International Journal of Applied Engineering Research ISSN 0973-4562 Volume 13, Number 11 (2018) pp. 9228-9236

© Research India Publications.

http://www.ripublication.com

Generalized semi regular closed sets in bitopological spaces

Osama Tantawy! , H.M.Abo-Donia?, Heba Ibrahem?® and Rawaa Alghanem?*

1Department of Mathematics, Faculty of Science, ZagaZig University, Egypt.

2Department of Mathematics, Faculty of Science, ZagaZig University, Egypt.

3Department of Mathematics, Faculty of Science, ZagaZig Universit, Egypt.

“Department of Mathematics, College of Education, Al-Mustansrya, University, Baghdad, Iraq.

Abstract

In this paper, we introduce a new type of closed sets in
bitopological space (X,Tl,Tz), used it to construct new

types of normality, and introduce new forms of continuous
function between bitopological spaces. Finally, we proved that
the our new normality properties are preserved under some
types of continuous functions between bitopological spaces.

INTRODUCTION AND PRELIMINARIES

The concepts of regular closed, generalized closed
(briefly, g -closed), semiopen, regular generalized closed

(briefly, rgclosed), and generalized semiclosed (briefly,
gs -closed) sets have been introduced and investigated in

[1-5]. The concepts of semiopen sets and regular open sets
have been extended to bitopological spaces [6]
called ij -semiopen and ij -regular open respectively. The mild

normality and almost normality have been introduced in [7].
A weak form of normal spaces has been introduced in [8]
called mildly normal spaces. In [9], the author used the
semiopen sets to define seminormal spaces, recently, in [10]
the author have continued the study of further properties of
prenormal spaces and also defined and investigated mildly
s-normal (resp. almost S -normal) spaces which are
generalization of both mildly normal (resp. almost normal)
spaces and S -normal spaces. The concept of generalized

semiregular closed (briefly, gSr -closed) sets has been

introduced in [11]. The concept of binormal spaces has been
introduced in [12]. In [13,14] extended the concepts of
g -closed, QS -closed and rg -closed sets, mildly normal

and almost normal spaces to bitopological spaces. In this
paper, we extend the concept of  gSr -closed sets to
bitopological spaces (X,rl,rz) called 1j —gsr -closed
sets. Also, we construct a new types of normality in
bitopological ~spaces based on 1] -semiopen sets
calledsemibinormal,  almostsemibinormal and  mildly
semibinormal. We use the class of 1] —QgSr -closed sets to

characterization these types of normality and construct new
types of continuous functions. We prove that the introduced
binormality properties are preserved under some types of
continuous functions. Throughout this paper, the following
abbreviations will be adopted: Let A be a subset of a

bitopological space (X ' Tps z‘z), the interior (resp. closure) of
A with respect to topology 7; (i =], 2) will be denoted
by int'(A) (resp. cl'(A) ). We denote the set of all closed
sets with respect to the topology 7; by i—C(X) .

In what follows, let 1, je{L,2} and i # |.

Definition 1.1 [6]. Asubset A of a bitopological space (X,z‘l,rz) is said to be

(1) 1j -semi open if Agclj(int‘(A))
(2) 1j -regular open if A:int‘(clj(A))

The complement of ij -semi-open (resp. ij -regular open) set is called ij -semi-closed (resp.ij -regular closed) set. We denote

the set of all ij -semi-open (resp. ij -semi-closed, ij -regular openand ij — regular closed) sets by ij —OS(X) (resp.

ij —C*(X), ij —OF(X) and ij —C®(X) ).

Definition 1.2 [6]. For any bitopological space (X,z’l,z'z) and Ac X, Ij -semi-interior (resp.1j -semi-closure) of A is
denoted by ij — ints(A) (resp. ij —cl S(A) ) and defined as

ij —int’(A)=AF = X : Feij—0°(X), FcA}

(respij —cl*(A)=~{F = X : F eij—C*(X),F 2 A})
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Definition 1.3. A subset A of a bitopological space (X ,11,12) is said to be

(1) 1j -generalized closed [14] (briefly, ij - g -closed) if AcU, U er, =cl j(A)g U.

(2) 1j -regular generalized closed [13] (briefly, ij -rg-closed) if AcU, U €ij —OR(X ):> cl j(A)g uU.
(3) 1j -generalized semi-closed [14] (briefly, ij - gS—closed) if AcU, Uer, = ji— CIS(A)g U.

Definition 1.4. A subset A of a bitopological space (X,Tl,TZ) is said to be 1] -generalized semi-regular closed (briefly, ij
-gsr-closed) if AcU, U eij —O%(X)= ji —cl*(A)cU.

The complement of 1j - g -closed (resp. ij - rg-closed, ij —QgS— closed and ij - gSr -closed) set is called ij - g -open (resp.
Ij —rg-open, ij —gs-openand ij - gSr-open) set and defined in the following lemma. Definition 1.4 is a particular case of
Definition 8 from Noiri [15]. From Proposition 4 in [15], we obtain the following lemma.

Lemma 1.1. Asubset A of a bitopological space (X ,2'1,2'2) is:

(1) ij —g-openiff AoF, Fei—C(X)= j—int(A)oF

() ij—rg-openiff Ao F, Feij —CR(X):> J —int(A):_J F

(3) ij —gs-openiff AoF, Fei—C(X)= ji—int*(A)oF

(4) ij —gsr-openift ADF, Feij—CR(X)= ji—int*(A)oF

We denote the set of all ij — g -closed (resp. ij — g -open, ij —rg —closed, ij —rg -open, ij —Qs-closed, ij —gs -open

ij — gsr -closed and ij — gsr -open) sets by ij —C%(X) (resp.ij —O9(X), ij —C"(X), ij —0"(X), ij —C*(X),
i —0%(X), i —C*™(X) and ij —O%(X) ),

The arbitrary union of 1j — gSr -closed sets is an 1j —gSr — closed set. But the intersection of two of 1] — gSr -closed sets need
not be an 1 — gSr -closed set as shown by the following example.

Example 1.1. Let X :{a,b,c,d},

7 ={x¢.{a},{b} {a bl 7, {x.4,{a,b} c,d}}

We have {a,c},{a,d}e21-C*"(X) but {a,c}n{a,d}=1{a}e21-C*(X)

Proposition 1.1. The following diagram shows the relationship between the above different types of closed sets.

j-closed L > ij-C8(X) 2 > ij-C"¢(X)
5 l sl 7[
ji-C3(X) 3 > ij-CE(X) 4 > ij-Ce(X)

Where none of these implications is reversible as shown by the following example.

Example 1.2. Let X ={a,b,c,d}, 7, = {x,4,{a},{b}.{a,b}} and z, ={x,¢,{a,b},{c.d}}
(Arrows 1, 5) {d}elZ—Cg(X)HZI—CS(X), but {d}e 2—C(X) :

(Arrows 2,6) {a}e12—-C"(X)n12—-C%*(X) but {a}g12-C%(X) .

(Arrow 3) {a,d}elZ—CgS(X) but {a,d}%lZ—CS(X)

(Arrow 4)
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Example 1.3. In Example 1.2. Let X = {a,b,c,d,e},

o ={X.¢,{a} {b}{a bl {ab.cf}
n,={X,glae}laedl}
{a,b,c}e21-0%"(X), but {a,b,c}e21-C*=(X).
(Arrow 7) In Example 1.3. {b, e}e 21—Ogsr(X ) but . {b, e} ¢21-C" (X )

Remark 1.1. For any bitopological space (X VT 2'2) we note that:
(1) Theclasses ij —C9(X) and ji—C*(X) are independent
(2) The classes ij —C"¥(X) and ij —C%(X). are independent

The following example investigate the previous remark.

Example 1.4. Let (X,z‘l,z'z) as in Example 1.3.
@ {o,c,d}e21-C(X) but {b,c,d}g21-C%(X), also, {a,e}e21-C%*(X) but {ae}e21-C"(X)
@ {ce}el2-C%(X) but {c,e}e21-C*(X) also, {b}e21-C*(X) but {b}e12-C°(X)

Theorem 1.1. For any bitopological space (X,z‘l,z'z), A c X, the following are holds:

W If Aeij—C%X)nz then Aej—C(X)

@1f Acij—C%*(X)nr, then Ae ji—C3(X)

@) If Acij—C"%X) and 7, =ij—OF(X) then Acij—C%(X).
@1f Acij—C®(X) and 7, =ij—O%(X) then Acij—C%(X)
G)If Acij—C®(X) and j—C(X)=ji—C*(X) then Acij—C"(X)
©1f Acij—C®(X) and j—C(X)=ji—C*(X) then Acij—C9(X).

Proof: obvious.

Theorem 1.2. For any bitopological space (X,7,,7,).If Acij —C®(X) and Ac Bc ji—cl*(A), then
B eij —C*"(X).

Proof: Let BcU, U e€ij—OF(X).since AcB and ij—C®'(X),then ji —cl®(A)cU . Since

B < ji —cl*(A), then we have

ji—cl*(B)c ji —cI*(A)cU. Consequently B eij —C*"(X)

Theorem 1.3. Let (X,,7,,7,) and (Xz,rl*,TZ) be two bitopological spaces. If A€ ij —0%"(X,) and
Bei'j"—0%(X,), then AxBeixi®, jx j"—0%(X,x X,)

Proof: Let Acij—O%(X,),and Bei"j"—O%' (X)W =AxBc X, xX, Let F=FxF,cW,Feixi",
i J"=CF (X, x X,)

Then, there are F, eij —C®(X,) and F, ei*j*—C®(X,),F,.c A F,cB andso F, c ji —int*(A) and
F,ci’j —int*(B).

Hence F, x F, cij —int*(A)xi*j" —int*(B)= j" x j,i" xi—int*(Ax B)

Therefore Ax B eixi”, jx j"—0%"(X,x X,)
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Some types of ij -near continuous functions
In this section we introduce two types of continuous functions between bitopological spaces and study their properties.

Definition 2.1 [14]. A function f :(X,Tl,rz)—>(Y,,ul,,u2) is called:
(1) ij -semi-continuous if WV ei—C(Y), f *(V)eij —C*(X),

(2) ij — g -continuous if YV e j—C(Y), f *(V)eij —C9(X),

(3) ij —gs-continuous if YV € j—C(Y), f *(V)eij —C%(X),

(4) 1 -continuous if YV ei—C(Y), f’l(V)ei—C(X )

Definition 2.2. A function f : (X,z,,7,)—> (Y, 14, 14,) is called:

(1) ij —semi—gsr—continuous if YV € ji —C*(Y), f*(V)eij—C*'(X)
() ij —semi—gs —continuous if WV € ji —C*(Y), f *(V)eij —C*(X)

Theorem 2.1. The relationship between the previous concepts of continuity of functions between bitopological spaces are stated
in the following diagram

2
j-continuous ij-g-continuous ij-semi-gs-continuous
1 3 9 6
4
ji-semi-continuous ij-gs-continuous ij-semi-gsr-continuous

(Diagram2.1)

Proof: Straightforward.

In Diagram 2.1, the arrows are not reversible as one may see the following examples:
Example 2.1 Let X = {a,b,c,d}, Y = {u,v, W}, T, = {X,¢, {a}, {a, d}} and

7, ={x g {abl{e.df} s ={y.g Wi {v.wif and 1, ={y, 4 v {vufj tet.

f (X’Tl’fz)%(ﬁﬂuﬂz)

(arrows 1,2) If f isdefined by f(a) = f(b)= W and f(C) =u, f(d)= V Wehave f is 12 -semi-continuous, but
itis not 1- continuous. Since there exist {U}e1—C(Y) but f *({u})={c}e1-C(X) Also, f is 12— g -continuous,
but it is not 2 — continuous. Since there exist {u, W} e? —C(Y) suchthat f ‘1({u, w )= {a, b, C} z2 —C(X )

(arrows 3,4) If f isdefinedby f(a)= f(b)=u, f(c)=v and f(d)=w.Wehave f is 12— gs-continuous, but it
is not 12 — g —continuous. Since there exist {w}e 2—C(Y) but f_l({W}) {d}g12-C9(X) Also, f isnot
21— semi-continuous. Since there exist {uje2—C(Y) suchthat f *({u})={a,b}e12-C*(X)

(arrows 5, 6) Example 2.2. Let X ={a,b,c},Y ={u,v,w},7, = {X,¢,{a},{a,b}},
= {X,¢, {C}, {a, C}}, W= {Y,¢, {u }, {V, W}}, = {Y,¢, {V}, {V, u}} We have f is 12— Qs -continuous and

12 —semi- GSR — continuous but it is not 12 —semi gS — continuous.

Since there exist {u} e 21—CS(Y ), suchthat f* {u} = {a} z12 —CgS(X )
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Remark 2.1 For any function f : (X,rl,rz) - (Y,,ul,,uz) we note that:
(1) 1j — g -continuous and ij —semi- gS -continuous are independent.

(2) ij —semi-continuous and ij — @ -continuous are independent.

(3) 1] —gs -continuous and 1j —Semi — gSr -continuous are independent.

The following example justifies the previous remark. Example 2.3 (i, ii) [resp. (iii , iv) and 2.4 (V,Vi)] investigate
Remark 2.1 (1) [resp. (2) and (3)].

Example 2.3. Let f : (X,7,,7,) > (Y, 4, 14,) asin Example 2.1.

(i) If f isdefinedby f (a): f (b): u, f (C): v and f (d): W.Wehave f is 12— semi— gs -continuous, but
itis not 12 — g —continuous. Since there exist {W}e2—C(Y) suchthat f*({w})={c,d}e12—-C%(X).

(i) 1f f isdefinedby f(a)=f(c)=v, f(b)=u and f(d)=w.Wehave f is 12— semi—gs -continuous, but
itis not 12 — g —continuous. Since there exist {W}e2—C(Y) suchthat f *({w})={d}e12-C(X)

(iii) 1f f isdefinedby f(a)=f(b)=u,f(c)=v and f(d)=w.Wehave f is 21— semi—continuous, but it is
not 12 — g — continuous. Since there exist {w}e2—C(Y) suchthat f*({w})={d}g12-C%(X)

(iv) 1f f isdefinedby f(a)=f(c)=v, f(b)=w,and f(d)=u.wehave f is 12— g-continuous, but it is
not 21— semi —continuous.Since there exist {v}e 2—C(Y) suchthat f *({v})={a,c}e21-C*(X)

(v) 1f f isdefinedby f(a)=f(c)=w,f(b)=v and f(d)=u.wehave f is 12—semi— gsr -continuous,
but it is not 12 — g — continuous Since there exist. {w}e2—C(Y) suchthat f *({w})={a,c}e12-C%(X)

(vi) 1f f isdefinedby f(a)=f(d)=u, f(b)=w and f(c)=v Wehave f is 12— gs -continuous, but it is not
12 — semi — gsr —continuous. Since there exist {u} e21- SC(Y) such that f "l({u}) = {a, d } z12 — Cgsr(X )

Definition 2.3. A function f : (X,rl,rz)—>(Y,,ul,,u2) is called:

(1) ij —R-mapif WV eij —OR(Y), f * €ij —OF(X),

(2) ij —semi irresolute if YV eij —C*(Y), f *(V)eij —C*(X),

@3) ij —r—closed if VG eij —C?(X), f(G)eij—CF(Y),

(4) ij —semi—gs-closed if VG eij—C*(X), f(G)e ji—C%*(Y),
(5) ij —semi—rgs—closed if VG eij —C*(X), f(G)e ji —C*'(Y).

Lemma2.1. For any surjection function f : (X Ty rz) - (Y 7 ,uz) the following are equivalent.

(@ f is Ij—semi—gs-closed function.

(b) Forany BcY, U €ij —OS(X) such that f’l(B)gU ,there exist V € ji —OQS(Y) suchthat BV and
f*V)cu.

Proof: Necessity, Let such that B < Y,U eij —O°(X) suchthat f *(B)cU. since f is ij —semi—gs - closed
function, then f(U)e ji —O%(Y) Put V = f(U).since f(B)cU ,then B= f(f’l(B))g fU)=V and
f1V)= f(f’l(U ))gU. Sufficiency, Let G eij —O°(X) suchthat F €i—C(Y),then G f *(F),F < Y. This
implies that there exist V € ji —O%(Y) suchthat F <V and f*(V)c G .since V € ji—0O%(Y), Fe j—C(Y)
and F <V . Consequently, ij —int*(V)oF since V < f(G) then F cij —int*(V)cij —int®(f(G)). This implies
that f(G)e ji —O%(Y). Therefore, f is ij —semi—gs—closed function.

Lemma 2.2. For any surjection function f : (X v Th 1'2) - (Y 7 ,uz) the following are equivalent.
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(@ f is ij—semi—rgs—closed function.
(b) Forany B Y,U €ij —0°(X) suchthat f *(B)cU , thereexist V € ji —O%(Y) suchthatand BV  and
f*(V)cu.

Proof: Similar to Lemma 2.1

Theorem 2.2 Let f : (X,rl,rz)—> (Y,,ul,,uz) is 1] —semi— gs — continuous (resp. 1j —Semi— gsr — continuous)
functionand g : (Y,/,Ll,ﬂz)—) (Z,nl,nz) is 1j —semi -irresolute function, then gof : (X,z‘l,rz) — (Z,771,772), is
Ij —semi— gs — continuous (resp. ij —Semi— gsr — continuous).

Proof: Let V €ij —C*(Z), since g is ij —semi—irresolute, then g~™(V)eij —C*(Y). Since f is
Ij —semi— gs — continuous, then  f "1(g _1(V )): (gOf )71(V). Consequently, gof ij —semi— gs — continuous.
Some types of normality in bitopological spaces

In this section, we introduced three concepts of normality in bitopological spaces hamely semibinormal, mild semibinormal, and
almost semibinormal. We give a new characterization of these types of binormality by 1] — gSr -open sets.

Definition 3.1 [12]. A bitopological space (X v T z‘z) is said to be semibinormal if given disjoint subsets A,B,Aci— C(X)
and Be j—C(X), there are disjoint subsets U,V suchthat U € T, \ erj,AgU and BcV.

Definition 3.2. A bitopological space (X V71 2'2) is said to be semibinormal if given disjoint subsets A,B,Aeci— C(X) and
Be j—C(X), there are disjoint subsets U,V suchthat U e ji —OS(X ), V €ij —OS(X ) AcU and BV .

Theorem 3.1. For any bitopological space (X VT 72), the following statements are equivalent:
(@ X issemibinormal;
(b) for any disjointsets Aei—C(X) and Be j—C(X), thereexist U eij —O®"(X), V € ji —0*"(X) and
UNV =¢ suchthat AcU and BCV.
(¢ forany Aci—C(X), G er; and G2 A, thereexists U €ij —0%"(X) suchthat AcU c ji—cl*(U)cG.

Proof: (a)=>(b).Let Aci—C(X) and Be j—C(X),and AnB=4.

Since X is semibinormal, then there exist U € ji —OS(X ),V €lj —OS(X) and U NV =¢ suchthat AcU and
B cV, this follows that, there exist U e ij —O%"(X), V € ji —0%"(X) and U NV =¢ suchthat AcU and
BcV.

(b)=(c).Let Aci—C(X)Ger;,and G A.Then, Aci—C(X), X\Gej-C(X), (X\G)nA=4.
Then, there exist U €ij —0%'(X) , V € ji—0%(X) and UV =¢ suchthat AcUand X \G V. Since
Veiji —Ogsr(X), X\Ge ji- RC(X) and X \G <V, then by using Lemma 1.1 (4) we have

ij —CIS(V)Q X\GU NV =¢ implies U Nij —CIS(V)=¢. Consequently, AcU < X \ijj —CIS(V)gG this
follows that AcU cij —CIS(U)g X\ij —CIS(V)g G . Consequently, Ac U cij —CIS(U).

(c)=(a).Let Aci—C(X), Be j—C(X) and AnB=¢.Then, Aci—C(X)X\Ber; and Ac X \B.
Consequently, there exist G € —Ogsr(X) suchthat Ac G cCiij —CIS(G)g X\B.since AcG, Acij —CR(X)
and G €ij —O%'(X) then, by using Lemma1.1(4) we have ji —int*(G). This follows that

B < X \ij —cI*(G) =ij —cI*(G°), ji —int*(G) e ji —O*(X ),ij —cI*(G®) e ij —O*(X ) and
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ji —int*(G) Mij —int*(G°)=¢. Put U =int’ (' (ji —int*(G))) and V =int'(cl’(jj —int*(G°))). Then U,V are
disjoint, U € ji —O°(X) and V €ij —O°(X) Suchthat U 2 A and V 2 B.

Definition 3.3. A space (X ,11,12) is said to be almost semibinormal if given disjoint subsets A and B,
Aei —C(X ) Beji —CR(X ) there are disjoint subsets U and V such that
Ueji—-0°(X)V eij—0%(X),AcU and BCV.

Theorem 3.2. For any bitopological space (X T 12), the following statements are equivalent:

(@ X isalmost semibinormal;

(b) for each disjoint sets Al —C(X) and Be ji —CR(X) there are disjoint subsets U € ij —OgS(X) and
Veiji —OgS(X) suchthat AcU and V < B.

(c) for each disjointsets A€l —C(X) and B e ji —CR(X) there are disjoint subsets U € ij —Ogsr(X) and
Ve ji —Ogsr(X) suchthat AcU and V< B .

(d) foreach Aei—C(X) and K e ji—OF(X),and K 2 A thereexists U e ij —O%"(X) such that
AcUcij—c*U)cK.

Proof: It is obvious that (a)=> (b)=>(c), (c)=>(d).Let Aezf and K e ji —OF(X) and K 2 A. This implies that
Aczf and X \K e ji—CR(X) and (X\A)nA=¢

Then,there exists U € ij —O%*(X) and V € ji —O%F(X) suchthat AcU,X \K cV , then by LemmaZl.1(4), we
have ij —int>(V)2 X \K since U NV =g implies U Nij —int*(V)=¢ .

Consequently, AcU,c X \ij —intS(V)g K, this follows that AcU ciij —intS(U)g X?ij —intS(V)g K
Therefore, AcU cij — intS(U )g K.

(d)=1(c) Let Aci—C(X), Be ji—C®(X) and AnB=4¢. Thisimpliesthat Aeci—C(X),

X\ Be ji—OF(X) and Ac X \B. Consequently, there exists U e ij —O%"(X ) such that

AcU cij —intS(U)g X\B.since AcU,Acij —CR(X) and U €ij —Ogsr(X) then, by using Lemma1.1(4)
we have A cij —int*(U). This follows that

B X \ij—cl*(U) =ij —int*(U° }ij —int*(U ) e ji —0°(X ),ij —int*(U°) ij —O°(X ) and

ji—int*(U)ij —int*(U°¢)=g. put G=int!(cl(ji—int*(V))) and H =int'(cl(jj —int*(U°))). Then G, H are
disjoint, G € ji —O°%(X) and H €ij —0°(X) Suchthat G A and H 2 B.

Definition 3.4. A bitopological space (X v T1s Z'Z) is said to be mildly semibinormal if given disjoint subsets A € ij — CR(X)
and B e ji —CR(X), there are disjoint subsets U € ji —OS(X) and V €ij —OS(X) Suchthat AcU and V < B.

Theorem 3.3. For any bitopological space (X Vv Tp Tz), the following statements are equivalent:

(@ X is mildly semibinormal,

(b)forany Acij—CR(X) and Be ji—C?(X) and AnB=¢ thereare U eij —0%(X), V € ji —0%(X) and
UNV =¢ suchthat AcU and V < B;

(c)forany Aeij—C®(X) and Be ji—C®(X) and AnB=4¢ thereare U eij —09(X)V € ji —09(X), and
UNV =¢ suchthat AcU and V < B.

(d)forany Aecij—CR(X), Ke ji—OR(X) and Ac K thereexists U eij —O%(X ), such that
AcUcij—c*(U)cK,
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(e)forany Acij —C®(X), Ke ji—O%(X) and Ac K thereexists U €ij —O%"(X ), such that
AcUcij-c*(U)cK

Proof: Similar to that of Theorem 3.2

Preservation theorems
In this section, we prove that the three types of binormality properties are preserved under some types of function between

bitopological spaces

Theorem 4.1. If f : (X,rl,z'z)—>(Y,,ul,,uz) is 1] —semi—gs -closed, i— continuous, surjectionand X is

semibinormal then Y is also semibinormal.
Proof: LetA Aci—C(Y),Bej—C(Y)and AnB=¢,Since f issurjection

i -continuous, then f *(A)ei—C(X), f*(B)e j—C(X) and f(A)n f?*(B)=f (ANB)=4¢.Since X is
semibinormal, there exist U € ji —O%(X )V €ij —O°(X),and U NV = ¢, suchthat f *(A)cU and f*(B)cV .
since f is ij —semi—gs-closed, by Lemma 2.1, there exist G €ij —O%(Y) and H e ji —O%(Y) such that
AcG,BcH, fG)cU and f*(H)cV.since U and V aredisjoint, G and H are disjoint. Since

G €ij—0%(Y) and H e ji —O%(Y), by Lemma1.1(3), then we have A c ji—int*(G),B < ji —int*(H) and

so ji —int*(G) ji —int*(H )= ¢. Consequently, Y is also semibinormal.

Theorem 4.2. If f : (X,rl,rz)—)(Y,,ul,,uz) is 1] —semi—rgs -closed, ij —R—map, surjectionand X is mildly
semibinormal then Y is also mildly semibinormal.

Proof: Let A€ij —CR(Y), Beji —CR(Y) and ANB=¢,Since f issurjection ij —R—map, then

f‘l(A)e ij —CR(X ) f_l(B)e Ji —CR(X), and f_l(A)m f_l(B)z @.Since X is mildly semibinormal, then there
exist U € ji —O°(X),V €ij —0°%(X) and U NV =¢ suchthat f(A)cU and f*(B)cV .Since f is

ij —semi —rgs — closed, by Lemma 2.1, there exist G €ij —O%"(Y) and H e ji —O%'(Y) such that
AcG,BcH, f"l(G)gU and f‘l(H)gV.Since U and V aredisjoint, G and H are disjoint. Since
Geij—0%(Y) and H e ji—0O%(Y), by Lemmal.1(4) then we have Ac ji —int*(G), B cij—int*(H) and
so ji— intS(G)mij — intS(H ) = ¢. Consequently, Y is also mildly semibinormal.

Theorem 4.3.If f : (X,rl,z'z)—>(Y,,ul,,uz) is 1j —semi—rgs-closed, ij —R—map, i-continuous, surjection and
X is almost semibinormal, then Y is also almost semibinormal.

Proof: Let Aci—C(Y),Be ji—CR(Y) and.Since f is AMB=¢. Since f is ij —R—map, then,

f*(B)e ji—CR(X).since f is i-continuous, then f*(A)ei—C(X) andwehave f*(A)~ f™*(B)=4.Since
X is almost semibinormal, then there exist U € ji —OS(X ),V €lj —OS(X) and UV =¢ suchthat f A)gU
and f*(B)cV .since f is ij —semi—rgs-closed, by Lemma 2.1, there exist G €ij —O%"(Y) and
Heji—0%(Y)suchthat AcG,BcH,f(G)cU and f*(H)cV .Since U and V aredisjoint, G and
H are disjoint. Since G €ij —0%'(Y) and H € ji —O%'(Y), by Lemma1.1(4), then we have Ac ji —int*(G),
Bcij—int*(H) andso ji —int*(G)nij —int®(H )= ¢. Consequently, Y is also almost semibinormal.

Theorem 4.4.1f f : (X,7,,7,) = (Y, 14, 1,) is ij —Semi—rgs-continuous i -closed, injection and Y is semibinormal,
then X is also semibinormal.
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Proof: Let Aci—C(X),Be j—C(X) and AnB=¢.Since f isiclosed injection, then f(A)ei—C(Y),
f(B)e j—C(Y) and f(A)~ f(B)=¢. By semibinormality of Y, there exist U e ji —O°(Y ),V €ij —O°*(Y) and
UNV=¢ suchthat f(A)cU and f(B)cV. since f is ij —semi—rgs-continuous, f*(U)eij —0%(X)
and f*(V)e ji—0%"(X) suchthat Ac f*{U)B< f*(V) and f2U)~ f*(V)=g¢.ByTheorem2.1(b),
therefore, X is semibinormal.

Theorem 4.5.1f f : (X,7,,7,) = (Y, 24,4 is ij —Semi—grs-continuous ij —rc -preserving, injectionand Y is
mildly semibinormal then X is also mildly semibinormal

Proof: Let A€ij —CR(X), Beij —CR(X), and ANB=¢ Since f

is 1j — rc-preserving injection, then f(A)e ij —CR(Y), f(B)e Ji —CR(Y) and f(A)r\ f(B) =¢. By mild
semibinormality of Y , there exist U € ji —OS(Y),V elij —OS(Y) and U NV =¢ such that f(A)g U and

f(B)cV .since f is ij —semi—grs-continuous, f*(U)eij —GSRO(X) and f*(V)e ji —O%(X) such that
Ac f ’1(U ), Bcf ’1(V) and f ’1(U )m f ’l(V) = ¢. By Theorem 2.3 (C), therefore, X is mildlysemibinormal.

Theorem 4.6.If f : (X,rl,rz)—)(Y,,ul,,uz) is 1j —semi— gsr -continuous
I] —rc-preserving, i-closed injection and Y is almostsemibinormal then X is also almost semibinormal

Proof: Let Aei—C(Y), Beij —CR(X) and ANB=¢.Since f is

ij —rc-preserving and i -closed injection, then f(A)ei—C(X), f(B)eij—CR(Y) and f(A)nf(B)=¢.By
almost semibinormality of Y , there exist U e ji —O°(Y),V €ij —O°(Y) and U NV =¢ suchthat f(A)cU

and f(B)cV .since f is ij —semi— gsr -continuous, f*(U)eij —0%(X)and f*(V)e ji —O%"(X) such
that Ac f*(U), B f*(V)and f*U)~f*(V)=¢.ByTheorem2.2 (c) ,therefore, X is almost semibinormal.
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