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Abstract

In this article, we develop a hybrid Haar wavelet collocation method for
the numerical solution of nonlocal hyperbolic partial differential equations.
Developing an accurate and efficient numerical method to solve such problem is a
difficult task due to the presence of nonlocal boundary condition. The speciality
of the proposed method is to handle integral boundary condition efficiently using
the given data. Because of various attractive properties of Haar wavelets such
as orthogonality, compact support and closed form expression, these wavelets
are efficiently used for the spatial discretization whereas second order accurate
finite difference is used for temporal discretization. Stability and error estimates
have been investigated in order to ensure the convergence of the method. Finally,
numerical results are compared with few known results and it is shown that the
results obtained by proposed method is better than few known results.
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1. INTRODUCTION

Numerical techniques for solving nonlocal hyperbolic partial differential equations
have received enormous attention over the last few years. These nonlocal hyperbolic
PDEs are used to describe the dynamics of ground water (see*!3). Some problems
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in visco-elasticity and food industry are also modelled by nonlocal hyperbolic PDEs

3, 11,16)

(see The nonlocal boundary conditions appear in the hyperbolic partial

differential equations when we cannot measure the boundary data directly.

In this article, let us consider the non local hyperbolic problem in the rectangular
domain D = {(z,t) : 0 <x <1, 0 <t < T} given by

0*u  O%*u
W_@:QS(‘rat)? S (Oal)a le [OaTL (11)
with initial conditions
u(z,0) = f(z), 0<z<1, (1.2)
0
8—1;(20,0) =g(z), 0<uz<l, (1.3)
Dirichlet boundary condition
u(0,t) = h(t), 0<t<T, (1.4)
and nonlocal condition
1
/ u(z,t)de =v(t), 0<t<T, (1.5)
0

where ¢, f, g, h and v are known functions. It is assumed that
f€C[0,11NC?*0,1)and g € C[0,1] N C*(0,1).

It should be noted that f and g satisfy the following compatibility conditions

ﬂm:hmyémex:ww

!/
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The existence, uniqueness and stability results that combine integral as well as
Neumann conditions are studied by Beilin et al.> Gordeziani et al.' and Kavalloris
et al.'! have also investigated hyperbolic PDEs with nonlocal boundary conditions.

Numerical techniques for the solution of nonlocal hyperbolic equations have been
proposed by several researchers. Ang et al.! developed a numerical method based
on local interpolating functions and integro-differential equation to solve the nonlocal
hyperbolic PDEs. Dehghan and his collaborators investigated nonlocal hyperbolic
PDEs using several numerical methods, e.g. cubic B-spline scaling functions based
finite difference method,’ variational iterative method,® meshless method using radial
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basis functions,” and Bernstein Ritz-Galerkin method.'® A numerical method based on
shifted Legendre tau technique has been proposed by Saadatmandi et al.!”

In the last few years, collocation methods based on Haar wavelets'> '3

are extensively
used for the numerical solution of PDEs. Because of various attractive properties of
Haar wavelets such as orthogonality, compact support and closed form expression, it is
widely used in various areas of science and engineering. The major drawback of Haar
wavelet basis is its discontinuity. Therefore, we cannot express the solution in terms of
Haar wavelet basis directly. To overcome with this difficulty, either we can regularize
the Haar wavelets with interpolating splines (see’) or expand the highest derivatives in
terms of Haar wavelet basis and integrate it out to get the desired expressions (see®).
We have used later approach to handle the difficulty coming from discontinuity of
the wavelet. Second order accurate finite difference scheme is used for the temporal
discretization whereas Haar wavelet basis is used for the spatial discretization. Stability
and error analysis have been rigorously studied in order to ensure the convergence of
the method. The obtained numerical results are compared with the numerical results
provided in the paper’ by Dehghan et al. In paper,® authors reformulated the problem
in such a way that the integral boundary condition is converted into a periodic boundary
condition. We have dealt with integral boundary condition directly using the given data
which is more accurate.

The article is organized as follows. We review some basics of Haar wavelets in
section 2. In section 3, we propose a hybrid Haar wavelet collocation method
(HHWCM) for nonlocal hyperbolic PDEs. In section 4, Stability and error analysis
have been studied. Numerical results are analyzed in section 5. A brief conclusion with
future work is provided in section 6.

2. BASIC BACKGROUND

In this section, we review some basics of Haar wavelet which will be used for the
proposed numerical method.

2.1. Haar wavelet

For0<j<J 0<k<2 —1andseti =2+ k+ 1, Haar wavelet family {%;(z)}:>2
1s defined as

k k+1/2
1 27 S X S 2j

R k+1/2
hi(z) =< —1 L2 < g < B

0 otherwise,
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where J denotes the maximum resolution level. For simplicity, we have considered
x € [0,1].
Note: ¢ = 1 correspond to mother wavelet h, (z) defined by

ha(a) :{ 1, Yz e[0,1), o

0, elsewhere.

Psi(w // / (t)dtP = i1) /I(x—t)ﬁ—lhi(t)dt, (2.2)

where 3 =1,2,--- ,sandi = 1,2,3,--- ,2J+1.

Py3 ;(x) can be easily calculated using the definition of Haar wavelet.

(O, T <
S

R
N
8
|
RES
N———
L™
&

Psi(x) = B B
hl(e-8) —2(e—t9) | ve [0 5)
B B B
3l 8) (o) (-0, w2
(2.3)
In particular, for 5 = 1 and 2, we get
1, fori =1,
0, fori # 1.
and
0.5, fori =1,
W7 for ¢ 7é 1.
Let us define
1 0.5, fori =1,
Cri = / P, i(x)dr = 1 , (2.6)
0 W’ for ¢ 7£ 1.
and
1 5 fori =1,
Cy; = / P2,i($)d$ = 2 4+1—-2k—1 ) 2.7
0 53753 , for ¢ # 1.

The grid point y; and collocation point x; are given by

l

_ J+1
Yy = 2J+17l 07172 72 .

and
_ Y + Y1

1=1,2-.., 2/
2
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Note: For the spatial discreization, we have used Haar wavelet family whereas second
order accurate finite difference scheme is used for temporal discretization.
The function approximation of « in terms of Haar wavelet is given by

2J+1
uy(x) = Z a;h;(z) (2.8)
i=1
where ,
a; = 2‘]/ u(x)hi(z)dz (2.9)
0

3. A HYBRID HAAR WAVELET COLLOCATION METHOD FOR
NONLOCAL HYPERBOLIC PARTIAL DIFFERENTIAL EQUATION

We propose a hybrid collocation method based on Haar wavelets and second order
accurate finite difference scheme to solve the problem (1.1)—(1.5). We assume that
be the wavelet approximation of u.

Let us assume

2J+1

(z,t) = a;(t)h;(x) 3.1

1=1

8216]

0x?

Integrating equation (3.1) from O to x, we get

J+1
ouy E Ouy
By Bl = ; ai(t) Pri(z) + —-=(0,¢) (3.2)
Integrating equation (3.2) from 0 to 1, we get
2J+1 a
u
where ,
Cl,i = / Pl,l(x)dx
0
Hence,
a 2J+1
u
Gt =Y al) (Pl,i(w) - CM) Fug(1,t) — ug(0, 1) (3.4)
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Integrating equation (3.4) from 0 to x, we get

wizt) =Y it )<P2 J(z) — xcl,i) 4 aus(1,8) — ug(0,8)] + us(0,)  (3.5)

Using nonlocal condition (1.5), we obtain

2J+l

S ait)(Co - %cu) + %[uju, B —us(0.8)] +us(0,6) = v(t)  (3.6)

i=1
It is to be noted that u; is chosen in such a way that u; satisfies (1.4) and (1.5).
After simplification, we get

2J+1
us(L,t) = 3" ailt) (cm - zcg,i) +2u(t) — h(t) (3.7)
=1
Thus, from equation (3.5), we get
2J+1
uy(x,t) = Z a;(t) (Pgﬂ-(x) — 2:56’27Z-> +2z[v(t) — h(t)] + h(t) (3.8)
=1

Using second order finite difference scheme for temporal discretization and Haar
wavelets for spatial discretization in equation (1.1), we obtain

2J+1

uy(x,tyyr) — 2ug(z,t,) + ug(x, th_q)
A Zal () + oz, t,)  (3.9)

From the given boundary condition (1.3) and using central difference formula, we get

uy(@,t1) —uy(w,t-1)

N, = g(2) (3.10)

This implies
uJ(‘rat—1> - UJ(.T,tl) - 2Atg<l’) (311)

Using (3.9) and (3.11), we obtain the following equation atty =0

uy(.12) = g, ty) + Atg(a Z hw+ B a

Using equation (3.8) and (3.12), we obtain

2J+1

Z a; (PM( ) — ATth (z) — 2x02,i) + 22[v(ty) — h(t1)] + h(t1)
= UJ<CL’,t()) + Atg(l‘) + A—ﬁgﬁ(l’,to) (313)

2
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At t = t,,, we obtain the following discretized scheme,

2J+1

3 o (Pocla) = Ah(x) — 200, ) + 20[0(bin) — hlt)] + Bltus)
i=1
= A ¢(x,t,) + 2uy(z,t,) — us(w,ty 1) (3.14)

Equation (3.14) at the collocation points x;,] = 1,2,3,...,27*! is given by

2J+l

Z a; <P27i(l‘l) — At2hi(l’l) — 213[02,1‘) + 21‘[ [V<tn+1) — h(tn+1)] + h<tn+1)

=1

= AP(xp, ty) + 2ug (2, tn) — w2y, tyt) (3.15)

Finally, we obtain a matrix system at ¢t = ¢,,
Ca=b

where C = {c;, 1 <1,i <2/} andb = {b;, 1 <[ < 271}, The expressions for ¢;;
and b; are given by

i = (Poalwn) = Ah(w1) — 210,
and
b = APP(x1, 1) + 2us (21, tn) — g (20, tao1) — 200V (tni1) — h(tng1)] — h(tnsa)

Here, a = {a;, 1 < i < 2771} is the set of wavelet coefficients. We compute wavelet
coefficients at each time step and obtain the required solution.

4. STABILITY AND ERROR ANALYSIS
4.1. Stability analysis

In this subsection, we will study stability analysis for the proposed method.
Equation (1.1) can be written as follows:

0%u
where £ = 8‘9—; is the differential operator. Following the temporal discretization using

finite difference technique, we obtain

a2t = (AHE 4 (A(x, 1) (4.2)
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= u" = 21— (AL)*H) " —(T—(A)*H) u" - (T—(A)*H) (A ¢(z, t,)

(4.3)

where I is the identity matrix and H is the Haar matrix corresponding to the differential
operator L.

Since equation involves two time levels, we add one identity equation in order to make
single time level. We proceed as follows:

un-i—l = 92Bu" — Bun—l (44)

u" =u"

where B = (I —(At)*H)~'. Equation (4.4) can be written in the matrix form as follows

n n+1
] - [ ] 435)

We know that the eigenvalues of identity matrix is always 1. The stability of the

2B  -B

]2J+1 02J+1

numerical scheme will depend upon the eigenvalues of the matrix X where

2B -B

_[2J+1 02J+1

X = (4.6)

The proposed numerical scheme will be stable if all the eigenvalues of the matrix X is
less than or equal to 1.

The eigenvalues of the matrix X for hybrid Haar wavelet collocation method for
different At and J are given below

1.005 T T T T T T 1.005

\ \ \
0.995 H ‘ | | 1 0.995 H“ H ‘H ‘ L] ‘

|
0.985 |- H | 1 0.985 v v i

Il
| |
0.98 5 - - 5 - - 0.98

Figure 1: Eigenvalues of B at At = 1072 and J = 4, 5.
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1.0005 T T T T T T 1.0005

"UH_‘ nn [

H L | L U

- ’ A 056 h I A
0 10 20 30 40 50 60 70 0 20 40 60 80 100 120 140

0.9995 H || | [ 1 0.9995

|
it
0.999 “‘ U ;‘ L 1 0.999 +
{

0.9985 |- h Il 1 0.9985

Figure 2: Eigenvalues of B at At = 1073 and J = 4, 5.

From the above figures, it can be easily guaranteed that the proposed method is stable.

4.2. Error Analysis

In this subsection, we will study error analysis for the proposed numerical method.
From equation (3.8), we have the approximate representation of function u given by
2J+1
uset) =3 a, (PZJ(x) - 2950271-) 4 22(u(t) — h(t)) + h(t) @.7)
=1
and the exact representation of u is given by

(e 9]

u(z,t) =Y q (PQ,i(x) — 2:602,1») + 22(v(t) — h(t)) + h(t) (4.8)
i=1
Hence, the error term is given by
EJ =UuU—uy= Z a; <P27Z(ZL‘) - 21‘02#) (49)
i=27+141

Equation (4.9) can be written as

oo 27-1
Ey= Z Z A2 4 k+1 <P2,2.7'+k+1(55) - 251702,2J'+k+1> (4.10)

j=J+1 k=0

Lemma 4.2.1. '? Let u be Lipschitz continuous on the unit interval. Then,

L
|agi 1xq1| < 21 (4.11)

where L denote the Lipschitz constant and

1
A 41 = 2j/ w(x)hgjypyq (z)dx (4.12)
0
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Lemma 4.2.2. Let u be the Lipschitz continuous on the unit interval. Then, for fixed ¢,
the proposed method is convergent and order of convergence is 2 in spatial variable i.e.

1Eslle = Il = uslls = O (577) | @13)

Proof From equation (4.10), we get

oo 20-1

1
1E5* = /0 Z Z @27 +k+1 <P2,2j+k+1($) - 2$02,2j+k+1>

j=J+1 k=0

2

dx

o 29-1 oo 27—1

1
[ X X 2 Y e (P wn@) - 20 401)
0

j=J+1 k=0 r=J+1 s=0

(P2,2r+s+1(513') - 23702,2?‘+s+1)

dx

o 2-1 oo 27—1

< DD D D lavsnallar sl

j=J+1 k=0 r=J+1 s=0

/ <P2,2J'+k+1(x> - 2$02,2j+k+1> X

<P2,2r+s+1($) - 2$02,27”+s+1) dx

o 2-1 oo 27—1

< DD D D lavsallar sl

j=J4+1 k=0 r=J+1 s=0

/ <P2,2J'+k+1(@P2,2T+s+1(95)

2
- 2$C2721'+k+1p2,27"+s+1($) - 2IC2,2T+3+1P2,21+1€+1($) + 4z C2,27‘+k+1 02,2'f'+s+1>d$

4.14)
From lemma 4.2.1, we have p
a2 41| < 357 (4.15)
d
an A
‘Cl27"+s+1’ < F (4.16)

< | Pogirsrlle | Poorysill 22

1
’/ Py i1 (1) Pogrysir ()d
0

Since P 5i 1 41(x) is monotonically increasing in [0, 1] , we have

1 2
P2,2‘7'+k+1( ) < P2 27+k+1(1) (%)
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Using the fact that our domain is of finite measure, we get

1 \?2
HP2,2j+k+1HL2 < (2j+1)

Hence,
1 1 \2/ 1 \2
/0 P2,2J‘+k+1(37)P2,2r+s+1(@dﬂ? < (ﬁ) (27,“) 4.17)
Similarly
! 1 \?/ 1\
/0 2005 9i 4k11Poor st (2)da| < (ﬁ) <2r+1> (4.18)
1 1 2 1 2
/0 20C5 974541 P2 0i i1 () dx| < <2j+1) <2T+1> (4.19)
and
vy 470 1\ 1Y)
/0 41°Cy 954 p41Co2r ysr1dx| < §<2j+1) <2r+1> (4.20)

Substituting the above estimates (4.15—4.20) in (4.14), we get

13 > 1 \°/ 1\°
2 | OT
IEe s 5 Y Y () (55) 22

j=J+1r=J+1

< 1\ 1\? 13
SAZ Z ST ST ., where (A:EAlAg)

j=J+1r=J+1

A3 ()]

j=J+1

171 &/71\1*
< Aﬂ [2&&-1 Z <2_g>}
=0

Hence

1. = o[ (57 ) |

For the fully discretized Haar wavelet method (Haar wavelet for spatial discretization
and second order finite difference for temporal discretization), the Lo error £ is given
by

BN L, = llu(z, t) = ws(z, 1)L,
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Theorem 4.2.3. Let 227;‘ and % exist and bounded in [0,1] x [0, T|. Then the error

estimate for the fully discretized hybrid Haar wavelet collocation method is

1 2
|E||L, = O [(ﬁ) + Atz].

Proof. From the above lemma

1Es ]l = O[<2J1+ 1)2]

As we have used second order finite difference method for the temporal discretization,

the error estimate for the fully discretized numerical method is given by

1 2
1Bl =0 (5755) +a¢)

S. RESULTS OF NUMERICAL EXPERIMENTS

Following the hybrid Haar wavelet collocation method proposed in section 3, we solve
the problem (1.1)- (1.5) on MATLAB. We present various numerical examples and
compare it with few existing results. Our numerical results are better than the existing
results.’

Example 1.

o2 Ox?

with initial conditions

0? 0? 1 ¢
u v <Z+7r2>e_isin(7m), 0<zr<1,0<t<T, (5.1)

u(z,0) = sin(rz), 0<z<1, (5.2)
ou 1

— = ——¢gi <z < .
oy (x,0) 5 sin(rz), 0<z <1, (5.3)

and Dirichlet boundary condition
u(0,t) =0, 0<t<T, (5.4)

with nonlocal condition

VIS

1
2

/ u(z, t)de = —e” 2, 0<t<T. (5.5)
0 T

The exact solution of (5.1 —5.5) is

u(z,t) = e 2 sin(mz).
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Figure 3 presents the exact and approximate solutions by the proposed method at
different spatial and temporal points. Point wise absolute error at time 7' = 1 and
max norm error at different time steps are reported in Table 1 and Table 2 respectively.

Figure 3: Exact and HHWCM based approximate solutions at J = 6,7 = 1 and

Table 1: Pointwise absolute error at 7' = 1, At = 10~* and .J = 6.

_~"""06
<" 04
0.2

i
05
/ 04
03
b 02
T

<" 08

0.9

0.8

0.7

0.6

0.1

Haar wavelet solution

At =10""

x Exact u Absolute error
0.1 | 0.18742828 1.6 x 1076
0.2 | 0.35650978 2.6 x 1076
0.3 | 0.49069361 3.0 x 1076
0.4 | 0.57684494 3.0 x 1076
0.5 | 0.60653066 2.5 x 1076
0.6 | 0.57684494 1.5 x 1076
0.7 | 0.49069361 3.0 x 1077
0.8 | 0.35650978 2.9 x 1076
0.9 | 0.18742828 6.4 x 1076
1.0 | 0.00000000 8.7 x 107

T | HHWCM | TPS-RBF° | MQ-RBF° | CS-RBF’
05134x107°[3.8x103|1.3x1073|28x 1072
1.0 1.0x107° | 6.8 x 1072 | 24 x 1073 | 5.1 x 1072

Table 2: Comparison of maximum error using various numerical methods.

From the above results, we observe that a very good accuracy is achieved at very less J.
It is also noticed that maximum absolute error decreases significantly with reducing At
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size. Comparison table shows that the proposed method is better than various meshless
method developed by Dehghan et al.® in terms of maximum error.
Example 2.

Pu  Ou
———=0, 0<r<1,0<t<T 5.6
at2 83;2 ) x 9 —_ 9 ( )
with initial conditions
u(z,0) = cos(mz), 0<z<1, (5.7)
0
8—7:(:@0) —0, 0<z<1, (5.8)
and Dirichlet boundary condition
u(0,t) = cos(nt), 0<t<T, (5.9
with nonlocal condition
1
/ u(z,t)dr =0, 0<t<T. (5.10)
0

The exact solution of (5.6 — 5.10) is
1
u(z,t) = Q[cos 7(z +1t) 4+ cosm(x — t)].

Figure 4 presents the exact and approximate solutions by the proposed method at
different spatial and temporal points. Point wise absolute error at time 7' = 0.25 and
maximum absolute error at different time steps are reported in Table 3 and Table 4
respectively.

Exact solution

Figure 4: Exact and HHWCM based approximate solutions at J = 6,7 = 0.25 and
At =104
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T Exact u HHWCM | TPS-RBF’ | MQ-RBF?® | CS-RBF’ | Optimal explicit’
error error €error error error
0.1 | 0.67249851 | 1.3x107° | 1.5x107° | 1.9x 107° | 1.6 x 107* 5.2 x 107°
0.2 | 057206140 | 1.4x107° | 1.5x107° | 22x107° | 1.9 x 1074 5.1 x 107°
0.3 | 041562694 | 1.0x 1076 | 22x107% | 23x107% | 1.8 x 107° 5.1 x107°
0.4 | 0.21850801 | 5.5x 1076 |22x1076 | 6.7x 1077 | 8.0 x 1076 5.3 x 107
0.5 | 0.00000000 | 1.3 x 1077 | 1.3 x 1078 | 2.7 x 1077 | 8.7 x 10710 5.0 x 107°
0.6 | -0.21850801 | 5.2 x 1079 | 1.3 x 1079 | 1.2x 1076 | 8.0 x 1076 5.2 x 107°
0.7 | -0.41562694 | 1.0 x 1079 | 2.2 x 107 | 2.7 x 1076 | 1.8 x 1079 5.4 x107°
0.8 | -0.57206140 | 1.4 x107° | 1.5x107° | 22 x107° | 1.9 x 10~* 5.3 x107°
0.9 | -0.67249851 | 1.3x107° | 1.5x107° | 1.7x 107° | 1.6 x 10~* 5.5 x 107°
1.0 | -0.70710678 | 2.4 x 1077 | 43 x 1072 | 21 x 1076 | 2.8 x 107° 5.4 x 107"

Table 3: Point wise absolute error at 7' = 0.25, At = 10~* and J = 6.

At | HHWCM | TPS-RBF’ | MQ-RBF’ | CS-RBF’
1072 ]1.9%x 105 [6.8x107° | 73x107°|23x 1074
1004 [14%x107° | 1.5x107° [ 22x107° | 1.8 x 1074

Table 4: Comparison of maximum error using various numerical methods at different
time steps.

6. CONCLUSION

In this article, we have developed a hybrid Haar wavelet collocation method for the
numerical solution of nonlocal hyperbolic partial differential equations. Instead of
reformulating the original problem into periodic problem, we dealt with the integral
boundary condition directly using the given data which is more accurate. For the spatial
discretization, Haar wavelets are used whereas second order finite difference is used for
temporal discretization. Stability analysis based on eigenvalue properties is carried out.
We have derived error estimate for the proposed method. Finally, numerical results
are presented and it is shown that our method is better than few existing method. This
method can easily be generalized to higher dimensional problems.
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