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Abstract

An L(2,1) labeling (or distance-two Ilabeling) of a graph Gis a
functionf: V(G) — {0,1,2, ... } such that

| f(x)—f(y) 1=2if d(x,y) =1 and | f(x) — f(y) | = 1if d(x,y) = 2.
The L(2,1) labeling number A(G)of G is the smallest integer k such that
G admits an  L(2,1) labeling with max{f(v):v€V(G)}=k.

In this paper, we determine the L(2,1) labeling number of the triangular book
graph and the triangular book with bookmark graph.

Keywords: L(2,1) labeling, L(2,1) labeling number, triangular book graph,
triangular book with bookmark graph.
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Introduction

Graph labeling is the assignment of integers to the vertices, edges, or both, of a graph
subject to certain conditions. The concept of graph labeling was introduced by Rosa in
1967. Since then, numerous graph labeling techniques have been studied extensively,
resulting in over 2100 research papers. Labeled graphs provide useful models in
various applications such as coding theory, X-ray crystallography, radar, astronomy,
circuit design, FM radio channel assignment, and communication network addressing.
Channel assignments for FM radio stations depend not only on transmission power
and antenna height but also on geographical distances between stations. In wireless
networks, radio spectrum management involves assigning frequencies to transmitters
in such a way that interference is avoided. Interference may occur when
geographically close transmitters are assigned frequencies that are too close.

Let G be a connected graph and k an integer. The distance between two vertices u and
vin Gis denoted by d(u,v). The vertex set and edge set of G are denoted by
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V(G) and E(G), respectively. Distance-two labeling was introduced by J. R. Griggs
and R. K. Yeh[9], who proved that every graph with maximum degree A admits an
L(2,1) labeling with span at most A? + 2A, and they verified the conjecture for 2-
regular graphs. Later, Chang and Kuo improved the upper bound to AZ + A [6].
Chang et al. further generalized the result, obtaining A? + (d — 1)A as an upper
bound for the minimum span of an L(d,1)-labeling [7]. K M Baby Smitha and K
Thirusangu studied the distance two labeling of several graphs [1][2][3][4][5]. N B
Rathod and K K Kanani studied the k-cordial Labeling of Triangular Book,
Triangular Book with Book Mark & Jewel Graph[14].

Graph theoretic models for radio frequency assignment problems were first
introduced in the early 1980s by Hale. Several studies on L(2,1) labeling of special
classes of graphs have since been conducted. In particular, the L(2,1) labeling of
various graph families has been investigated extensively.

Preliminaries

In this paper, all graphs considered are finite, undirected, and simple. The vertex set
and edge set of a graph G are denoted by V(G) and E (G), respectively.

Definition 2.1

An L(2,1) labeling (or distance-two labeling) of a graph G is a function f:V(G) —
{0,1,2, ... } such that

| f(x) = f(y) | =2 whenever d(x,y)=1 and | f(x)— f(y)|=1 whenever
d(x,y) = 2.

The L(2,1) labeling number A(G)of Gis the smallest integer k such that
max{f(v):v e V(G)} = k.

Definition 2.2

The triangular book graph with n pages, denoted by B(3,n) is defined as the graph
obtained by taking n copies of the cycle C3 and identifying a common edge, called the
spine (or base) of the book. The two end vertices of the common edge are called the
spine vertices. Each additional vertex from the n triangles is adjacent to both spine
vertices. The number of vertices in the triangular book graph B(3,n) isn + 2.
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Definition 2.3

The triangular book with bookmark graph is obtained from the triangular book
graph B(3,n)by attaching a pendant edge to one of the spine vertices. Let x and y be
the end vertices of the common edge (spine) of B(3,n). If a new vertex wis
introduced and joined to x by an edge xw, then the resulting graph is called the
triangular book with bookmark graph. This graph is denoted by
TB,(x,y)(x,w) where xand yare the spine vertices and xwis the pendant
(bookmark) edge attached at x. The number of vertices in this graph is n + 3.

Main Results

Theorem 3.1
For n = 2, the L(2,1) labeling number of the triangular book graph B(3,n) is
A(B(3,n)) =n+ 3.

Proof
Let G = B(3,n)be the triangular book graph with vertex set V(G) =
{x,y,us,uy, ..., un},
where xand yare the spine vertices. Thus, | V(G) |=n + 2. Each vertex u;is adjacent
to both xand y, and the vertices u;are mutually non-adjacent.
Labeling Construction
Define a function f:V(G) - Nu {0}
by
fu)=i—-11<i<n,
f)=n+1,
f(x)=n+3.



104 Baby Smitha K. M
Hence fvG)) ={0,12,..,n—1,n+1,n+ 3}

Therefore, max{f(v):v e V(G)} =n+ 3.

Verification of L(2,1) Conditions
Letwy,w, € V(G).
Case l: wy =u;, wy, = u;, i #j
Since the vertices u;are not adjacent,
d(ui,uj) = 2.
L fw)—fw)I=lG-D=-G-DI=li-jl>1

Condition satisfied.

Case2:w; =u;,wp, =y
These vertices are adjacent:
d(u;,y) =1.
L fO) = fw) I=l(n+ ) —=(E-1DI=In—i+2]

Sincel <i<n,
L fQ) — fw) 1= 2.
Condition satisfied.

Case3:wy =u;,wp, = x
These vertices are adjacent:
d(u;,x) =1
lf)—fw)I=l(n+3)—({G{—-DI=In—-i+41=2.
Condition satisfied.

Cased:wy =x,Wwy =Yy
d(x,y) =1.
lf)—fO)I=l(n+3)—(n+1) |=2.

Condition satisfied.

Thus, in all possible cases, the L(2,1) labeling conditions hold. Therefore
A(B(3,n)) =n+3.

Example 3.1
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Figure 1 L(2,1) labeling of triangular book graph  A(B(3,4) =7
Theorem 3.2

Forn > 2, the L(2,1) labeling number of the triangular book with bookmark graph
TB,(x,y)(x,w) is A(TB,(x,y)(x,w)) =n + 3.

Proof
Let V(G) ={x,y,w,uq,uy, ..., un}-

Here, | V(G) | =n+ 3.

The vertex w is a pendant vertex adjacent only to x.

Labeling Construction

Define fw))=i—-11<i<n,

fw) =n,

fO)=n+1,

f(x)=n+3.
Thus,

fv@G))={,1,..,.n—-1,nn+1n+ 3}

Hence, max{f(v)} =n+ 3.
Verification
We verify all possible vertex pairs.
1. Pair u;, u; d=2, 1fw)—f(w)l=li—jl=1
2. Pair u;,w d=2, 1 fu)—-fw)l=li—-1)—nl=ln—-i+
11=1.
3. Pair u;,y d=11fy)—fw)Il=sln+1-(>{—-1) I=In—

i+2=2.
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4. Pair u;, x d=1, 1 f()—fw) I=In+3—-(—-1)I=ln-
i+41>2

5. Pairw,y d=2, I fW)—f@I=In-n+1)|=1.

6. Pair w, x d=11fwW) —fx)I=ln-m+3) =3

7. Pair x,y d=1,1f(x)-f@) =2

Thus, in all cases the L(2,1) conditions are satisfied.
Therefore A(TB,(x,y)(x,w)) =n+ 3.

Example 3.2

Figure 2 L(2,1) labeling of triangular book with bookmark graph
A(TBy(x,y)(x,w)) = 7.

Conclusion

In this paper, we determined the L(2,1) labeling number of the triangular book graph
and the triangular book with bookmark graph. For both graph families, the labeling
number 1S shown to be A=n+3n=2.
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