalancers are

bneo _ (3 + \/5)0'/2”72 B (3 - \/5)52”72 + 2\/5
2n—1 — 4\/§
e _ 3= V2)a? — (3 +v2)2" 4 21/2
2n 4\/§
o _ (31 V24 (3 V2FT

Con—1 = 2
oo _ 3= V2)a? + (3+v2)5"
2n T
2
neo <_1 + 2\/§>a2n72 + (1 + 2\/5)/32an - 4\/§
T =
2n—1 4\/5

neo (_5 + 4\/§>a2n + (5 + 4\/§)ﬁ2n — 4\/5
Ton =
42
cre — (_5 + 4\/§>a2n _ (5 + 4\/§>B2n

2n T )
forn > 1and
neo (_1 + 2\/5)@271_2 B (1 + 2\/5)5271—2
Crop—1 =
2
forn > 2.
Proof. Recall that B,, = 0‘22\_/52” and C,, = O‘Qn;rﬁ " Thus from Theorem 2.2, we easily
get
neo 68,1+ Ch_1+1
2n—1 — 9
O¢2n72— 2n—2 a2n72 2n—2
6(—A—) + (——=F—) +1

2

B a2n—2(%§+%)+62n—2(%+%)+1
2
(3 + \/5)0427172 . (3 . \/§)B2n72 + 2\/5
44/2 '

The others can be proved similarly. O]
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Theorem 3.2. Recurrence relations for neo cobalancing numbers,

Lucas-cobalancing numbers, neo cobalancers and neo Lucas-cobalancers are

bZe‘O — bnEOl + 6bn6‘0 _ 6b}’l€0 _ bn€04 + bneo

neo __ neo neo neo neo neo
Cp = Cpq +6¢, 9 —6¢, 53—,y + s

n
neo __ neo neo 1160 neo neo
T, = |+ 67, — 6r, — 1y
forn > 6 and
neo neo }’l€0 neo neo neo
cr, = cr, + 6ber, "y — 6¢r, "3 — cr, 5y +or, s
forn >T.

961

neo

Proof. Let n be even, say n = 2k for some positive £ > 1. Then from Theorem 3.1,

we get

(3+V2)a?k—2 — (3 —2)8%2 422
42

neo neo neo neo neo
b -1 +6 6bn—3 - bn—4 + n—5 —

+6

4v2

<(3 —V2)a2k "2 — (34 /2)p2F2 4 2\@)

4v2

3_\/’ 2k—4 (3_{_\/’)5219 4_{_2\/’

(
42
(

42

6<
)

<(3 +V/2)akt — (3 - /2)p%1 2\@)

)

3+ /2)a2k—6 (3 - \/5)5%—6 + 2\@>

42

2)a
)
_ ((21 — 5v/2)ak=2 — (21 4 5/2)82k2 + 14ﬁ>

- ((21 +5v2)ah—4 — (21 — 5v/2) %4 ¢ 14\@)

42

N ((3+\/§)a2k—6_ (3_\/§)52k—6+2\/§

42
_(3—v2)a* — (3+2)8% +2V2
4v2
bneo
_ pneo

The others can be proved similarly.

)
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Apart from Theorem 3.2, we can give the following result which can be proved
similarly.

Theorem 3.3. For neo cobalancing numbers, neo Lucas-cobalancing numbers, neo
cobalancers and neo Lucas-cobalancers, we have

_ Thge — 3be —1

[ —
2n+1 2
neo eo
eo 10 = 360
2n+1 2
neo neo
neo  __ 7T2n B 3742n71 +2
Tont1 = 9
forn > 1and
1eo neo
preo — 7b2n—1 o 2b?n—2 —1
2n T 3
neo neo
neo __ 7C2n71 - 202n72
2n T 3
neo neo
neo __ 774271—1 B 2T2n—2 +2
2n T 3
neo neo
neo __ 7cr2n71 - 207“2”72
2n 3
neo neo
p e — 7CT2n - 3C7“2n_1
2n+1 )
forn > 2.

4. SUMS OF NEO COBALANCING NUMBERS.

Recall that the sum of first n-terms of all balancing numbers can be given in terms of
same balancing numbers, that is,

n

B, — B, —1 2 by —bp_1 +2—2
S B =2 Ll st Y et B2,

: 4 : 4 ’
=1 =1
- 5C, —C, 1 —2 - 5¢, — Cpq1 — 2

i=1 i=1

Similarly we can give the following theorem.

Theorem 4.1. The sums of first n-terms of neo cobalancing numbers, neo
Lucas-cobalancing numbers, neo cobalancers and neo Lucas-cobalancers are

A Rk e
i 4
=1
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n

eo neo neo neo
E e — 50?1 + 5Cnfl —Cp_o —Cp3

l 4
i=1
i i = Oy + 57y — Tty — Tty — dn 412
=1 4
forn > 4 and
Xn: cri’ = Serp’ 4 derp®y — erp®y — ey — 8
i=1 4
forn > 5.

963

Proof. We note that b)*° = 6b7°°, — b'*°, — 2 forn > 5. Let n be odd, say n = 2k — 1

for some integer k£ > 1. Thus
bgeo — 6b§€0 _ bI:'lICO _ 2
bgeo — 6b260 - b12leo )
br%eo — 6bgeo o bgeo —9

B = 0y — B 5 — 2
and hence
(D50 4%+ - -4-b35 1) = 6(D5° b5+ - D5 o) — (D105 +- - -5 -
Thus
(BI04 D50 4+ D2 ) = (B 5%+ B + b))
= OB 030+ + B+ D)
— GBI+ D5 D+ U )
— (D% 4 D50 + - - AbB o+ DB, + DB 4+ D + D,
+ 057y + 0975 + 057 + by — 2(2k = 5).
So
2k—1 2k—1

Z b;leo _ (brlleo + br2leo + bgeo + bzeo) -6 Z b;leo _ 6(()];60 + br21e0 + br21<]:€o_2
=1

i=1
2k—1

neo neo Nneo Nneo
- E D+ (b2, + b g + D,
i1

- 2(_2k: —5)

)—2(2k—5).

)
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and hence

2k - 1 neo neo neo neo
Z preo — by 1 + Bbgg o — b5 3 — o’ 4 + 2(2k — 5)
7 - 4 .

=1
Since n = 2k — 1, we conclude that
S o _ S U U 4 O 8

=1

The others can be proved similarly. [

‘We also note that

232 + Bx2Cn n > 2 even
_2Bn+1 b’n+1 + ) n Z 1 Odd

{ 2B2 n > 2 even
B2

— 2bn+1 n > 1 odd

B —|—832 n > 2 even
_8bn+l+) n > 1 odd

Z(—l)c-: B, n>2even
- ’ —B,, n>1odd.
Similarly we can give the following theorem.

Theorem 4.2. For the sums of neo cobalancing numbers, neo Lucas-cobalancing
numbers, neo cobalancers and neo Lucas-cobalancers, we have

i(—l)ib"eo _! Bby? — Bbp%y — by + 0525 m > deven
i=1 - —5b + B, + by — D% — 2 n > 5 odd

n i neo 1 507130 _ 5Cneo _ ne() + Cneo _ 4 n Z 4 even
>ty -1

p— i 4 _5Cneo +5cneo +Cneo _ neo —4 n > 5 odd
Zn:(—l)i?”"e" LSy =5y =y + iy =2 no> 4 even
im1 B R R 7";’51’2 — % +2 n>5o0dd

i(—l)icr”eo _! { Dery® — derpy — ey + ey —4 > G even

C 4 —Bermeo 4+ Ser + ern?y, — crt’s — 4 n > 5 odd.

=1

Proof. It can be proved as in the same way that Theorem 4.1 was proved. O]
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In [22, Lemma 1], Santana and Diaz-Barrero proved that the sum of first nonzero 4n+ 1

terms of Pell numbers is a perfect square and is

4n+1 n 2

2n+1 ,
P, = 2" .

So-(S(M)2)

i=1 1=0
Similarly we can give the following result.
Theorem 4.3. The sum of first nonzero 4n + 1 terms of Pell numbers is

4n+1 neo neo 2
Z P, = (_b2n+3 +§an+2 _ 2) )
=1

Proof. From Theorem 3.1, we notice that

o _ (37 3v/2)a? 2 — (3 4+ 3v/2) %2 + 4

—bg%0+3 +5 2n+2 9

n
: Ppy1+Pu—1 n_gn
Since " P; = 235~ and P, = 5% we get

=1 Q\f
4An+1
Py, Py —1
ZPZ' _ Fango + 24 +1
i=1
a4n+27/84n+2 a4n+1754n+1 _1
_ 2V2 2V/2
2
a4"+2(1+a_1)+ﬁ4"+2(717B_1)
_ 2v2 I
2 2
B a4n+2 +ﬁ4n+2 1
N 4 2
(27— 18V2)at (27 + 18/2) Bt — 18
N 36

36

+(3 + 3\/5)264n+4

((—3 +3v2)a?2 — (34 3\/5)/32”“) i

6
(_3+3\/§)a2n+2_(3+3\/§)ﬁ2n+2+4 _ 2 2
_ 2
— (_bg?&?) +5 316104-2 - 2) 2
3

as we wanted.

L { (=3 +3v/2)2a"™H — 2(=3 + 3v/2)(3 + 3v/2)(a3)? "2

|
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As in Theorem 4.3, we can give the following theorem which can be proved similarly.

Theorem 4.4. For the sums of Pell, Pell-Lucas, balancing and Lucas-cobalancing
numbers, we have

1. the sum of first nonzero 4n — 1 terms of Pell numbers +1 is a perfect square and
is

2. the sum of odd ordered Pell-Lucas numbers from 1 to 2n is a perfect square and

S Qs (2632‘;1 + 207 — 2>2

is

3

3. the half of the sum of odd ordered Pell-Lucas numbers from O to 2n is a perfect
square and is

2n
B0 (g s, 2\
2 3 '

4. the sum of odd ordered balancing numbers from 1 to 2n is a perfect square and is
S Vietys + bjer — 1’
Z By = G .

5. the sum of first 4n+ 2 terms of Lucas-cobalancing numbers +1 is a perfect square
and is

In+2

_ neo 1neo 2

1+ § G = (b4n+3 - b4n+2) .
i=1

Panda and Ray proved in [15, Theorem 3.4] that the sum of first 2n — 1 Pell numbers is

2n—1

ZR = B, +b,. 4.1)
=1

Later Gozeri, ()zkog and Tekcan proved in [7, Theorem 2.5] that the sum of Pell-Lucas

numbers from 0 to 2n — 1 is
2n—1

zi:cgi::(11+'cn-
=0
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Since R,, = b,,, (4.1) becomes

2n—1

Z P.= B, + R,,. 4.2)

=1
As in (4.2), we can give the following result.

Theorem 4.5. The sum of first 2n — 1 Pell numbers is

2n—1

> Pi=b Ay

Proof. We easily deduce that

2n—1

2;\/5271 + 2n7;\_/§2n71 1
- 2
_a(A4+a ) +p(-1-p") 1
44/2 2
a1
T4 2
_L{ a®™[(3+V2) (=14 v2)? — 5+ 4V2] }_1
42 | (B = V2) (=1 = V2)? + 5+ 472 2
_L{ a”™[(3 +v2)a —2—5+4\/'] } 1
42 | BB —V2)B 245+ 4v/2 2
_L{ (3+V2)a™? — (3 - V2) 2 +2v2 }
T 4V2 | (=5 4V2)a 4 (54 4V2) 5% — 42
— bneo 1 _'_,r,g;()
by Theorem 3.1. O

S. NEO COBALANCING NUMBERS AND BALANCING NUMBERS.

In Theorems 2.2, we deduced the general terms of all neo cobalancing numbers in
terms of balancing and Lucas-balancing numbers and in Theorem 2.3, we deduced
the general terms of them in terms of cobalancing and Lucas-cobalancing numbers.
Conversely, we can give the general terms of balancing, cobalancing, Lucas-balancing
and Lucas-cobalancing numbers in terms of neo cobalancing numbers as follows:
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Theorem 5.1. The general terms of balancing, cobalancing, Lucas-balancing and
Lucas-cobalancing numbers are
b b — 1
B 6
b, -2 — 1
B 3
Coo = Uity — U
b, + B — 2
3

By,

by

Cp =
forn > 1.

Proof. Recall that B,, = 0‘22\_/52". So we get

Bn _ aQn _ 62n
42
a2n7 2n
6(* )
B 6
a®"(34v2+3-v2)+ 82 (=3+v2-3-V2)82"+4v2 1
6
(3+v2)a?"—(3-V2)B?"+2v2 | (3-v2)a®"—(3+V2)ET"+2V2 4
_ 42 42
6
b, 1
B 6
by Theorem 3.1. The others can be proved similarly. ]

6. NEO COBALANCING NUMBERS AND PELL AND PELL-LUCAS
NUMBERS.

Theorem 6.1. The general terms of neo cobalancing numbers, neo Lucas-cobalancing
numbers, neo cobalancers and neo Lucas-cobalancers are

neo 4Py, 9 + Pop3+1

an—l = 9
2P2n_P2n—1+1
2
Cop 1 = 9Pon_9 + 3P, _3
Cop = Py + 3Pop_1

neo Pop_o+2P, 3 —2
2n—1 — 9

neo __
bZn -
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neo — _PQ’fl _l_ 4P2n—1 - 2
2n 2
CT’;;O == 3P2n — 5P2n_1

forn > 1 and
cryy 1 = 3Pop_o — Poy_3

forn > 2.

Proof. From Theorem 3.1, we get

(3—V2)a™ — (3+V2)8*" +2V2

anO —
2n 4\/5
_a-1 s 2—B"1

an(et) — (500 123

B 2
C(271,7 2n a2n—17 2n—1

2 2\/§ ) —( zx/g ) +1
B 2
2Py, — Pop1 +1
= 5 .

The others can be proved similarly. O]

Conversely, we can give the general terms of even and odd ordered Pell numbers in
terms of neo cobalancing numbers and neo Lucas-cobalancing as follows:

Theorem 6.2. The general terms of even and odd ordered Pell numbers are

R Tk I R ¢

Py,
2 7 7

forn > 1.

Proof. Applying Binet formulas, we deduce that

a?n - B?n

Py = ————
2 2\/5
n[6(3—v?2 - n[—6(3+v2
a2[(4\/§)+32\/§]+62[ (4:/% )+3+2\/§]
B 7
3_\/§ 04277’— 3 \/5 2n 2\/§ 3_\/5 04277’ 3 \/5 2n
6[( ) 1(1\}% )32+ ]+[( ) -2F(+ )8 ]_3

_ Bbyyy + ey — 3
= - )
The others can be proved similarly. O]

7
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Thus we construct one-to-one correspondence between all neo cobalancing numbers
and Pell numbers.

Similarly, we can give the general terms of all neo cobalancing numbers in terms of
Pell-Lucas numbers as follows:

Theorem 6.3. The general terms of neo cobalancing numbers, neo Lucas-cobalancing
numbers, neo cobalancers and neo Lucas-cobalancers are

preo  — 5Q2n—2 + 3Q2n_3 + 4

21’L—1 - 8
bneo _ Q2n + 3@271—1 + 4
2n T
8
neo  __ 4@27172 + Q2n73
21’L—1 - 2
Cneo — 2Q2TL - QQ'I‘L—I
2n 2
neo _ 3@27172 - anflg) - 8
27’L—1 - 8
neo __ 3Q2n - 5Q2n—1 -8
7”2” -
8
neo __ _QZTL + 4@277,71
CrQn -
2
forn > 1 and
neo  __ QQTL—? + 2Q2n—3
Clop—1 = 9
forn > 2.
Proof. 1t can be proved as in the same way that Theorem 6.1 was proved. ]

Conversely, we can give the general terms of even and odd ordered Pell-Lucas numbers
in terms of all neo cobalancing numbers as follows.

Theorem 6.4. The general terms of even and odd ordered Pell-Lucas numbers are

8che? + 2erse? 200500 +4riee | —6
Q2n = —2n 20 and Qan-1 = 2n-l 2n-1
7 7
forn > 1.
Proof. It can be proved as in the same way that Theorem 6.2 was proved. [l

Thus we construct one-to-one correspondence between all neo cobalancing numbers
and Pell-Lucas numbers.
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7. NEO COBALANCING NUMBERS AND TRIANGULAR AND SQUARE
TRIANGULAR NUMBERS.

Triangular numbers denoted by 7,, are the numbers of the form

n(n—i—l)‘

T, =
2

It is known that there is a correspondence between balancing and also cobalancing
numbers and triangular numbers. From (1.1), we get

(n+r)(n+r+1)
5 =n".

So

Similarly from (1.3), we get

(n+r)n+r+1)
2

:n2—|—n.

So
Ty, 4r, = b2 + by (7.1)

Asin (7.1), we can give the following theorem.

Theorem 7.1. b is a neo cobalancing number if and only if (b"°)* — V> + 1 is a
triangular number, that is,

Tb’}f"—&—r?f" — (b’:f())Z _ b:zleo +1.

Proof. From (2.2), we get n? +n = 4n — 2 + 2nr + r? + r and hence

1
(n+7°)(r;—|—r—|— ):n2—n+1.

Thus
Tiggorreo = (b°)* = 03° + 1

as we wanted. ]

There are infinitely many triangular numbers that are also square numbers which are
called square triangular numbers and is denoted by S,,. So

2 to(tn +1)

Sn - - )
Sn 9
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where s,, and t,, are the sides of the corresponding square and triangle. Their Binet
formulas are

4n an 2 2n _ Q2n 2n 2n 2
S, = i’ S, = u and t, = i (7.2)
32 42 4

forn > 1.

We can give the general terms of all neo cobalancing numbers in terms of s,, and ¢,, as
follows.

Theorem 7.2. The general terms of neo cobalancing numbers, neo Lucas-cobalancing
numbers, neo cobalancers and neo Lucas-cobalancers are

B0 = 35,y +t_q + 1
beo = 3, — t,

Cgflo_l = 4Sn71 + 6tn71 +3
Cop = —4s, + 6t, + 3

7”;5{:1 = —Sp1+ 22fn—l
Ty = —5H8, +4t, + 1

cry, = 16s, — 10t,, — 5
forn > 1and
crye’ | =88p-1 — 2t — 1

forn > 2.

Proof. From Theorem 3.1, we get

pheo (3 + \/E)a2n72 — (3 - \/5)627172 + 2\/§

2n—1 — 4\/§
3

NG

a2n—2 o ﬁ2n—2

NG )+ (

== 3Sn_1 + tn—l + 1.

L _gme 3 _L_1
PP ) g

a?n—2 + B2n—2 -9
4

— 0427172(

=3( )+ 1

by (7.2). The others can be proved similarly. [

Conversely, we can give the following theorem.
Theorem 7.3. The general terms of S,,, s, and t,, are
(V) + () + 20, b — 203, — 20 + 1

Sp =
36
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neo neo
- b2n+1 +b2n —1
n=
6
neo neo _

t, = 2n+1 ~ Y2n

2

forn > 1.

Proof. From (7.2), we get

a4n +54n -9
32
_ i g 4n dny 9 2n
- o5 (S - Sas))
( %_{_ %(Oﬁn _ ﬁ2n) + %(a4n+ﬁ4n) + %ﬁ(aéln _ 54n)
+i(a® + 57) — 5 (ap)
1 1y M(Oﬂn _ /8271) + g(o/m _'_ﬁ4n> _ M(a“” _ 5471)
+ 4 8 32 16
( L2 1 5 — & ()
4 (% + %ﬁ(oﬁn _ ﬁQn) + %(O/ln + ﬁ4n) _ %(aﬁ)2n>
+ (_%ﬁ(aQn _ ﬁ?n) _ 1)

( (3+¢§)a2n(3ﬂ)/32n+2¢5)2 4 (G=VRetn (VD)5 VD
42 e
_ i 42 (3+v2)a?"—(3—v2)8%"+2v2 | [ (3—v2)a?"—(3+v2)8*"+2v2
36 4v2 42
_9 ((3+\/§)a2"—(3—\/§)62"+2\/§> _ 9 (B=vDe?—(3+v2)82" 422
L 42 4+/2
() o (b)? + 200 by — 200, — 200 + 1
36

by Theorem 3.1. The others can be proved similarly.

Tm:Sn

holds. The answer is given below.

L Tygo o1 =Sy
2

.
)

2

+1

973

]

Thus we construct one-to-one correspondence between all neo cobalancing numbers
and square triangular numbers.

Finally, we want to construct a correspondence between triangular and square triangular
numbers via neo cobalancing numbers, that is, we want to find out that for which neo
cobalancing numbers (or neo cobalancers) m, the equation

Theorem 7.4. For triangular numbers T, and square triangular numbers S,,, we have
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2. Tygo, 4srgee -1 = Sy
T
3. Tsepeo | —vieo1 = S
6
forn > 1.

Proof. (1) From Theorem 3.1, we note that b5 | — b3 = w So we get

(oL R b

) (e — 4 )

neo neo =
Tb2n+1 —bon 1
p)

2
(bgy — by — 1) (037, — b +1)
B 8
a2n 2n a2n 2n
(e )
8

(Och-i-,an )2 _ 1

a4n +B4n —92

by (7.2). The others can be proved similarly. ]

8. CASSINI AND CATALAN IDENTITIES.
Note that Cassini identity for Fibonacci numbers £, is
FpiFpp — F = (=1)"
for n > 1 and Catalan identity for Fibonacci numbers F, is
Fy = FomFom = (1) F,

forn > m > 1. Similarly for all neo cobalancing numbers, we can give the following
theorems.

Theorem 8.1. Cassini identities for all neo cobalancing numbers are
U Vo' a = (Baivs1)? = —2Bnbns1 — 1
Uy 1bsy1 — (b3)* = 2Bn(by + 1) — 1

neo _neo neo 2
Cory Comin — (Copi1)” = —Cony1 + 7
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neo neo neo\2 __
Com—1Comy1 — (Con )" = Con + 7

(cn+2)2-C,) —1

T — () = .
- 2)(Ch1—2)—1
it — (e = 2= DG 22
ertertts — (eri ) = e — T

forn > 1 and

neo neo

neo 2
CTron_1CTont1 — (crop)” = con1— 7

forn > 2.

Proof. Applying Theorem 3.1, we deduce that

RS, — (B)? = <(3 — V) - fg VD + 2\/§>
) <<3 — VD)ot — (34 V2)FHH2 4 2\/§>

42
B <(3 +v2)a? — (3 —V/2)5% + 2\/§>2

4v2
L { e 2l =) )
32 —2(a’™ 4 ") — 28
- o — B2 (=2 — 2v/2) + B (=2 + 2V2)

7
42 - 32 8

B a?n _ ﬁ?n a4n+1 + ﬁ4n+1 7

44/2 16 8
_ (OéQn_ﬁZn) <a2n+l_ﬁ2n+l _1) 1
42 442 2
- _2Bnbn+1 - 1
The other cases can be proved similarly. ]

Apart from Theorem 8.1, we can give the Cassini identities for all neo cobalancing
numbers in terms of neo cobalancing numbers as follows:

Theorem 8.2. Cassini identities for all neo cobalancing numbers are

(U + b3 — DOy = 2ty — 1)
9

1e0 1.neo neo 2
b2n b2n+2 - (b2n+1) =-1-
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(b1 + Vo — D) (0574 — 2657 + 2)

neo neo neo\2 __
banl 2n+1 (bZn) =—-1+
Jeo . oneo
neo neo ( neo )2 7 _— An+2 4An+1
Con Cont2 = \Cont1) = - 5
Czeo . czeo
neo neo neo\2 __ n n—1
Con—1Con+1 — (o)™ =T+ 9
neo neo neo __ ,.neo
,r,neo neo ( neo )2 _ 3 o r2n+1 + 7n2n o T4n+1 T4n
on Ton+2 Tony1) = o4 3 3
neo neo neo neo
neo ,.neo ( neo)2 _ —1 5r4n+1 - 13r4n . Ton41 + Ton
Ton—1T2n+1 Ton ) = 3 24 3
neo neo
crheo pptieo ( yheo )2 = _7_ CT41’L+1 + Clyn
2n oan+2 Cron+1 - 6
forn > 1and
3erheo — epneo
neo neo neo\2 __ 4n 4n+1
CTon—1CTon41 — (ergy)” = =T+ B
forn > 2.
Proof. It can be proved as in the same way that Theorem 8.1 was proved. U

Finally as in Theorem 8.2, we can give the following result concerning Catalan
identities for all neo cobalancing numbers.

Theorem 8.3. Catalan identities for neo cobalancing numbers are

Lo (V550 )2 =0 Ve o = By — (Ui 1 — Vi) (B3 — )+ (T07 = TS — 15) /16

forn >m > 1.

2. (B0 1) = Uy b = DR — (B — B (O, — 3+ (7B, —
7bee —15)/16 forn > m > 1.

3. (B57)7 = U5 omabintom 1 = Uoy + (Vi — 5BEY)/24 — (B opn +
Vorom—1)/2 + (2104 _y — 210457, — 17)/48 forn > m = 1.

4. (057 1)% = Vo ambatiom—s = sy — (U5 gm + Usii0n_)/2 + (B4 —
neo ) /24 + (21610 — 21010, — 25)/48 forn > m > 1.

for neo Lucas-cobalancing numbers are

1 (520)% = 50 Oy = (—21E58 + T +28) /8 forn > m > 1.

2. (G50 1) = OB a1 o1 = (—21C50 + T +28)/8 forn > m > 1.
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3. () = 5 o1 Contromr = (Clory — €t +7) /2 — (Tefed + Tcfn_, —42) /12
forn>m > 1.
4o (Bl 1) = el o Contom—n = Ciet — 2ciety — (Tcjer_y + Tcjen_y — 42)/12 for

n>m>1.

for neo cobalancers are

1 (PR VT3 it = 20550+ (50 + 1) (10758 — 200 +-8) /3 (35750, —
Trpeo +103)/48 forn > m > 1.

2. (1)) = o am A Toam—1 = —2r5 (15, + 1) (10057 —2r57 + 8) /3 —
(35rjee, | — Trpe +103)/48 forn > m > 1.

3. (r5 ) =5 o Tamam—1 = (=107 + 267052 = 35050 +7rif 5 +9)/48—

neo neo neo
2r2n + r?n—?m—l—l + r2n+2m—1 forn Z m Z ]-
neo 2 neo neo — neo neo neo neo neo
4. (T2n71) —Ton—omTontom—2 = _2T2n71+T2n72m+r2n+2mf2+(r4n73_r4n74)/8_
neo neo
(35740 | —Trfe o, +7)/48 forn > m > 1.

and for neo Lucas-cobalancers are

1. (erfeo)? —erhee , eraes,,, = (1deriee | — Teriee — 21) /6 forn > m > 1.
2. (e ) —eree y qerhe o = (1deriee, | —Teri—21) /6 forn > m+1 > 0.

3. (erly)? = erly o 1O am 1 = (=3eriyy + erisy) /2 + (Terliy — Terfy ) —
14)/4 forn > m > 1.

4 (R0 = O Oty = (=907 + 196000 /4 + (Terls — Terfs_,
—14)/4 forn > m > 1.

Proof. 1t can be proved as in the same way that Theorem 8.1 was proved. ]
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