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Abstract

In this paper, we prove by means of a counterexample that there exist pair of in-
tegers (n, p) withn > 3,1 < p < n — 1, and open sets D in C" which are
cohomologically p-complete with respect to the structure sheaf Op such that the
cohomology group H,,(D, Z) does not vanish. In particular D is not p-complete.
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1. Introduction

By the theory of Andreotti and Grauert [1] it is known that a g-complete complex space
is always cohomologically g-complete.

It was shown in [6] that if X is a Stein manifold and €2 is a cohomologically g-
complete open set in X with respect to the structure sheaf Ogq, then Q2 is g-complete, if
it has a smooth boundary.

If now X is a g-complete space of complex dimension n, then H,(X, Z) = 0 for
p =n+gqand Hy 4 1(X,Z) is free (see [5] and [11]). Considering the short exact
sequence given by the universal coefficient theorem

0 — Extz(H,—1(X,7Z),2Z) - H’(X,Z) - Homz(H,(X,Z),7Z) — 0

we see that HP(X,Z) =0for p > n +gq.
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If X is a cohomologically g-complete complex space of dimension n, it follows
from [9] that H,(X,C) = O for all integers p > n + q. Since H” (X, C), for an
n-dimensional complex manifold X, are Frechet spaces whose topological duals are
isomorphic to H, (X, C) (see[10]), then X satisfies the topological property H” (X, C) =
Oforp>n+gq.

However, it seems unknown if H” (X, Z), p > n + g, vanishes, if X is assumed to
be only cohomologically g-complete.

In this article, we prove that there exist pair of integers (n, p) with 1 < p < n —
1, and cohomologically p-complete open sets D with respect to Op in C" such that
H,. (D, Z) # 0. It is clear that D is not p-complete.

2. Preliminaries

Let Q be a an open set in C" with complex coordinates zj, - - - , z,. Then it is known
that a function ¢ € C*°(L) is said to be g-convex if the hermetian form L,(¢, &) =

3’P(2), - o :
Z 8¢;a(_)§ ;& j has atleast n — g + 1 positive eingenvalues at each point z € €2.
— 07,07
iJ
A function p € C°(£2, R) is called g-convex with corners if p is locally a maximum
of finite number of g-convex functions.

We say that Q is g-complete (resp. g-complete with corners) if there exists an
exhaustion function ¢ on 2 which is g-convex (resp. g-convex with corners).

An open subset D of 2 is called g-Runge if for every compact set K C D, there is
a g-convex exhaustion function ¢ € C°°(£2) such that

Kc{xeQ:¢p(x)<0}cc D

It is shown in [1] that if €2 is g-complete, then €2 is cohomologically g-complete, which
means that for every coherent analytic sheaf F on 2 and p > ¢, the cohomology groups
H? (2, F) vanish. Moreover, if D is g-Runge in €2, then for every F € coh(R2) the
restriction map

HP(Q,F)— HP(D,F)

has a dense image forall p > g — 1.
The purpose of the present article is to prove the following theorem
Theorem 2.1. Let (1, g) be a pair of integers such thatn > 3, 1 < g < n, and ¢ does
n
not divide n. We put m = | — | and r = n — mq. Then there exists a cohomologically
q
(¢ —3)-complete domain D in C" such that H, ;_3(D,Z) # 0,ifr = landm > g > 2.

n nij. . n
—] + 1 and |:—i| is the integral part of —.
q q

Herec}:n—[
q
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3. Proof of the theorem

Let (n, g) be a pair of integers withn > 3and 1 < g <n.Weputm = [Ei| and suppose
q

that 7 = n —mg > 0. We consider the functions ¢, - - - , ¢,,, 1 defined on C" by

m
1
§ 2 2 4 .
¢]:G]+ IGi_ZHZ” +N||Z|| ’ J:17"'ama
1=

and
- 1
ns1 =—01 = —om+ ) of = Izl + Nljzll*,
i=1
n m+j(g—1)
where o; = y;+ Y |zl —m+DC Y jzi?) for j = 1,---,m,
i=m+1 i=m+(j—1(g—D+1

zj = xj +1iyj. Then it is known from [4] thatall ¢ ;, | < j < m + 1, are g-convex on
C",if N > Ois sufficiently large and, if p = Max{¢ pl=<j<m+ 1}, then there exists
a small constant &, > 0 such that the set D,, = {z € C" : p(z) < —&,} is relatively
compact in the unit ball B = B(0, 1), if N is large enough.

Let now ¢ > g¢ and choose Stein open sets Uy, --- , Uy CC Dy, covering 9D,
k

and functions 0; € C;°(Uj, R™) such that Zej(x) > 0 at any point x € 0D;.
j=1
There exist sufficiently small constants ¢; > 0,---, ¢y > 0 such that the functions

J

bii = ¢ —Zc,-@i are g-convex fori = 1,--- ,m+land 1 < j < k. We define
i=1

pio=¢;fori=1,--- ,m+1, Dy =D;and D; ={z € Ds, : p;(z) < —¢}, where

J
,OjZ,O—ZCiQi, J=1,--k
i=1

Then pj are g-convex with corners, D, C Dy C --- C Dy, D, CC Dy CC D, and
Dj\Dj_l CcC Ujforj:1,~-- k.

Lemma 3.1. Let F be a coherent analytic sheaf on D,,. Then the restriction map
HP(Djy1, F) — HP(D;, F) is surjective forevery p > g —2andall0 < j <k — 1.
In particular, dim@Hp(Dj, F)<ooforp>g—2and j =0, --- k.

Proof. We first prove that forevery p > ¢ —2, H’(D; N U;, F) =0forall0 < j <k
and1 </ <k. Wefix j € {0, --- , k} and we write D; NU; = D{N---N D, .|, where
D;={zeU:¢,; j(z) < —e¢} are clearly g-complete and g-Runge in U;. Then for any
integert < m, lel n-- -ﬂD;I is (7 —1)-Rungein U; forall iy, --- ,i, € {1,--- ,m+1}.
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In fact, let K C D; RAREERE Dl{[ be an arbitrary compact subset. There exists for any
i €li1,---,i;} ag-convex exhaustion function vr; on U; such that

KcClxelU:y;(x) <0} cc D,

Define = Max(¥;,,---,¥;). Then K C {x e Uy : Yy (x) <0} cC D; N---ND;
and, v can be approximated in the C?-topology by smooth (1(¢ — 1) + 1)-convex
functions (see [10]). Since g does not divide n and ¢t < m, thent(qg — 1)+ 1 <g — 1.
Therefore a suitable smooth (§ — I)-convex approximation of ¥ shows that D RALERE Dl{t
is (g — 1)-Runge in U;. This implies that for r > g — 2, the image of H" (U;, F) is dense
in the cohomology group H r(lel n---N Dz{,’ F) which is separated, since g — 2 > 2
(n = 4and g { n). Thus H'(D;, N---N D; , F) =0 forall r > § — 2. Then, by ( [8],
Proposition 1), we have

H'(D;NU, F)=H™D{U---UD, . \,F) if r=q—2

Since U\ D{U- - -U D, | has no compact connected components, then D} U---UD), .,
is n-Runge in U (see [3]). Butforr > § — 2,7 +m > n — 1 and hence H"*" (D} U
- UD.,,,. F)=0.

Now since D11 = D; U (Dj41 N Ujyy), then the Mayer-Vietoris sequence for
cohomology

o> HP(Dj1, F) > HP(Dj, F) @ H?(Dj11 NUj41, F)
— H(D;NUjy1, F) — -+

implies that the restriction map H” (D11, F) — H”(D;, F) is surjective for all p >
q—2. |

We now choose n and g such that m = [E] >qgandr =n—mqg > 1,and let O be

the sheaf of germs of holomorphic functions on B. Then we have the following

Lemma 3.2. The restriction map H”(D,,, O) — H”(Dg, O) has dense image for
every p > g —3and ¢ > ¢,.

Proof. Let T be the set of all real numbers ¢ > g, such that H?(D,, O) — H?(D,,, O)
has a dense image for every real number €1 > ¢ and all p > g —3.Then T # (. In fact,
choose ¢ > ¢, such that —¢ < Mi”E\DSO{‘pi(Z)’i =1,---,m+ 1}, and let &; > &.
If D, # @, then D; ={z € B: ¢;(z) < —e1}and D; = {z € B : ¢;(z) < —¢} are
relatively compact in D, , g-complete and g-Runge in B.

Note first that for every iy, .- ,in—1 € {1, ---,m + 1}, the cohomology group
HP(D;,N---ND;, ,,0) =0forp > g—2,since D; N---ND;  is((m—1)(g—1)+1)-
complete and g — 2 > ((m — 1)(¢ — 1) + 1). Next, we show, exactly as in the proof of
lemma 1, that forevery iy, - - - , i, € {1,--- ,m+1}, D;;N---ND;, is (g —1)-Runge in
B, which implies that the restriction map H”(D;, N---N D O) - HP(D;;N---N

Im—1°
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D;, , O)hasadenseimage forall p > g—2. This shows that H”(D; N---ND; ,O) =0
for p > g — 2. Then, by using ( [8], Proposition 1), we obtain

HP(D;,,O) = HP™™(DyU---UDyy1,0) for p > G — 2.
Similarly
HP (D, ©) = HP*™(D{U---UD,,_ |, 0)forp>g—2.

Since D1 U- - -UD,,+1 is n-Runge in B and contained in the open set Di U---u D,/HH CcC
Dy, then the restriction map

HP(D{U---UD,, _,0)— H(DiU---UDy41,0)

has a dense image for p > n — 1, which means that H?(D,, O) — H?(D,,, O)
has a dense image for p > ¢ — 2. We are now going to show that HI3(D,,0) =
H173(D,,, ©) = 0. To see this, let 2, = {z € DiN---N Dy : ¢ps1(2) > —&)
and S,y = {z € D1 NN Dy : ¢pp1(2) < —¢}. Thean’m(Dl N---ND,, 0 =0

forall p < n —q, where H Lém(Dl N ---N Dy, O) is the j-th group of cohomology of
Dy N---N D, with support in S,,. In fact, for each point £ € Dy N --- N D,, there
exists [1] a fundamental system of connected Stein neighborhoods U C Dy N --- N Dy,
of & such that H/ (U N Q,,, O) = 0for 0 < j < n — g and, the restriction map

rw,0) — I'(UNKY,,O0)
is an isomorphism. It follows from [7] that H Sjm (O) =0for0 < j <n—gq, where
H ém (O) is the cohomology sheaf of D; N - - Em with coefficient in O and support in
Sn- By ([7]) there is a spectral sequence
H{ (D1N---N Dy, 0) <= EJ" = H'(D1N---N Dy, H{ (O))

Since Hgm((’)) = 0 for p < n — g, then the abutment Héjm(Dl N---N D,,, O) = 0 for
p=n—gq.
Now it follows from the exact sequence of local cohomology
cee > Hg’m(Dm~..mDm,0)—> HP(DiN---N Dy, O)
— HP(Qu, ©) > HIY(D1N - N Dy, O) — -

that H?(DyN---ND,,,0) = H(Q,,,O)for0<p<n—qg — 1.

Note that since 2, = {z € (D1 N---N Dy) U Dyyyq : ¢,,11(z) > —¢}, one can
verify exactly as for Hfm (DN N Dy, O) that,if S, = {z € (D1N---NDy)UDy41 :
Gms1(2) < —e} = Dy USp, then HY (D1N-+-NDy)UDpy1, O) = Ofor p < n—g
and, therefore

H?((D1 NN Dy) U Dyi1,0) = HP(D1N--- N Dyp) U Dyy1 \ S, O)
= Hp(Qma O) = Hp(Qm U Dm—l—la O)
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forg <p<n-—qg-—1.
Now, since, in addition, €2, D,,+1 = @, then, by using the Mayer-Vietoris sequence
for cohomology

- — HP((D1N---N Dy)UDypyir, O)
— HP((DyN---NDy),0)® HP(Dy41, O)
— HP(D,, ®) > HP*' (DN -+~ N Dyy) U Dysy, O)
— HPTY(Dyn---N D), 0)® H Y (Dpyy, ©) — - -

and the fact that D,, .| is g-complete, we find that H” (D, O) = Oforg < p <n—q—2.
This implies that H 973(D,, ®) = 0 and similarly H ‘;_3(D81, O) = 0, which proves
thate € T.

To see that T is open in [g,, +00[, it is sufficient to prove thatif ¢ € T, ¢ > ¢,,

then there is ¢, < &’ < & such that ¢ € T. For this, we consider as in lemma 1,
k

finitely many Stein open sets U; CC D, ,i = 1,---,k, such that 9D, C U U;
i=1
k
and functions 6; € C*(U;, R™) with compact support such that ZQ j(x) > 0 at
j=1
any point x € dD,. Next we define D;(e) = {z € Dq, : ,oj(z) < —¢}, where
J J
,Oj(z) = Max(¢; — Zciéi, Gy — ZCiGi) with ¢; > 0 sufficiently small so
i=1 i=1
J
that the functions ¢; — Z cifiare g-convexforl <i <m-+1and1 < j < k. Then, by
i=1
lemma 1, the restriction map H” (Dy(¢), O) — H”(D,, O) is surjective for p > g — 2
and, there exists ¢, < &' < ¢ such that D, C Dy C Dy(¢). If now ¢/ < o < ¢, then we
have
Dy C Dy C Di(e) C D(a) CC Dyg,.

Since, by lemma 1, the restriction map H? (D (), O) — HP (D, O) is surjective for
p>g—2and H3(Dy, ©) = 0, then H? (D, ©) — HP?(Dy, ©) is surjective for
p>q—3. Fora > ¢, we have D, C D, C Dy C D(g). Since H? (Dy(¢), O) —
H? (D, O) is surjective for p > g — 3, and H? (D, O) — H”(D,, ©O) has a dense
image for p > g —3, then H? (D, ©O) — H?(D,, O) has a dense image for p > g —3,
which implies that &’ € T.

In order to prove that T is closed, we consider a sequence of real numbers ¢; € T,
J = 0, such that &; N\ ¢ and a Stein open covering Y = (U;);e; of D,, with a
countable base of open subsets of D,,. We fix p > g — 3. Then the restriction map
of spaces of cocycles Z‘D(Z/{Ipsj+1 ,0) —> ZP(L{|D€J,, O) has a dense image for j > 0.
Therefore, by ( [1], p. 246), the restriction map Z”U|p,, O) — ZP(Z/I|DEJ,, ©) has

also a dense image. Let ¢’ > ¢ and j € N such that &’ > ¢;. Since ¢; € T, then
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ZPU| D, 0) - ZPU| D, O) has a dense image, and hence ¢ € T. This completes
the proof of lemma 3.3. u

Let now A be the set of all real numbers ¢ > g( such that H” (D, ©) = 0 for all
p > g — 2. Then in the situation described above we have

Lemma 3.3. The set A is not empty and, for every ¢ € A with ¢ > g, there is
g, <& < esuchthate € A.

Proof. Let e; > ¢, be such that

—1 < Infecop, {6;(2),i = 1,2, ,m+1}.

€o

Then [e1, +oo[C A. In fact, let ¢ > &1 and write D = D, 1 N Do N -+ N Dy iy 1,
where D, ; = {z € B : ¢;(z) < —€} CC Dg, is g-complete and g-Runge in B for all
i €{l,---,m+1}. Moreover, forevery integerst < mandiy,---,i; € {1,---,m+1},
D¢y " Dgjy NN Dg; is (tg —t + 1)-Runge in B and g — 2 > tg — ¢, then
D¢, N Dgji, N---N Dg; is cohomologically (g — 2)-complete. Therefore, by ( [8],
Proposition 1)

Hr(De’O);HH—m(De,lUD8,2U"'UD8,m+laO)’ fOV 7‘26}—2

Since D, 1UD; 2U---UD; 11 is n-Runge in B, then H? (B, O) — H”(D, 1UD, 2 U
-+ :UDg m+1, O)hasadenseimageif p > n—1. Hence H? (D, UD; 2U- - -UD; 11, O)
vanishes for p > n — 1 andsois H?(D,, Q) if p > g —2,sinceg —2+m =n — 1.

For the proof of the second assertion of the lemma, we can write for all 0 < j < k
and1 <! <k,D;NU;=DN---ND,, |, where D; ={z € U : ¢; j(z) < —e}areq-
complete and ¢g-Runge in U;. Therefore forall t <m and iy, --- ,i; € {1,---,m + 1},
D; N D, N---N Dj is (§ — 1)-Runge in U;, which implies that H” (U;, O) has a
dense image in H?(D; N D, N---N D;,O) forall p > § — 2. This shows that
H?(D; ND;,;N---ND;,0) =0forall p > § — 2. Moreover, by ( [8], Proposition
1), one obtains

HP?(D;NU;,0) = HP™™(D{U---UD,,,,0) for p>g—2.
Sinceg —2+4+m =n—1and D{ U---U D, . is n-Runge in Uj, then
HP(D;NU;,0) 2 HPY(D{U---UD, . ,,0)=0 for p>qg—2.
We now consider the Mayer-Vietoris sequence for cohomology

coo = HP7N (DN Uj11, 0) > HP(Dj41, 0)
— HP(D;,0) ® H?(Dj+1 NUjy1, O)
— H'(DjNUj;11,0) = ---
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Since H”(DjNUj4+1, O) = HP(Dj11NUj4+1, O) = 0forp > g—2,then H’ (D41, O) —
H?(Dj, O) is surjective for all p > g — 2.

We are now going to show that H” (D11, O) — H”(Dj, O) is injective for all
p>q—2. LetV = (V;);en be an open covering of D, with a fundamental system of
Stein neighborhoods of D, such thatif V; N---NV; #@Pand V; U.--UV; C Dj1,
thenV; U---UV; CDjorV;, U---UV, CUjy1 NDj.

We first show that H"~'(Dy, ©) = 0. We shall prove it assuming that it has al-
ready been proved for j < k. For this, we consider the Mayer-Vietoris sequence for
cohomology

— H73(D;,0) @ H(Dj1 N Ujy1, 0) > HI(D; N Uj11, O0)
L H2(D; 1, 0) 5

Let & be a cocycle in 7172 VD1 O) and let p(&) be its restriction to a cocycle in

A (VIp;, O). Since p(§) is acoboundary by induction and H‘7_2(Dj+1 NUjt1,0) =
0, from the Mayer-Vietoris sequence, it follows that there exist

ne 2z Wlp,nu;,,. 0) and we CTWVp,,,. 0)

j+1?

such that § = j(n) + Su. There exists a sequence {n,} C Z‘7_3(V|Dj+lmyj+1, O) with
r(n,) —n — 0, when n — oo. This is possible because Zé_3(V|Dj+lmUjH, 0) —
Z‘7_3(V|Dijj +1» O) has a dense range. (See the proof of lemma 2). Now choose a
sequence {y,} C Cq_3(V|Dj+1, O) such that j(r(n,)) = 8y,. Then

§—0u—38y,=jm—rm,))

This proves that i + §y,, converges to & when n — oo. Since, by lemma 3.1,
dimCHq_z(DjJr], 0O) < o0, then the coboundary space Bé_z(V|Dj+l, O) is closed
in Zé_z(V|D 0). Therefore & € B‘i_z(le 0) and Hé_z(Dj, O) = 0 for all
0<j=k

Now since D, CC Dy(g) = Dy, there exists 0 < ¢ < & such that ¢’ > &g and
D, CC Dy(¢). Then we have D, C Dy C Dy(e) C Dy(¢’). Since for every p >
g—2,H?(Dy(g"), ©) — HP(Dy, O)is surjective by lemma 1, then H? (D (¢), O) —
H? (D, O) is also surjective for all p > g — 2, which shows that H” (D, O) = 0 for
p>g—2ande € A. |

j+1 j+1°

Proposition 3.4. The set D, is cohomologially (§ — 3)-complete with respect to the
structure sheaf Op, , which means that H”(D,,, Op, ) = Oforall p > g — 3.

Proof. In order to prove the Proposition, we consider the set A of all real numbers
& > &, such that H?(D,, ©) = O forall p > g — 2, where D, = {z € C" : p(z) <
—e&}. Then, by lemma 3, the set A is not empty and open in [+¢&g, +0o[. Moreover,
if ¢ = Inf(A), there exists a decreasing sequence of real numbers ¢; € A, j € N,
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such that ¢; — &. Since Hp(ng, O) = 0 forall p > g — 2 and, by lemma 3.2,
H?(Dg,,,,0) — H”(Dg;, O) has a dense image for p > g — 3, then H”(D,, 0) =0
forall p > g — 2 (see [1], p. 250). Hence ¢ € A.

Suppose now that ¢ > &q. then there exists &’ € A such that &9 < &' < &, which is
a contradiction. Therefore ¢g = ¢ € A. But, since H ‘}_3(D80, 0) = 0 according to the
proof of lemma 2, then D,, is cohomologically (g — 3)-complete. [

Theorem 3.5. Let (1, g) be a pair of integers such thatn > 3, 1 < g < n, and ¢ does

not divide n. We put m = "landr =n— mgq. Then there exists a cohomologically
q

(¢ — 3)-complete domain D with respect to Op in C" such that H,,.5_3(D, Z) # 0, if

E] + 1 and |:zi| is the integral part of E.
q q

r:landm>q22,wherec}=n—|:
q

Proof. We have proved in the Proposition that D, is cohomologically (g — 3)-complete
with respect to the structure sheaf Op, .

It was shown by Diederich-Fornaess [4] that if § > 0 is small enough, then the
following topological sphere of real dimension n 4+ g — 2:

Ss={z€C": xi+ - +xp+lzmul> +- +lzl> =3,

n m+j(g—1)
vi== > lul+m+1) > |i|* | for
i=m+1 i=m+(j—1(g—D+1
.j = 17 Tt m}9
where z; = x; +y;for j =1,---, n,is not homologous to 0 in D, . This follows from
the fact thatthe set E = {z € C" : x; = -+ = Xy = Z+1 = - -+ = 2, = 0} does not

intersect Dy, .

Let 0 < & < g¢g be such that D, CC B. Then it follows, exactly as for D, , that D,
is cohomologically (¢ — 2)-complete with respect to Op,_. We may take ¢ such that D,
does not intersect E. Then S; is not homologous to 0 in D;.

We are now going to prove that H,;_3(D;, Z) does not vanish. Indeed, we define
forl <j<m+1lthesetsE; =(D1N---NDy_j12)U(Dp—j13U---UDy1). Then
by using the Mayer-Vietoris sequence for homology

0=Hyyg4j3D1N---NDpyji12,2) ® Hyygyj—3(Dpy—j13U---UDpyy, Z)
— Hyyg4j-3(Ejt1,2) > Hyygyj-a(Ej, Z)
= Hyyg1ja(D1N---NDy_jy2,2)® Hyi g4 j—4a(Dm—j43U-+-UDpy1, 2) —> -

one can easily verify by induction that
Hoyp—2(D1U---U Dy, 2) > Hyyg-3(De, Z)

is injective.
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We first show that H" 973 (D¢, C) # 0. For this, we consider the (2n — m — 2)-real
form defined as follows:

1 n n —2n+m+1 n
=3 (lez + Z ylz) (Z(_l)ixidxl A
i=1 i=1

i=m+2
ANdxi N Ndxy ANdymaa N+ ANdymi N Adyy
n—m

+ ) (D" dxy A Adxg Adymga A
=2

NS

Then w is d-closed and therefore defines a cohomology class in H n _m_z(Dg, C).

Let S5 be the topological sphere of real dimension 2n — m — 2 defined by S5 = {z €
Ss : ym+1 =0}, where z; = x; +iy;for j=1,--- ,n.

Since w does not depend on yq, - - - , Yp+1, then

/ w#0
S5
This implies that H**~"~2(D,, C) # 0.

We shall prove now that if £ = D; U --- U Dy, then the homology group
H>,_»(E, Z) does not vanish. We note first that the map

H>"=2(D,,C) - H” %(E,C)
is an isomorphism. In fact, we consider over E the resolution of the constant sheaf C:
0-CHo04a 4 ... Lo
where Q7 is the sheaf of germs of holomorphic p-forms on E. This resolution maybe
break it up into short exact sequences

02 - Q - 72t 50, for i=0,---,n

where Z° = C, 2 = O, and Zi = Im{Q~' 4 Q) for1 <i <n.

On the other hand, since for any integer t with 1 <t <m — 1l and all iy, --- ,i; €
{1,---,m+1}, D;yN---ND; is (m —1)(q — 1) + 1)-Rungein Bandn —m —2 >
(m —1)(g — 1), then H?(D;, N---N D;,,C) = 0 for p > 2n — m — 2. Hence for any
indexes ji,---, jm € {1, -+, m + 1} we have

HZn—m—Z(Dj] N---N Djm’(C) >~ H2n—3(Dj] J.--uU Djm’ (C)

But H*"3(D;, U---U D;,,C) = 0. Indeed, if we put E,, = Dj, U---UD,,,
then obviously H? (E,,, 2’) = O forall p > n — 1, and j > 0, because E,, is n-
Runge in B. Note also that sincen —m — 2 > (m — 1)g — (m — 1), then, by the
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proof of lemma 2, H" 2(E,, Q") = H”_m_l(Djl Nn---NDj, Q" 1y = 0 and
H" 3 (E,, Q") = H"—’””_Q(Djl N---ND; , Q" = 0, because the Q/ are free and

Jm?

n—m-—2>qgandn—m—1 <n—q—2. (See the proof of lemma 2). Therefore from
the long exact sequences of cohomology associated to the short exact sequences

0>2Z > Q -zt 50, for i=0,---,n
we deduce a natural C-isomorphism
H*3(E,,.C) = H"%(E,,. Z" "
and, an exact sequence
oo > H"3(Ep, QY = H" 2(Ep, 2" Y — H" 2(E,,, Q" 1) — ...
Since

H" 3(Ep, Q") = H"(E,, Q") =0,

then
H>"3(E,,,C) = H" (E., 2" ") =0,

which shows that H>" " ~%(D,, C) — H>2(E,C) is an isomorphism.
Now by using the universal coefficient theorem for homology

Ho,2(E,C) = Hyy2(E, Z)  C® Tor(Hy,—3(E, Z),C)

and the fact that Tor(Hy,—3(E,Z),C) = 0, we conclude that Hy, »(E,Z) # O.
Since we know already that the map H,2(E, Z) — H,5_3(D;, Z) is injective, then
H,;_3(D¢, Z) does not vanish. This completes the proof of the theorem. |
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