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Abstract

In this article, we introduce and consider some new classes of general quasi
variational inclusions. Special cases are discussed as applications.

We prove that the general quasi variational inclusions are equivalent to the fixed
point problems. This alternative formulation is used to discuss the existence of
a solution as well as to propose some iterative methods. Convergence analysis
is investigated only using the Lipschitz continuous of the operators. Since
the general quasi variational inclusions include quasi variational inequalities,
variational inequalities, and related optimization problems as special cases, our
results continue to hold for these problems. It is an interesting problem to compare
these methods with other technique for solving quasi variational inclusions for
further research activities.
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1. INTRODUCTION

Quasi variational inclusions, which were introduced and studied by Noor and Noor
[28, 30, 35], are useful and important extension of the variational principles with a wide
range of applications in industry, physical, regional, social, pure and applied sciences.
Quasi variational inclusions provide us with a unified, natural, novel, innovative and
general technique to study a wide class of problems arising in different branches of
mathematical and engineering sciences, see, for example, [26, 28, 30, 35, 38, 41, 47, 48]
and the references therein. One of the most difficult and important problems in
variational inequalities is the development of efficient numerical methods. Several
numerical methods have been developed for solving the variational inclusions and their
variant forms. These methods have been extended and modified in numerous ways.
Noor [30, 35] proved that the quasi variational inclusions are equivalent to the fixed
point problem. This alternative formulation has allowed to consider the existence of a
solution, iterative schemes, sensitivity analysis, merit functions and other aspects of the
quasi variational inclusions.

It is very important to develop some efficient iterative methods for solving the quasi
variational inequalities. Alvarez et al [1] and Alvarez et al.[2, 3, 4] used the inertial
type projection methods for solving variational inequalities. The origin of which can be
traced back to Polyak [42]. Noor [32] suggested and investigated inertial type projection
methods for solving general variational inequalities. These inertial type methods have
been modified in various directions for solving variational inequalities and related
optimization problems. Jabeen et al [11, 12, 13] analyzed some inertial projection
methods for some classes of general quasi variational inequalities. Convergence
analysis of these inertial type methods has been considered under some mild conditions.
For more details and applications of the inertial methods,see [1, 2, 3, 4, 9, 10, 11, 12,
13, 32, 36, 40, 41, 42, 43, 47, 48] and reference therein.

Motivated and inspired by the recent research activities, we consider and study some
new classes of variational inclusions involving three arbitrary operators, which are
called the general quasi variational inclusions. Some special important cases are also
discussed. We have shown that the general quasi variational inclusions are equivalent to
the fixed point problems. This equivalence is used to study the existence of a solution as
well as to propose some new inertial type methods for solving general quasi variational
inclusion. The convergence of the proposed inertial methods requires only the Lipschitz
continuous of the operators. This fact improves the known convergnce criteria of
the known results. Note that our method is simple and does not need the stronlgy
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monotonicity of the involved operators. We have only considered theoretical aspects
of the suggested methods. It is an interesting problem to implement these methods
and to illustrate the efficiency. Comparison with other methods need further research
efforts. The ideas and techniques of this paper may be extended for other classes of
quasi variational inclusions and related optimization problems.

2. BASIC DEFINITIONS AND RESULTS

Let H be a real Hilbert space whose inner product and norm are denoted by (-, -) and
|| - || respectively. Let A(-,-) : HX H — H be a maximal monotone operator with
respect to the first argument. For given nonlinear single valued operator 7 : H — H
and an arbitrary nonlinear operator g : H — H consider the problem of finding u € H
such that

0€pT (W) +p— gy + pA(u, 1), 2.1

which is called the general quasi variational inclusion, where p > is a constant. A
number of problems arising in structural analysis, mechanics and economics can be
studied in the framework of the general quasi variational inclusions in a unified manner.
We now discuss some interesting and important problems, which can obtained from the
problem (2.1).

Special Cases.

I. If g = I, the identity operator, then problem (2.1) reduces to finding p € H such
that

0€7(w)+ A W), (2.2)

which is called the quasi variational inclusion, introduced and studied by Noor and Noor
[35].

I. If A(, 1) = dp(-, 1) : HXx H — R U {+o0} , the subdifferential of a convex,
proper and lower semi-continuous function ¢(-, ) with respect to the first argument,
then problem (2.1) is equivalent to finding 1 € H such that

(T(W+p—gw),v-w+ev,w—-—e,w =0, ¥ veH, (2.3)

which is called the mixed general quasi variational inequality.
L. If A(g(r, v)) = A(w), for all v € H, then problem (2.1) is equivalent to finding
u € H such that

0€p7 (W) +u—g(w+ pAW), (2.4)
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a problem considered and studied by Noor [28, 30] using the resolvent equations
technique.

IV. If A(n) = Jdp(n) is the subdifferential of a proper, convex and lower,
semicontinuous function ¢ : H — R U {+oo}. then problem (2.4) reduces to: find
u € H such that

(T (W) +u—g(w),v-—w+e)— e 0. (2.5)

Problem (2.5) is known as the general mixed variational inequality.
V. If the function (-, -) is the indicator function of a closed convex-valued set K (i)
in H, that is,
0, if pe XK
) =K = .
Pk, 1) = Ky(w) { oo, otherwise

then problem (2.3) is equivalent to finding p € H,such that

TW+u-—gw),v-w=0, ¥ veK), (2.6)

a problem considered and studied by Noor et al [40] using the projection method and
the implicit Wiener-Hopf equations technique. They have also considered and analyzed
some inertial type iterative methods for solving general quasi variational inequalities
(2.6). For formulation, motivation, numerical methods, sensitivity analysis, dynamical
systems and other aspects of quasi variational inequalities, see [5, 9, 11, 12, 13, 14, 16,
19, 22, 23, 25, 26, 31, 33, 35, ?, ?, 37, 41, 43] and the references therein

VI. If K(n) = K, a convex set and g = I, the identity operator, then then problem
(2.6) reduces to finding p € K such that

T, v-u =0, VvV vek, 2.7)

which is called the variational inequality, introduced and studied by Stampacchia [44]
in 1964. Variational inequalities can be viewed as novel extensions of the variational
principles. Variational inequality has influenced several branches of mathematical,
engineering, economics, transforation, regional and medical sciences and continue to
inspire researchers to find its applications. For more details, see [5, 6,7, 9, 10, 11, 12,
13, 14, 15, 16, 17, 19, 20, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39,
40,41, 42, 43, 44, 45, 46, 47, 48].

VIL If
K(w={ueHuv)=20, VYveKW)

is a polar cone of the convex-valued cone K(p) in H and g = I, , then problem (2.6) is
equivalent to finding p € H, such that

ne K, 7T(weK(w, (T (W), =0, (2.8)



New Classes of General Quasi Variational Inclusions 701

which is called the generalized quasi complementarity problem.
VIIL.  If K*(u) = K* then problem (2.8) reduces to finding p € H such that

ne®X, T(WekK, (T(W,w=0, (2.9)

which is known as the nonlinear complementarity problem, introduced by Karamardian
[15]. Karamardian [15] proved that the nonlinear complementarity problems are
equivalent to the variational inequalities. This result enabled us to use the techniques of
complementarity problems to solve the variational inequalities and vice versa. For the
applications, formulations and generalizations of the complementarity problems, see
[7, 15, 32, 37].

Remark 2.1. For special choices of the operators T, g, A(.,.) and the convex set
K, one can obtain a large number of implicit (quasi) complementarity problems and
variational inequality problems, which are very special cases of problem (2.1). Thus it
is clear that problem (2.1) is general and unifying one and has numerous applications
in pure and applied sciences.

We now recall some well known results and notions.

Definition 2.1 [2]. If 7 is a maximal monotone operator on H, then, for a constant
p > 0, the resolvent operator associated with 7~ is defined by

Jr(w) =I+pT)(n), YueH,

where [ is the identity operator. Also the resolvent operator J+ is single-valued and
nonexpansive.

Remark 2.2.  Since the operator A(., .) is a maximal monotone operator with respect
to the first argument, we denote by

Jaw = I+ pAW) ' (w), YpeH,

the resolvent operator associated with A(.,n) = A(W). For example, if A(, 1) =
dp(.,w), for all w € H, and ¢(.,.) : HX H — R U {00} is a proper, convex and lower
semicontinuous with respect to the first argument, then it is well known that d¢(., [
is a maximal monotone operator with respect to the first argument. In this case, the
resolvent operator J a) = J () is defined as

Tow = T+ pop(, W) (1) = I+ pdp(n))™, VYueH,

which is defined everywhere on the whole space H, where dp(u) = do(., w).
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We need the following well-known definitions and results in obtaining our results.

Definition 2.3. Let T : H — H be a given mapping.

i. The mapping T is called r-strongly monotone (r > 0), if

(Tu-Tv, p=v) 2 rlu-vIP, Vi, v eH

ii. The mapping T is called &— cocoercive (& > 0), if

(Tu—Tv,u—V>ZEIITu—Tv||2, Yu v eH

iii. The mapping T is called relaxed (§,, r)-cocoercive (r > 0, & > 0), if
(Tu=Tv, u=v)2 —&lITu-Tv|P +x -, Vi, v e

For & = 0, T is r-strongly monotone. The class of relaxed (€, r)—cocoercive
mapping is the generalized class than the r—strongly monotone mapping and

&—cocoercive.
iv. The mapping T is called n—Lipschitz continuous (m; > 0), if

ITu=Tv] < nilln—vl, YuveH

The implicit resolvent operator J, () is nonexpansive and has the following
characterization.

Assumption [35]. The implicit resolvent operator 7 (), satisfies the condition

| Taw [0l =T @l lI<n llu=vI,  Yu vweH (2.10)
where 11 > 0 is a constant.
Lemma 2.4. [42] Consider a sequence of non negative real numbers {0,}, satisfying

Qn+1 < (1 - Yn)@n + Yn Oy + Gy, Vn > 1/

where
i, (T,} <o, 1], iln = oo;
ii. lim supo, <0;
i, ¢, >0 (n21), fl ¢, < oo.
ne

Then, 0, — 0 as n —> oo.
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3. MAIN RESULTS

In this section, we prove the equivalence between the problem (2.1) and the fixed point
problems. This alternative formulation is used to discuss the existence of a solution
as well as to suggest some new inertial-type approximation schemes for solving the
general quasi variational inclusion (2.1).

Lemma 3.1. The function u € H is a solution of the general quasi variational inclusion
(2.1), if and only if, u € H satisfies the relation

w=Tawlg(w) — p7 ul, (3.1

where J a( is the resolvent operator and p > 0 is a constant.

Proof. Let u € H be a solution of (2.1), then, for a constant p,

pTu+p—gw) + pA(, w30,

—
—gW+pTr +  pt+pAp w0
=
= Jalg(w) = pT ul.
the required (3.1). m|

Lemma 3.1 implies that the general quasi variational inclusion (2.1) is equivalent to the
fixed point problem (3.1).
We now define the mapping @ associated with (3.1) as:

DO(w) = Jawlg(w) — pT ul, (3.2)

To prove the existence of the solution of problem (2.1), it is enough that the mapping ©
defined by (3.2) is a contraction mapping.

Theorem 3.2. Let the operators T ,g be Lipschitz continuous with constants § >
0, o0 > Orespectively. If there exists a constant p > 0, such that

1—
p < —k, k<1, 3.3)
p
where

k=o+n, (3.4)

then there exists a solution 1 € H satisfying problem (2.1).
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Proof. Let u + v € H be two solutions of problem (2.1). Then, from problem (3.2), we

have
D) —PW)ll < T awmlg(v) — pT vl = Tawlg(w) — p7 plll
1T 2 [g(v) — pT vl = Tawlgv) — pT VIl
+ NI awlgv) — pTv] = Tagwlg(u) — pT ulll
< lgw) = g(u) = p(Tv =T V)l +nllv — ull
< llgv) = gl + pllTv =T pll + nllv = pli
< (@+pePllv—ull =0llv —ul, (3.5)

since the operators 7, g are Lipschitz continuous with constant f > 0, and o > 0.,
where

O=pp+o+n=pp+k (3.6)

and k is defined by (3.4). From (3.3). it follows that 6 < 1. Thus it follows that the
mapping () defined by (3.2) is a contraction mapping and consequently, the mapping
®(w) has a fixed point ®(p) = u € H satisfying (2.1), the required result. O

Using the result (3.1), we can propose some iterative approximation schemes for solving
the general quasi variational inclusion (2.1).

Algorithm 3.1. For given 1 € H, compute 41 by the recurrence relation

Mes1 = (1 = )ty + @l Ta) [9(n) — pTwyl}, n=1,2,...,

where a, € [0, 1]. Algorithm 3.1 is called the Mann iterative resolvent method.

Algorithm 3.2. For given |y € H, compute |11 by the recurrence relation

Hn+1 = (1 - an)un + an{jA(p.n) [Q(Hn) - PTHn+1]}, a, € [0/ 1]

which is known as the extraresolvent method in the sense of Koperlevich [17] and is
equivalent to the following two-step method.

Algorithm 3.3. For given |y € H, compute W11 by the recurrence relation

jA(pn) [pTFLn]
(1 - ) + T [9(1n) — pTw, ]}, @, €10,1],

Wy

Hn+1

which is called the predictor-corrector resolvent method.
Using the equation(3.1), we suggest the following double resolvent method:
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Algorithm 3.4. For given yy € H, compute \,,,1 by the recurrence relation

Hus1 = jA(un) [g(un+1) - pTPLn+1] ;7 Q€ [01 1]/

Using the predictor-corrector technique, Algorithm 3.4 be written in the following form

Algorithm 3.5. For given | € H, compute \1,,11 by the recurrence relation

Wy Tt [9(1n) — pTH,]

o1 = (1= )ty + anlTa [9(wn) — pTw,l},  a, €[0,1].

Algorithm 3.5 appeared to be a new two-step method for solving general quasi
variational inclusion (2.1).
We can rewrite (3.1 as

1= Jawlg((1 = On)u+ 0,1) — pTH},

where 0, € [0,1], Yn > 1.

This fixed point formulation is used to suggest the following two-step method for
solving general quasi variational inclusion (2.1) using the ideas of Alvarez [5], Alvarez
et al. [6] and Noor [4].

Algorithm 3.6. For given 1, 1 € H, compute 41 by the recurrence relation
W, = Wy — O (W — Wuo1)
Hue1 = 1 = an)n + T [PTHAL,
where 0,, € [0,1], Vn > 1.
Such type of inertial projection methods for solving general quasi variational

inequalities have been considered by Noor [32, 36] and Noor et al[29].
We can rewrite (3.1 as

(W) = Tna-ouro,umia((1 = 0,)u + 0,1)) — pT((1 — ©,)u + O, 1))},

where 0, € [0,1], Yn > 1.
Using this fixed point formulation, we can suggest the following inertial type methods
for solving general quasi variational inclusion (2.1).

Algorithm 3.7. For given W, 11 € H, compute 41 by the recurrence relation
Wy =Wy — Qn (Hn - len—l)
9(Hns1) = 1= @)ty + AT aw,) [9(wn) — pTw,], n=1,2,...,
where 0,, € [0,1], Vn > 1.
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Algorithm 3.7 is known as modified inertial resolvent method for solving general quasi
variational inclusion (2.1).

Algorithm 3.8. For given py, 1 € H, compute \,,.1 by the recurrence relation
Wy =ty = O (M — Ho1)

9(¥n) = T, [9(wn) — pTw,],
9(Hn1) = Jagn [9(yn) = pTyal, n=12,...,
where ©,, € [0,1],Vn > 1.
Algorithm 3.8 is a three-step modified inertial method for solving general quasi
variational inclusion(2.1).

We now suggest a four-step inertial method for solving the general quasi variational
inclusion (2.1.

Algorithm 3.9. For given py, 1 € H, compute .1 by the recurrence relation

Wy = oy = Oy (M — Wa-1), (3.7
%, = (1= Yu)ttn + Yl T [0(0r) = pTw, ]}, (3.8)
Vi = (1= Bt + B Tace [9(5a) — pTx,1 }, (3.9)
i = (1= )t + 0 T [90) = 0Tyl ), n=1,2,..., (3.10)

where &, 3., Yn, 6, €[0,1], Vn>1.

If g = I, the identity, then Algorithm (3.9) reduces to:

Algorithm 3.10. For given py, W € H, compute \1,,.1 by the recurrence relation
Wy = = On (o — 1),
£ = (1= Y+ Yu{Tawy (@) - pTw,] ],

(1= Budttn + Bu{Tae [(x) = 0T 1},

st = (1= o)t + 0l Ta [0) = 0Tyl |, m=1,2,...,

Yn

where &, B, Yn, 6, €10,1], Vn>1.

For a different and suitable choice of operators and spaces in Algorithm (3.9), one
can obtain numerous new and previous iterative schemes for solving general quasi
variational inclusion (2.1) and related problems. This shows that the Algorithm (3.9) is
quite flexible and unifying ones. We now estimate convergence analysis for Algorithm
3.9 under some mild and appropriate conditions.
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Theorem 3.3. Let the following assumptions be fulfilled:

i. The operators T, g : are M1, N2—Lipschitz continuous, respectively.
ii. Assumption 2 holds.

iii. The parameter p > 0 satisfies the condition

1-k
p < B k<1, (3.11)

where

k=m,+v. (3.12)

iv. Let &, By, Yn, 04 €10,1], for all n > 1 such that
Y =00, Y0l bt = ptr lI< oo
n=1 n=1

Then, for every initial approximation (v, the sequence {\,} obtained from the iterative
scheme defined in Algorithm 3.9 converges to unique solution W € H satisfying the

general quasi variational inclusion (2.1) as n — 0.

Proof. Let u e H: g(i) € K(n) be a solution of (2.1). Then

= (1= o)t + ot T [9() — pTul }, (3.13)
= (1= Bu)u + BufTag [9(w) — pTul |, (3.14)
= (1= V)i + Yal{Taw [o(w) — pTudl |, (3.15)

where 0 < «,, B, Yn < 1,¥Yn > 1, are constants.

Using Assumption (2), from (3.11), and (3.13), we have

lbter = wll = 101 = )it + 0u{ Ty, [970) = 0Tyl | = (1 = )it = 0| Tagy [9(1) — pTul JI
< (1= o)l — Wl + callTagy,) [9(7n) — PTYn] = Taq [9(1) — Tl I
< (1= o)y —
+ ol T acy,) [90Yn) = PTYR] — Tagy,) [9(R) — pTH] I
+ ol T acy,) [9() — PTH] = Ta [9(1) — pTH] |
< (1= a)llwn — wll + ol [9(yn) — 9(W)] = o [Tyn — TH] Il + avllyn — pl]
< (1= o)l — pll + oullg(yn) = g(ll + @npll [Ty — Tl Il + cgevllys — wll-
< (1= o)l = wll + con(mz2 + anen)llyn — wll, (3.16)
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where we have used that fact the operators T, g are Lischitz continnuous with constants
11, M2 From (3.16), we have

Iitr = il = (1 = o)l — wal + ok + o))l —
= (1 = o)l — wl + o dllyn — wll, (3.17)
where
9 =(k+mn1p) <1, from condition (3.11)and k is defined by (3.12).

Similarly, from (3.9) and (3.14), we have

||YH - H” < (1 - Bn)”“n - PL” + Bnﬁllxn - H” (318)

In a similar way, from (3.11) and (3.18), we have

”Xn - FL” < (1 _’Yn)llun - le” +Yn19”wn - FL” (319)
From (3.11), we have
lw, = pll = llkn = v = 0, (M — 1) |l
<y = wll + Oplly — Wl (3.20)

From (3.19) and (3.20), we have

% = 1< (=Yl = il + Vardllit = pll + Oulliy — gt
= [1=vu(@ = 9)]lles = wll + Oullitn — sl
< Nl = I + ©ulls — I (3.21)

From (3.18) and (3.21), we have

1y = Il < (1= Ballsn — wall + Bod|lltw — wall + Bullpt, — sl
< (1= Bl — sl + Budllity — pll + Onllity — pt s
= [1= Bu(1 = 9)]llts = ull + Oullity — sl
<l — pll + Ol — puall- (3.22)

From (3.17) and (3.22), we have
I ttr = 11l < (1 = o)l =l + o6d bt = wall + Oty — paal]

< (1= o)l — pll + odlp — pll + Ol — pall
= [1= (1 = 9)]llkts = 1l + Oullity = 1l
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From condition (3.11), we have ¥ < 1. Since Z x, = 0o, setting 0, = 0 and

n=1

Cp = Z O, || Wy — wy-1 || < o0, using Lemma 2.4, we have w, — @, n — oo.
n=1
Hence the sequence {,} obtained from Algorithm 3.9 converges to a unique solution

u € H satisfying the inequality (2.1), the required result. i

Similarly convergence analysis for other inertial iterative methods can be estimated.

We again suggest some iterative methods by rearranging the equation (3.1). To be more
precise, taking z = g(u) — p7 (u) in (3.1), we have

b= Jaw®) (3.23)
z = g(W)—p7T (W (3.24)
= Jaw@) —pT (W) (3.25)
= Jaw@) — pT T agw(2). (3.26)

Combining (3.24) and (3.25), we obtain

g(u = pT (W) + Taw2) — pT T aw(2),

which can be written as

w=(1-a)u+afg(w) — p7 (W) = Taw @) + pT Taw @)}, (3.27)

We use the fixed point formulation (3.27) to suggest the following predictor-corrector
method for solving the problem (2.1).

Algorithm 3.11.  For given Wy, 1y € H, compute .1 by the recurrence relation

Wy

T awlg(un) = p7 ()]
Hp+1 = (1 - an)un + an{g(wn) - pT(wn) - !](Vn) + pTVn}/

where o, € [0,1] is a constant.

The Algorithm 3.11 is known as the forward-backward iterative method.

Now, we again use fixed point formulation (3.27)to suggest the following inertial
iterative methods for solving the general quasi variational inclusion (2.1):
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Algorithm 3.12.  For given W, W € H, compute |1 by the recurrence relation

g(wn) (1- ﬁn)un + ﬁn Hin-1
Hu+v1 = (1 - an)”’n + an{g(un) - PT(Hn) - g(wn) + pTwn}/

where a,, € [0, 1] is a constant.

Algorithm 3.12 is called the forward-backward inertial iterative method for solving the
general quasi variational inclusions and this method does not involve any resolvent
operator.

From (3.24 and (3.26), we have

9(W) = TawlT awlg(w) — p7 (W] = pT (W),

which can be written as

= (1-a)u+adg(w) — TawlTawlg(w) — p7 (W] + pT (W)}, (3.28)

where «,, € [0, 1] is a constant.
This fixed point formulation is used to propose a new iterative method for solving the
general quasi variational inequalities (2.1).

Algorithm 3.13.  For given Wy, 1y € H, compute 41 by the recurrence relation

M1 = (1 = an)iy + anfg(tn) — T a0 [T A [9(1n) — pT (W)l + pT (1)},

where a, € [0,1] is a constant.

Algorithm 3.13 is called the forward-backward explicit iterative method for solving the
general quasi variational inclusions.

4. CONCLUSION:

In this paper, several new inertial projection methods have been suggested and analyzed
for solving general quasi variational inclusions. We have proved that the general
quasi variational inclusions are equivalent to the implicit fixed point problems. This
alternative formulation is used to discuss the existence of a solution of the general
quasi variational inclusions. A wide class of three step inertial type iterative methods
for solving general quasi variational inclusions are suggested and analyzed. Several
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important special cases are discussed. Convergence analysis of these proposed inertial
resolvent methods is investigated. It is worth mentioning that Algorithm 3.12 does
not involve the calculation of the resolvent operator. We would like to point out that
very few numerical examples are available for classical quasi variational inclusions
due to their complex nature. In spite of these activities, further efforts are needed to
develop numerical implementable methods. It is an interesting problem to compare the
efficiency of the proposed methods with other known methods. We expect that the ideas
and techniques of this paper will motivate and inspire the interested readers to explore
its applications in various fields.
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