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Abstract
A nonempty finite set 4 of positive integers is r-relatively
prime if greatest r'"" power common divisor of elements of 4
is 1. In this case we write gcd (A4) =1. Let f(r)(m,n)
be the
{m, m+1, ...,

number of r-relatively prime subsets of

n} and the number of sets in £ (m,n) of
cardinality & is fk(’)(m,n). The number of nonempty
subsets which are r-relatively prime to n is o (mn) and
the number of sets in d)(’)(m,n) of cardinality & is
o, (m,n). We obtained exact formulae and asymptotic
estimates for these functions £ (m,n), £, (m,n),

d)(’)(m,n) and (Dk(’)(m,n) in [4]. In this paper we find

simple explicit formulae for these four functions which
simplify the results in [4] and also find the asymptotic
estimates for these functions.
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INTRODUCTION

Let A be a nonempty subset of {1,2,....n}. The greatest
common divisor of elements of A is denoted as gcd(4) . We

say that A is relatively prime if gcd(4) =1, and that A is
relatively prime to n if gcd(4wmn)=1. Nathanson [1]

defined f(n) is the number of relatively prime subsets of
{1.2,...n} and for k=1, f,(n) is the number of sets in
f (n)of cardinality k. The number of nonempty subsets
which are relatively prime to n is @ (7) and the number of
CD(n) of D, (n)
M.EI.Bachraoui[3] generalized these four functions for the set
{m, m+1, ..,

sets in cardinality &k is

n} The set A is r-relatively prime if the

greatest r'" power common divisor of elements of Ais 1. In

this case we write gcd, (4) =1. The set 4 is r-relatively

prime to n if the greatest r power common divisor of
elements of Aand n is 1. In this case we write

(gcd (A),n). =1. In [5] we defined the following
functions:

) A=g,0cd, (4)=1]

n}:#A=kged, (4)=1}

ny:A#¢,(ged, (4),n) 1}

®," (n)=#{A=(L2,...n} :# 4=k (ged, (4),n) =1}

and obtained the exact formulae and asymptotic estimates for
these functions in [5]. We generalized these four functions for

the set {m, m+1, ..., n}where n >m, and obtained exact

n), fk(r)(m,n),

n) in [4]. In the present paper we

formulae for the functions f(’)(m

o) (m n) and q)k(r) (m

further simplify the exact formulae which are obtained in [4]
and find the asymptotic estimates for these four functions.

DEFINITIONS
)=#{Ac{mm+1,...n}:A=¢,gcd, (4)=1}
)=#{A<{mm+1,...n} :#A=k,ged, (4)=1]

wn}A#¢,(ged, (4),n) =1

CD(' mn) #{Ag mm+1
{ mm+1

(mn)=#{dc Ln}#A=k,(ged, (4),n) =1}

We obtain the explicit formulae and asymptotic estimates for
these four functions. The following inequality is used.

XI-M =[x-y]+
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Theorem 1 : Let m,n be non-negative integers. Then for m <n ,

(i) f(r)(m, n): > u (dr) ZL}J—[’?J -1

1<d” <n

Gy  0<2nmil_ ZL‘HFJ_V;1J _ ) (m, n)<2n-2L ¥

it {m, m+1, ..., n} contains multiplies of 2", and

EANni
0<—2mmH_ ) (m, m)<2n2l ¥ otz LY
if {m, m+1, ..., n} hasno multiplies of 2".
Proof : (i) We have proved in [4], that
EINES e
f(r)(m, n): > ,Ur(dr) old" ] _1|_ S| s ,Ur(dr)z a1 ar
1<d” <n =1 d’k

Which can be written as

n

O m, n)= ¥ ;ur(dr) ZLIFJ—l— > ﬂr(dr)idr

y2d
1<d" <n 1<d” <m-1 i=1
) Flied
n n o
= 3 opld) Al x (a2 Y
1<d” <n 1<d” <m-1 J=

1<d” <n

m-1
. yr(d”)z{d’"}[l Cg; 27/ - % ﬂr(dr)

Note that {

s )

1<d” <n
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- 3 ) zu’Hn;;l}—l.

1<d” <n

(i) Let 1<d” <n. Then m<a<n and dr‘a if and only if

Sl

Which gives that 4 < {m, m+1, ..., n} and gcd,. (4) =d" ifand only if

A = i*A c {ﬂ}, {ﬁ} +1, ..., [i}} and gcd,. (Al) =1. Therefore
d’ d” d” d”
e 3 ]
1<d” <n d"] Ld"

zjykw4k4:f@NmJﬁ+ﬂﬂ[fﬁ}{E}}F 5 fv{{m}‘fij
2" L2 D) aeqr<n a"] Ld’

:ﬂﬁHLKﬂwm@+i;{?Ll+z ﬂ}Hﬁq

o ) myed I A3 LT

< ) (m, n)+ ZLHFHH;} 4 n-i"—; ﬂﬂ

Since [x]—[y] < [x—y]+1.

n-m+l _ ZBHW;ﬂ _on. in;’:ﬁl} < ) (m, n)

and hence the lower bound for f(r) (m, n) is obtained.

The upper bound for f(r) (m, n) is obtained as follows :

If the set {m, m+1, ..., n} contains multiples of 2", then
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£(r) (m, n) <27+ i:rH W;ﬂ

—~ <o mtl _ 2{;}{?} _ f(r) (m, n).

From equations (1) and (2)

{11}_{m—1} {n—m+l}
< on—m+l_o 2" 2" _f(”)(m’ n)SZn-Z 3
If the set {m, m+1, ..., n} has no multiples of 2", then

f(r) (m, n) < on—m+l

Theorem 2 : Let m,n be non-negative integers. Then for m<n, k21,

o ) (mon)= ¥ ﬂr(dr) MH?J

1<d” <n

k
n-m+1 { " Hm—lJ L”_mHJH
(i) Os( J_ N e P
k
k k
if {m, m+1, .., n} contains multiplies of 2" and
n—-m+1 (}") LWJ-FI
0< . — I (m, n)<n 2
k
if {m, m+1, ..., n} does not contain multiples of 2",
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_n_

flgr)(m’ n):lsdzrs/r(dr) L:J ?zlldg‘iﬂr(dr) {}J_j

Proof : (i) In [4] we have proved that

For K >1 and 0 <M < N ,we have
N f\éf N-—j B N-M
K) S\k-1) [ K

n_

1 mom)= % ur(d”) L’VJ - X ur(dr)mz_l L;J_dir

k .
1<d” <n k 1<d” <m-1 l=1. k-1

K :
zlsdzrgzﬂr(dr) j: _Jsdrzs;n—lﬂr(dr) JE k-1

- s o) L () H

1<d” <m-1 k m<d" <n k

Note that {m—_l}zo ifm<d <n.
d]"

i
= Y W (dr) d" 1 Ld" J | which proves (i).

1<d" <n k
(if) The upper bound for fk(r) (m, n) is obtained by deleting k -element sets of multiples of 2" if they belong to the set

{m, m+1, .., n} If the set contains multiples of 2" then the upper bound for flgr) (m, n) is obtained by deleting sets of

order £ from the set

2] 15 - [#]

Hence
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i

k

_n_
2r

The lower bound for fk(r) (m, n) is obtained as follows:

n—m+1 . ” \
A
O FE e s [
k 3'<d" <n k
e O | U 727
k k
Os(n_zﬂj_ UHTJ ) (m, m)<n LTJQ
k k
If the set {m, m+1, ..., n} does not contain multiples of 2", then
7 (om, n)s(”"l’:*lj: os[”"l’:”j- ) (m, n).
Also
n—m+1
[ k ]:1Sdr<nf"( )(Lﬂ UTD
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n—-m+1 (I") LWJ+1
. 0< -/ (m, n)Sn 2 .
k
k
Which proves (ii).

Theorem 3: Let m,n be non-negative integers. Then for, m<n

o s sfar|er L7
:

n

(i) If p is the smallest prime such that p’’|n , then

-
o<2m 7" L") (m, n)<an-d 7"

Proof : (i) In [4] we obtained

L E VY S VY
d"|n =1 4r ged, (i, n)

Which can be written as

m-1

n e
= 3 p(d")2d" 1= T2
d"|n J=1

n _[m—lJ
= #r(dr)Zdr 1-|1-2 La"

d"|n
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n _{m—lJ
_ ﬂr(dr) od" .o Ld"
drh

n_{m—l}
= 3 pefar)e L
drv

which proves (i).

(ii) For the smallest prime divisor p of »n such that p”

n, if we delete all subsets of {m, m+1, ..., n} whose elements are

multiples of p”, we get

The lower bound for <D(r) (m, n) can be obtained as follows:

q)(r)(m n):drz‘ ﬂr(dr) 2;”{2;%
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e

which proves (ii).

Theorem 4 : Let m,n be non-negative integers. Then for m<n,
n_Lm—lJ
i) q)gcr) (m, n)= % u (dr) a | ar
dr‘n k
and
n—m+1 ”—[m_lJ V—’"HJ+1
(i os( ]— 7L Lol (m, ) <a| Lo
k
k k

Proof : (i) Letp be the smallest prime such that pr‘n. In [4] , we obtained

n n—i

. m=1 — =

q)(kr)(m, n)= > ﬂr(dr) a | 5 ,ur(dr) .Z d’
d"|n k ) d"|n ;:rl k—1
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-3 () rav

-ty
Note that - =
K) =1 K-1 K

which proves (i).

(if) Consider
n_tm—lJ
CI)(kr) (m1 n): 2 U, (dr) " Ld
r
d ‘n k
_ _1 rz_{nkiJ il_{ﬂki}
Z/Jr (1)[” (Zl )J_ pr pr _ z dr dr
k d"|n k
d>p
_ _ n_|m-1 n—-m+1 1
_[l/l (m 1)}_ pr _prJ _ Z |: a’ }
k k drl’l k
d>p
B B n _|m-1 n—-m+l | q
2(” (Z 1)]— P [prJ —n- { P J .
k k
The upper bound is obtained by deleting & -element sets of m, m+1, .., n} whose elements are multiples of pr, we get
o) 347

(Dscr) (m, n) S( j 4
k

which proves (ii).
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