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Abstract

This paper presents an exponentially fitted numerical method to solve a singularly
perturbed delay differential equation (SPDDE) having a boundary layer at one
end (left or right) point of the domain. A fitting factor is introduced in the
derived scheme to improve the accuracy and to control the oscillations in the
solution due to a small delay using the theory of singular perturbations. Thomas’s
algorithm is used to solve the tridiagonal system of equations. Convergence
of the derived scheme is investigated. The scheme’s applicability is shown by
implementing it on four linear problems(two left-end and two right-end problems)
with minimal computational effort for various values of the delay parameter § and
the perturbation parameter €. The effect of § (small shift) on the boundary layer(s)
has also been analyzed and depicted in graphs.
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1. INTRODUCTION

In mathematical modeling, various practical systems are studied, including the
hydrodynamics of liquid helium, the first exit time problem in modeling neuronal
variability, thermo-elasticity, reaction-diffusion equations, diffusion in polymers,
second-sound theory, and a variety of models for physiological processes or diseases.A
SPDDE, or a singularly perturbed delay differential equation, is an ordinary differential
equation that involves a tiny parameter (0 < ¢ << 1) multiplying the highest
order derivative and includes at least one component with a delay.In paper [23-25]
have been study of singular perturbation analysis of boundary value problems for
differential-difference equations, with the presence of shift terms, which induces large
amplitudes and exhibit rapid oscillations and resonances, turning point problems,
boundary and interior layer behaviour. The authors [1] empolyed a non-polynomial
cubic spline method to solve singularly perturbed delay reaction-diffusion equations
with twin layers and oscillatory behaviour on uniform mesh. In this method, the
second-order singularly perturbed delay reaction-diffusion equation transformed into
an asymptotically equivalent singularly perturbed two-point boundary value problem
using Taylor series expansion. Then, non-polynomial cubic spline approximations
are developed into a three-term recurrence relation, solved using Thomas Algorithm.
In [6] authors presents a solution for a class of singularly perturbed convection with
delay problems using a parametric cubic spline method. The authors in [2] used a
numerical method for solving SPDDE with a layer or oscillatory behavior for which
a small shift is introduced in the reaction term on uniform mesh. In [5] presents a
new exponentially integration fitted three point scheme for solving singularly perturbed
delay problems with boundary layer at left (or right) end of the given domain. A
good number of articles [2—4,7-19] and high level monographs [20-22,26-31] are in
literature which describe the various numerical and analytical methods for the solution
of singular perturbation problems. With this motivation, in this paper we employed an
exponentially fitted numerical finite difference scheme based on uniform mesh to solve
singularly perturbed delay differential equations having delay in convection term which
has the boundary layer at left and right end of the given domain respectively.

The paper is arranged as follows: Formulation of the continuous problem is given in
Section: 2. A brief discussion of the proposed method with left and right end boundary
layer problems are presented in the subsections 2.1. In Section: 3, Convergence analysis
of the proposed method is analysed. Computational illustrations with the results in
terms of MAE are presented in tables in Section: 4. Conclusions and Discussions are
presented in the last Section: 5. Paper ends with the references.
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2. STATEMENT OF THE PROBLEMS.

Consider a class of singularly perturbed differential equations with delay in the
convection term:

ew”(u) + s(u)w' (u —8) + t(uw)w(u) = g(u) (1)

on() <u <1, 0<e<<1subjectto the interval and boundary conditions(BCs):

w(0) = ¢P(u), =0 <u <0, w(l) =7 (2)

where s(u), t(u), ¥ (u) and g(u) are continuously differentiable functions in (0,1).
where ~ is constant. If we assume s(u) > M > 0 throughout the interval [0, 1], where
M is positive constant, then boundary layer will be in the neighbourhood of u = 0
and s(u) < M < 0 throughout the interval [0, 1], where M is negative constant, then
boundary layer will be in the neighbourhood of © = 1. Now using the Taylor’s Series
expansion of the term w’(u — ¢§) around u we have

w'(u—06) ~w'(u) — ow"(u)
Substituting the value of w’(u — ¢§) in Eq.(2.1) we get
(e — ds(u))w"(u) + s(u)w'(u) + t(uw)w(u) = g(u) on 0 < u <1 (3)
pw” (u) + s(u)w'(u) + t(uw)w(u) = gu) on 0 <u <1 4)
with boundary conditions (BCs)
w(0) =, w(l) =1, (5)

where 1 = & — ds(u). The solution of Eq.(4) provides a best approximation to the
solution of Eq.(1)

3. LEFT-END BOUNDARY LAYER PROBLEMS

To describe the proposed method, we consider the singularly perturbed boundary value
problem Equation Eq. (4)-(5) with s(u) > M > 0. The theory of singular perturbation
gives the solution of Eq.(4) with Eq.(5) which is of the form (cf. [27],pp.22-26):

s(0) s(u) _ tu)
(

w(t) = wolt) + 2 (1 — wo(0)) e (& —36) e 1 o), )

s(u)
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where wy(u) denoted solution of the simplified problem:

s(u)wo(u) + t(u)wo(u) = g(u); wo(l) = 1. (7)
By taking Taylor’s series expansions for s(u) and t(u) about the point ‘u = 0" upto their
first terms only, the Eq.(2.6) becomes:

s(0) t(0

w(w) = wolu) + (o — wo(0)) e~ ~5@)* 4 o(p). ®)

Taking the limit as ~ — 0 and applying Eq.(6) to the point v = u; = h, 1 =
0,1,2,..., N, we obtain

_<52(o>—ut<o>)ip
lim w(ih) = wo(0) + (Yo — wo(0)) e *(© + o(p), 9)

h—0

where p = h/p, the first and second order approximations have been used as below:

;o 3wiy1 — 2w; — wiy

/ 10
wl! = s ! (11)
Substituting Eq.(10) and Eq.(11) in Eq.(4) we have
i1 — 2w; i— w1 — 2wy — w;—
M[wH ;;2) Rl 1] +Si[ it 42} = 1] + tiw; = g; (12)

Introducing the fitting factor o (p) into the aforementioned approach, we obtain the
following result:

i — 2wl W;— 311)Z — 2?1)1 — W;—
{w 41 + 1] +s { +1 1

AW = s 1
2 m }szz 9i (13)

The determination of the fitting factor o(p) aims to ensure that the solution of the
difference scheme described in Eq. (13) achieves uniform convergence towards the
solution of equation Eq. (4) with Eq. (5).
By multiplying Eq. (13) by h and taking the limit as h — 0, the resulting Eq. (13) is
as follows:

o r(0)

— [wit1 = 2w; — w; 1] + 4 [Bwit1 — 2w; — w1 =0 (14)
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Letm = W. By using Eq.(9), we get

lim (w(ih — h) + w(ih + h) — 2w(ih)) = (o — we(0)) e ™ (™ + e~ — 2)

h—0

lim (3w(ih + h) — 2w(ih) — w(ih — h)) = (g — we(0)) e ™ (3™ — 2 — ™).

h—0

By using the above equations in Eq.(14), we get

s(0)p (s°(0) — ut(0)) p\  s(0)p
= ——coth — 15
which is a required fitting factor o (p) .

Finally, from the equation Eq.(14) with the value of o(p) given by equation Eq.(15), we

obtain the following three-term recurrence relationship:

Aw;_1 — Byw; + Cowiy = Hy, (1=1,2,3,..., N — 1), (16)
where
A=
Bo= 4,
Ci= ¥ + %
H; = g

Using the Thomas Algorithm, the resulting diagonal dominating tridiagonal system is

solved.
3.1. Right-End Boundary Layer Problems

In this subsection, we will describe the proposed method for the solution of the problem
Eq. (4)-(5) having boundary layer at right end point of the interval considered. The
solution of Eq. (4) with Eq. (5) is of the following form (cf. [27], pp.22-26):

w(u) = wo(u) + % (o — wo(1)) e” G o) L o(p), (17)
where wy(u) denoted the simplified problem’s solution:
s(u)wo(u) + t(u)wo(u) = g(u); wo(1) = . (18)

By considering the Taylor series expansions of s(u) and ¢(u) around the point u = 0 up
to their respective first terms, we can simplify Eq. (17) as follows::

w(u) = wo(u) + (o — wo(0)) e~ 50" 4 o(). (19)
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Taking the limit as ~ — 0 and applying Eq.(3) to the point v = u; = h, 1 =
0,1,2,..., N, we obtain

[ s2@—p(n)

lim w(ih) = wo(0) + (Yo — wo(0)) e ( = )ip + o(p), (20)

h—0

where p = h/p.
After multiplying Eq.(13) by h and taking the limit as ~ — 0, the Eq. (13) converted
into the following form:

s(0
g [wiH — 2’LUZ — wi_1] + % [3’LUZ‘+1 — 2’LUZ — wi_l] =0 (21)

Let 7 = %. By using Eq.(20), we get

lim (w(ih — h) + w(ih + h) — 2w(ih)) = (Yo — wo(1)) e ™ (™ + e ™ — 2)

h—0

}llii% (Bw(ih + h) — 2w(ih) — w(ih — h)) = (Yo — wo(1)) e ™ (3e™™ — 2 — ™).

By substituting the aforementioned equations into Eq.(21), we get

o(p) = @ coth <<82(1)2;(lf;(1))p> _ S(Z)p, o)

which is a required fitting factor o (p) for right end boundary layer problem.

4. CONVERGENCE ANALYSIS.

In this section, we discuss the convergence analysis of the method.
Definition 3.1 (Consistency): Let

Tilw] = Lpyw(t;) — Lyw(t;), i =1,2,..., N

where y represents a smooth function on I = [0, 1] with L, as the discrete difference
operator.then the difference Eq.(2.13)-(2.2) bear consistency with the differential
Eq.2.1)-(2.2) if

|7;[w]| = 0 as h — o.



An Exponential Fitted Finite Ditference Method for Solving Singularly.. 1051

The quantities 7;[w],7 = 1,2,3...,N is called the local truncation (or local
discretization) errors.
Definition 3.1 The differential Eq.(2.13)-(2.2) has local p'* -order accuracy if, for
sufficiently smooth data, a positive constant C exists independent of h and ¢ such that
max |7;[w]| < ChP.
1<i<N
The consistency of the differential Eq.(2.13)-(2.2) with (2.1)-(2.2) and its locally

second-order accuracy is demonstrated by the following lemma.
Lemma 3.1 If w € C?*(I), then

h
|7 [w]] < max {al \wf]} +O0(h?),i=1,2,3,...,N —1

U;—1 Su<uip 4

Proof By definition
Wit1 — 2W; + Wiy " 3wip1 — 2w; — wi—y
n=e E i ah
h2 Iy + h4 vl + + h " + h2 " +
Ti = 0§ —=W; —W; cee 8i 4 =W, + —w; ce
12 360 12 3!

oeh? . s;h

X ? "

|| = max |w¥] >+  max Jw!|
ti1<t<t;y1 12 ti—1<u<u;41 4

h
5l < max {th}+mm)

u;—1 Su<uiqy

In| <O(h). i=1,2,3,..,N—1

As a result, the intended outcome is attained.
We will now examine the proposed method’s convergence across the entire interval
range 0 < u < 1. We write the tridiagonal system (2.13) in matrix-vector form using
the method outlined in [39]:

WY =D (23)

where W = (¢;;), 1 <1i,j < N — 1is a tridiagonal matrix of order N-1 with

Sih
Cii—1 = O = =
Cii = 200+ 2}2% — t;h?
3h$i
Cijit1 = O+ 1
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and D = (d;) is a column vector with d; = h%f; fori = 1,2,3,...N — 1 with local
truncation error 7;:
|7l < O(h) (24)

we also have
WY —7(h) = D (25)

where Y = (4o, U1, 2, U3, -, yn )t and 7(h) = (71(h), 72(h), 73(h), ..., Tn (h), )¢ stands
for the local truncation error and the real solution, respectively. Egs.(3.1) and (3.3) give

WY —Y) =7(h) (26)

Thus the error equation is
WE =7(h), (27)

where E =Y — Y = (e, €1, €9, ..., ex ). If S7 is the total of the components in the "
row of W, then we have

. sih
ST = ch,j = gg — 1
j=1
N-1
2hs;
St = Z CN-1,; = 206 + 48 — t;h?
j=1

N-1
Sr=> cj=hgi=p=P,
j=1

where Py = p; = h2gi

Since 0 < ¢ << 1, The matrix WV is irreducible and monotone for sufficiently small
h. As a result, W ! must exist and contain non-negative elements. Therefore, we have
from Eq. (3.5)

E=W'7(h) (28)
1B < W=l (h)] (29)

Let ci; represent the (/{:i)_th components of Y ~!.Since ¢; > 0, we have from the
operations on matrices:

F

GiSF =1k =1,2,...N —1 (30)

.
Il
—
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Therefore, its follows

i

1 1 1
i < ——— = — < 31
2= T in 57 Py [Pl GD
Jj=1 0<i<N-—1
for some iy between 1 and N — 1, and Py = p;.
Therefore, from Eqs.(3.2),(3.6)and (3.8) we get
N-1
i=1
which implies
O(h
¢, < |<|>; j=1N -1 (33)

Consequently, by applying the definitions and Eq.(3.10), we obtain:
IE] = O(h)

This suggests that the method is first-order convergence rate. We can quickly determine
that the technique for right end boundary value problems is of first order convergence
by using a similar procedure.

S. NUMERICAL ILLUSTRATIONS.

To demonstrate the accuracy and efficiency of the proposed method we have chosen
two linear singular perturbation problems with left-end boundary layer and two
linear singular perturbation problems with right-end boundary layer which are widely
discussed in literature.

Example-1 Consider the Homogeneous Singular perturbation Problem with left end
boundary layer:
ew”(u) + w'(u—9) —w(u) =0; u € [0,1]

with boundary condition w(0) = 1 and w(1) = 1.
The exact solution is given by

B (1 _ 6)\2)6)\111, + (6)\1 _ 1)6)\211,

el — eM

where A\ =
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Example-2 consider singularly perturbed delay differential equation with variable
coefficient left end boundary layer

ew” (u) + e "% (u — §) —w(u) = 0; u e [0,1]

with boundary condition w(0) = 1 and w(1) = 1. The exact solution of this example is
not given.

Example-3 consider singularly perturbed delay differential equation with variable
coefficient right end boundary layer

ew”"(u) — e"w'(u — ) — w(u) = 0; u € [0,1]

with boundary condition w(0) = 1 and w(1) = 1. The exact solution of this example is
not given.

Example-4 consider singularly perturbed delay differential equation with right end
boundary layer

ew” (u) —w'(u—06) —w(u) =0; ue[0,1]

with boundary condition w(0) = 1 and w(1) = —1.
The exact solution is given by

(2 + 1)eMv — (1 4 etr)erzv

w(u) = v on
where )\ (I =/1T+4(e+9)) X I+ /14+4(e+0))
b 2(e +9) A= 2(e +9)

The solution of the first two examples (i.e of Example-1 and Example-2) exhibits the
boundary layer behavior at left-end points of the interval [0, 1] while of last two example
(i.e of Example-3 and Example-4) exhibits the boundary layer behavior at right-end
point of the interval [0, 1]. Further, from the graphs (Figures 1 to 2) plotted for the
solutions for all the examples 1 to 2 for varying 9, we easily observe that as ¢ increases,
the thickness of the boundary layer decreases while from the graphs (Figures 3 to 4)
plotted for the solutions for all the examples 3 to 4 for varying 9, we easily observe that
as 0 decreases, the thickness of the boundary layer increases.
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Table 1: MAE of Example 1 with § = 0.001, ¢ = 1072 and h = 102

u Exact values Computational values Absolute Error
0.00 1.000000000000000  1.000000000000000 0.0000e-00
0.01 0.579815892739947  0.582117270435849 2.3013e-03
0.02 0.445387207353913  0.447056288748595 1.6690e-03
0.04 0.393254632654488 0.393896917597684 6.4228e-04
0.06 0.394641990435684 0.395044292010474 4.0230e-04
0.08 0.401854022753968 0.402216129889963 3.6211e-04
0.10 0.409826314973749 0.410181913932218 3.5560e-04
0.30 0.499668244835438 0.500004582856141 3.3634¢e-04
0.50 0.609217932516785 0.609510817500019 2.9288e-04
0.70 0.742785824667047 0.750393774477031 2.1424e-04
0.90 0.896705821516804 0.905724850202464 8.7061e-04
1.00 1.000000000000000  1.000000000000000 0.0000e-00

Table 2: MAE of Example 1 with § = 0.003, ¢ = 102 and h = 1072

u Exact values Computational values Absolute Error
0.00  1.000000000000000  1.000000000000000 0.0000e-00
0.01 0.523511634094260 0.525345688922314 1.8340e-03
0.02 0.413305805769191 0.414432878145795 1.1270e-03
0.04 0.387434721226649  0.387949650008273 5.1493e-04
0.06 0.393283410846356 0.393724580877500 4.4117e-04
0.08 0.401064571828557 0.401498671719792 4.3410e-04
0.10 0.409104025003127 0.409536717310256 4.3269¢-04
0.30 0.498990898664473 0.499401296974819 4.1040e-04
0.50 0.608627924765192  0.608985432766953 3.5751e-04
0.70 0.742354122681231 0.742615727209560 2.6160e-04
0.90 0.905462304698606 0.905568653413133 1.0635e-04
1.00 1.000000000000000  1.000000000000000 0.0000e-00

1055
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Table 3: MAE of Example 1 with § = 0.0003, ¢ = 1072 and h = 102

u Exact values Computational values Absolute Error
0.00 1.000000000000000  1.000000000000000 0.0000e-00
0.01 0.371834313700486 0.373408720610892 1.5744¢-03
0.02 0.375568290529659 0.377142409983964 1.5741e-03
0.04 0.383149916630014 0.384722972376783 1.5730e-03
0.06 0.390884593602526 0.392455904072993 1.5713e-03
0.08 0.398775411096730 0.400344267695320 1.5688¢-03
0.10 0.406825521133404 0.408391187425460 1.5656¢-03
0.30 0.496828349986014 0.498314858682435 1.4865e-03
0.50 0.606742685813173  0.608038826569976 1.2961e-03
0.70 0.740973591378484  0.741922919164250 9.4933¢-04
0.90 0.904900670346751 0.905286955253102 3.8628¢-04
1.00 1.000000000000000  1.000000000000000 0.0000e-00

Table 4: MAE of Example 1 with § = 0.0008, ¢ = 1072 and h = 102

u Exact values Computational values Absolute Error
0.00  1.000000000000000  1.000000000000000 0.0000e-00
0.01 0.371650241071041 0.373408324452410 1.7580e-03
0.02 0.375384637620808 0.377142407696934 1.7577e-03
0.04 0.382966379070068 0.384722970091643 1.7565e-03
0.06 0.390701250929160 0.392455901790485 1.7546e-03
0.08 0.398592346012917 0.400344265416473 1.7519e-03
0.10 0.406642819602559 0.408391185151345 1.7483e-03
0.30 0.496654802801967 0.498314856524217 1.6600e-03
0.50 0.606591291559862 0.608038824688949 1.4475e-03
0.70 0.740862653336662 0.741922917787124 1.0602¢-03
0.90 0.904855507730071 0.905286954692983 4.3145¢e-04
1.00 1.000000000000000  1.000000000000000 0.0000e-00
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Table 5: Computational values of Example 2 with e = 1072 and h = 1072

u

0 =0.1¢e

0 =0.3¢

0 =0.5¢e

0 =0.7Te

0 =0.9¢

0.00
0.10
0.20
0.40
0.60
0.80
0.90
0.92
0.94
0.96
0.98
1.00

1.0000000
0.3083073
0.3463024
0.4350592
0.5593709
0.7376493
0.8557760
0.8823349
0.9099826
0.9387717
0.9687579
1.0000000

1.0000000
0.3102507
0.3450560
0.4337858
0.5581851
0.7367985
0.8552608
0.8819063
0.9096481
0.9385396
0.9686371
1.0000000

1.0000000
0.3090734
0.3438416
0.4325371
0.5570162
0.7359557
0.8547493
0.8814805
0.9093158
0.9383090
0.9685170
1.0000000

1.0000000
0.3079698
0.3426922
0.4313382
0.5558815
0.7351305
0.8542467
0.8810619
0.9089888
0.9380819
0.9683987
1.0000000

1.0000000
0.3070320
0.3416894
0.4302476
0.5548193
0.7343427
0.8537632
0.8806586
0.9086733
0.9378625
0.9682843
1.0000000

Table 6: Computational values of Example 2 fore = 1072 and h = 102

u

0 =0.1¢

0 =0.3¢

0 =0.5¢e

0 =0.7e

0 =0.9¢

0.00
0.10
0.20
0.40
0.60
0.80
0.90
0.92
0.94
0.96
0.98
1.00

1.0000000
0.3060669
0.3406174
0.4289359
0.5533261
0.7330245
0.8528780
0.8799068
0.9080746
0.9374385
0.9680590
1.0000000

1.0000000
0.3060645
0.3406148
0.4289327
0.5533224
0.7330211
0.8528756
0.8799048
0.9080730
0.9374374
0.9680584
1.0000000

1.0000000
0.3060637
0.3406138
0.4289316
0.5533210
0.7330197
0.8528746
0.8799039
0.9080723
0.9374369
0.9680581
1.0000000

1.0000000
0.3060635
0.3406136
0.4289313
0.5533207
0.7330194
0.8528743
0.8799036
0.9080720
0.9374367
0.9680580
1.0000000

1.0000000
0.3060635
0.3406136
0.4289313
0.5533207
0.7330193
0.8528743
0.8799036
0.9080720
0.9374367
0.9680580
1.0000000
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Table 7: Computational values of Example 3 fore = 1072 and h = 1072
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u

0 =0.1¢

0 =0.3¢

0 =0.5¢

0 =0.7e

0.00
0.10
0.20
0.40
0.60
0.80
0.90
0.92
0.94
0.96
0.98
1.00

1.0000000
0.9110738
0.8372703
0.7235112
0.6417440
0.5816001
0.5574832
0.5530538
0.5487475
0.5446620
0.5472918
1.0000000

1.0000000
09113715
0.8377786
0.7242746
0.6426329
0.5825473
0.5584448
0.5540212
0.5497809
0.5467926
0.5652946
1.0000000

1.0000000
09116715
0.8382930
0.7250514
0.6435430
0.5835230
0.5594443
0.5550693
0.5512256
0.5513966
0.5894113
1.0000000

1.0000000
0.9119727
0.8388097
0.7258345
0.6444630
0.5845124
0.5604958
0.5563199
0.5535379
0.5588723
0.6152350
1.0000000

Table 8: Computational values of Example 3 for ¢ =

103 and h = 1072

u

0 =0.1¢

0 =0.3¢

0 =0.5¢

0 =0.7e

0.00
0.10
0.20
0.40
0.60
0.80
0.90
0.92
0.94
0.96
0.98
1.00

1.0000000
0.9100629
0.8356435
0.7213154
0.6394061
0.5792874
0.5552082
0.5507873
0.5464879
0.5423061
0.5382380
1.0000000

1.0000000
0.9100633
0.8356441
0.7213160
0.6394067
0.5792879
0.5552087
0.5507878
0.5464884
0.5423066
0.5382385
1.0000000

1.0000000
0.9100644
0.8356457
0.7213179
0.6394085
0.5792895
0.5552103
0.5507894
0.5464900
0.5423082
0.5382400
1.0000000

1.0000000
0.9100666
0.8356490
0.7213220
0.6394125
0.5792934
0.5552140
0.5507930
0.5464937
0.5423120
0.5382438
1.0000000
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Table 9: MAE of Example 4 for e = 1072, § = 0.002 and h = 102

u

Exact values

Computational values

Absolute Error

0.00
0.20
0.40
0.60
0.80
0.90
0.91
0.93
0.95
0.97
1.00

1.000000000000000
0.820652167961327
0.673469980779626
0.552684599783670
0.453561749947365
0.410582186184883
0.406145971559920
0.395128166674729
0.370822262573560
0.274069466965660
-1.000000000000000

1.000000000000000
0.820783627567682
0.673685763283163
0.552950244628253
0.453852428151133
0.410846929984373
0.406376974975513
0.395152387809951
0.370076253773518
0.271010108380651
-1.000000000000000

0.0000000e-00
1.3145961e-04
2.1578250e-04
2.6564484e-04
2.9067820e-04
2.6474379e-04
2.3100341e-04
2.4221136e-05
7.4600880e-04
3.0593586¢e-03
0.0000000e-04

Table 10: MAE of Example 4 fore = h = 1072, = 0.003 and h = 102

u

Exact values

Computational values

Absolute Error

0.00
0.20
0.40
0.60
0.80
0.90
0.91
0.93
0.95
0.97
0.98
1.00

1.000000000000000
0.820808474468390
0.673726551759126
0.553000463158217
0.453907231947887
0.410665817660460
0.405956256958618
0.393356200857104
0.363516920723106
0.251199254128356
0.091057209843930
-1.000000000000000

1.000000000000000
0.812876207556769
0.673934870329988
0.553256967456175
0.454187922804397
0.410892111595946
0.406125898142616
0.393215614410588
0.362366252196371
0.247417807046709
0.085441663147335
-1.000000000000000

0.0000000e-00
1.2688860e-04
2.0831857e-04
2.5650430e-04
2.8069086¢e-04
2.2629394e-04
1.6964118e-04
1.4058645e-04
1.1506685¢e-03
3.7814471e-03
5.6155467e-03
0.0000000e-00
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Table 11: MAE of Example 4 for ¢ = 1072, § = 0.008 and h = 1072

u

Exact values

Computational values

Absolute Error

0.00
0.20
0.40
0.60
0.80
0.90
0.91
0.93
0.95
0.97
0.98
1.00

1.000000000000000
0.820179804575385
0.672694911833316
0.551730781326305
0.452518444155242
0.409799244847079
0.405718985979057
0.397275433502006
0.384958674795312
0.334866924504487
0.232905252073583
-1.000000000000000

1.000000000000000
0.820337504274276
0.672953620918947
0.546609694239221
0.452866575600977
0.410151993939460
0.406068716232837
0.397592184721254
0.385054724591144
0.333763441050392
0.230277745581238
-1.00000000000000

0.000000e-00
1.576996e-04
2.587090e-04
3.183125e-04
3.481314e-04
3.527490e-04
3.497302e-04
3.167512e-04
9.604979¢e-05
1.103483e-03
1.103489¢-03
0.000000e-00

Figure 1: Computational solution of example 1 for value of » = 1072 and ¢ = 10!
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Figure 4: Computational solution of example 4 for value of h = 1072 and e = 1072
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6. CONCLUSIONS

We presented a fitted approach to solve SPDDEs of second order with boundary at
one (left or right) end of the interval. In this method, the SPDDE is converted into a
singularly perturbed differential equation by utilising Taylor series expansion to make
an approximation of the term that contain minor negative shifts. In the newly introduced
singularly perturbed problems, we implemented a fitting parameter and used the theory
of singular perturbation to calculate the value of the fitting parameter. In the end, we
are presented with a three-term recurrence relation that can be solved using the Thomas
algorithm. Here, to test the applicability of this method, we considered four linear
problems (two for left layer and two for right layer). We presented tables of values and
the point wise error for uniform meshes of the problems by taking different values of
the perturbation parameter ¢, the delay parameter 6. The results demonstrate that the
sugessted method produced good approximation to the exact solution. Also, from the
numerical experiments considered in the paper, we observe that the small shift affects
both the boundary layer solutions in similar fashion but reversely, i.e., as ¢ increases
the thickness of the left boundary layer decreases while that of the right boundary layer
increases. This method does not depend on the asymptotic expansion as well as on
the matching of coefficients. Thus we have devised an alternative technique of solving
singularly perturbed differential-difference equations, which can be easily implemented
on computer.
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