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Abstract  

A nonempty finite set A of positive integers is r-relatively 

prime if greatest rth power common divisor of elements of A
is 1. In this case we write gcd ( ) 1r A  . Let 

   ,
rf m n  

be the number of r-relatively prime subsets of 

 ,  1,  ...,  m m n and the number of sets in 
   ,
rf m n  of 

cardinality k  is
   ,
r

kf m n . The number of nonempty 

subsets which are r-relatively prime to n is 
   ,
r m n  and 

the number of sets in 
   ,
r m n  of cardinality k  is

   ,
r

k m n . We obtained exact formulae and asymptotic 

estimates for these functions
   ,
rf m n ,

   ,
r

kf m n ,

   ,
r m n  and 

   ,
r

k m n  in [4]. In this paper we find 

simple explicit formulae for these four functions which 

simplify the results in [4] and also find the asymptotic 

estimates for these functions. 
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INTRODUCTION 

Let A  be a nonempty subset of {1,2,…,n}. The greatest 

common divisor of elements of A  is denoted as gcd( )A . We 

say that A  is relatively prime if gcd( ) 1A  , and that A  is 

relatively prime to n if gcd( ) 1A n  . Nathanson [1] 

defined  f n  is the number of relatively prime subsets of 

{1,2,…,n} and for 1k  ,  kf n  is the number of sets in

 f n of cardinality k . The number of nonempty subsets 

which are relatively prime to n is  n  and the number of 

sets in  n  of cardinality k  is  k n . 

M.El.Bachraoui[3] generalized these four functions for the set

 ,  1,  ...,  .m m n  The set A  is r-relatively prime if the 

greatest rth  power common divisor of elements of A is 1. In 

this case we write gcd ( ) 1r A  .  The set A is r-relatively 

prime to n if the greatest  rth power common divisor of 

elements of A and n is 1. In this case we write

(gcd ( ), ) 1r rA n  .  In [5] we defined the following 

functions:  

                
        # 1,2,..., : ,gcd 1
r

rf n A n A A     

                
        # 1,2,..., : # ,gcd 1
r

k rf n A n A k A     

                

         # 1,2,..., : , gcd , 1
r

r r
n A n A A n    

               

         # 1,2,..., : # , gcd , 1
r

k r r
n A n A k A n    

 

and obtained the exact formulae and asymptotic estimates for 

these functions in [5]. We generalized these four functions for 

the set   ,  1,  ...,  m m n where n ≥ m , and obtained exact 

formulae for the functions 
   ,
rf m n ,

   ,
r

kf m n ,

   ,
r m n  and

   ,
r

k m n  in [4]. In the present paper we 

further simplify the exact formulae which are obtained in [4] 

and find the asymptotic estimates for these four functions. 

 

DEFINITIONS  

                             
        , # , 1,..., : ,gcd 1
r

rf m n A m m n A A      

        , # , 1,..., : # ,gcd 1
r

k rf m n A m m n A k A    

 
         , # , 1,..., : , gcd , 1
r

r r
m n A m m n A A n     

               
         , # , 1,..., : # , gcd , 1
r

k r r
m n A m m n A k A n     

 

 

We obtain the explicit formulae and asymptotic estimates for 

these four functions. The following inequality is used. 

                          

                            [x] – [y] ≤ [ x – y ]+1 

mailto:lalitha.secpg@gmail.com


International Journal of Applied Engineering Research ISSN 0973-4562 Volume 13, Number 18 (2018) pp. 13428-13438 

© Research India Publications.  http://www.ripublication.com 

13429 

Theorem 1 : Let m,n be non-negative integers. Then for m n ,    

(i)     
     

1

1

,  2 1

n m
r rd d

r

r r
r

d n
f m n d

   
   

   

 

 
 

   
 
 

 

(ii)     
   

11

32 210 2 2 ,  2 2

n mn m
rr r rn m f m n n

      
     

             

                        if  ,  1,  ...,  m m n  contains multiplies of 2r
, and 

 
   

1 1

3 2 210 2 ,  2 2 2

n m n m
r r rrn m f m n n

       
     

              

                       if  ,  1,  ...,  m m n   has no multiplies of 2 .r
 

 

Proof : (i) We have proved in [4], that    

   
       

1

11

,  2 1 2

n n i
r r rd d d

r r

mr r r
r r

id n d i
f m n d d 

     
     

     

 

   
   

       
   
   

 

   Which can be written as 

       
1

11 1 1

,  2 1 2  2

n n i
r r rd d d

r r

mr r r
r r

id n d m
f m n d d 

   
    

   

    

 
 

     
 
 

 

   
1

11 1 1

2 1 2  2

mn n rdr rd d
r r

r r j
r r

jd n d m
d d 

 
     
         

    

 
   
          
    

 

 

   
1

11 1

2 1 2

mn rdrd
r r

r j r
r r

jd n d n
d d 

 
   
     

   

 
 
     
 
 
 

 

                 Note that 
1

0r
m
d
 

 
 

 if 
rm d n   

   
1

1 1

2 1 1 2

n
rrd

r r

m
r rd

r r
d n d n

d d 

  
  

   

   

  
  

      
   
   
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 
1

1

2 1
r r

r

n m
r d d

r
d n

d

   
   

   

 

 
 

   
  
 

. 

(ii)  Let 1 .rd n   Then m a n   and 
rd a  if and only if  

                                         .r r r
m a n
d d d
   

    
   

 

Which gives that  ,  1,  ...,  A m m n   and  gcd r
r A d  if and only if  

1 1
* ,  1,  ...,  r r r r

m m nA A
d d d d

      
        

      
 and  1gcd 1.r A    Therefore 

    
   1

1

2 1 ,  .
r

n m r
r r

d n

m nf
d d

 

 

    
       

    
 

    
         1

3

2 1 ,  ,  ,  
2 2 r

n m r r r
r r r r

d n

m n m nf m n f f
d d

 

 

         
               

          
 

    
     

11

1 2 2

3

2 1 ,  2 1 2
r rr r

r

n mn m
n m r d d

d n
f m n

       
                    

 

 
 

       
  
 

 

   
     

11

1 3 32 22 ,  2 2
r rr r
n mn m

n m rf m n n

       
       

               

 
   

11
1

32 2,  2 2
rr r

n mn m
rf m n n

      
     

          

Since       1x y x y    . 

   

11

1 32 22 2 2 2 ,  
rr r

n mn m
rn m n f m n

      
     

                      ………. (1) 

and hence the lower bound for 
   ,  
rf m n  is obtained. 

 

The upper bound for 
   ,  
rf m n  is obtained as follows : 

 If the set  ,  1,  ...,  m m n  contains multiples of 2 ,r
 then 
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   

1

1 2 2,  2 2
r r

n m
r n mf m n

   
   

        

                
   

1

1 2 20 2 2 ,  .
r r

n m
rn m f m n

   
   

                                   ……… (2) 

From equations (1) and (2) 

   

11

1 32 20 2 2 ,  2 2
rr r

n mn m
rn m f m n n

      
     

              

If the set  ,  1,  ...,  m m n  has no multiples of 2 ,r
 then 

                                     
    1,  2 .
r n mf m n    

 Hence 

 
   

1 1

1 3 2 20 2 ,  2 2 2
r r r

n m n m
rn m f m n n

       
     

             

        

1 1

3 22 2 2 2
r r

n m n m

n

      
   
        

                

1 1

3 22 2 2
r r

n m n m

n

      
   
   

 
 

   
 
  

. 

Theorem 2 :  Let m,n be non-negative integers. Then for m n , 1k  ,                                                                                  

(i)    
 

   
1

1

,  

       

n m
r rd d

k r

r r
r

d n
f m n d

k


   
   

   

 

 
 

   
 
 

 

(ii)      
 

 
1 1

2 2 2
11

0 ,  
   

            

n m n m
r r rn m r

kf m n n
k

k k

       
        

     

   
     

         
     

   

 

 if  ,  1,  ...,  m m n  contains multiplies of 2r
 and  

 

   
1

2
11

0 ,  
   

     

n m
rn m r

kf m n n
k

k

  
   

 

 
   

      
   

   

 if  ,  1,  ...,  m m n  does not contain multiples of 2 .r
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  Proof : (i) In [4] we have proved that 

                
 

     
1

11

,  

       1

n n i
r r rd d d

k r r

mr r r
r r

id n d i
f m n d d

k k
 

   
   

   

 

   
   

      
      

 

              For 1K   and 0 M N  ,we have 

 

1 1     K

M

j

N N j N M
K K

      
      

     
 

 
 

     
1

11 1 1

,  

       1

n n i
r r rd d d

k r r
r

mr r r
r r

id n d m
d i

f m n d d
k k

 

   
   

   

    

   
   

      
      

 

   
1

11 1 1   1

m
n nrdr rd d

r r

j
r r

r r
jd n d m

d d
k k

 

 
    

    
   

    

   
   

      
      

 

        
1

11 1    1    

m
n n nrdr r rd d d

r r

j
r r

r r
jd m m d n

d d
k k k

 

 
      

      
     

    

 
      
                
           
 

 

   
1 1

1 1               

n m n m
r r r rd d d d

r r
r r

r r
d m m d n

d d
k k

 

        
        

       

    

   
   

     
   
   

 

Note that  
1

0r
m
d
 

 
 

 if 
rm d n  . 

                         
1

1        

n m
r rd d

r
r

r
d n

d
k



   
   

   

 

 
 

   
 
 

. Which proves (i). 

(ii)  The upper bound for 
 

 ,  
r

kf m n is obtained by deleting k -element sets of multiples of 2r
 if they belong to the set 

 ,  1,  ...,  m m n . If the set contains multiples of 2r
, then the upper bound for 

 
 ,  

r
kf m n  is obtained by deleting sets of 

order k  from the set 

 
1

,  ,  ...,  
2 2 2r r r
m m n      

      
      

 

     Hence 
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   

1

2 2
1

,  
      

       

n m
r r

k
r n m

f m n
k

k

   
   

   

 
    

    
   

 

 

The lower bound for 
 

 ,  
r

kf m n  is obtained as follows: 

 

 1

1

,  
   

r rr

n m r m n
k d dd n

f
k

 

 

      
              

 

                
   

1 1

2 2

3

,  

              

n m n m
r r r rd d

k r r

r

d n
f m n

k k

       
       

       

 

  
  

      
   
   

 

                
   

1 1

2 2 3
1

,  

            

n m n m
r r r

k
rf m n n

k k

      
     

     

  
  

     
   
   

 

                
   

1 1

2 2 3
11

 0 ,  .
   

            

n m n m
r r r

k

n m rf m n n
k

k k

      
       

     

  
    

        
     

   

  

If the set  ,  1,  ...,  m m n  does not contain multiples of 2r
, then 

 
 

1
,  

      k
r n m

f m n
k

  
  
 

 
 

1
 0 ,  .

      k
rn m

f m n
k

  
   

 
 

Also 

 1

1

,  
   

r rr

n m r m n
k d dd n

f
k

 

 

      
              

 

                    
 

 
 

2

,  ,  k k r rr

r r m n
d dd n

f m n f
 

    
       

    
 

                                        
   

1

2 2,  

       

n m
r r

k
rf m n n

k

   
   

   

 
 

   
 
 

 

                                        
   

1

2
1

,  

     

n m
r

k
rf m n n

k

  
 

 

 
 

   
 
 
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   

1

2
11

 0 ,  
   

     

n m
r

k

n m rf m n n
k

k

  
   

 

 
   

      
   

 

 . 

Which proves (ii). 

Theorem 3: Let m,n be non-negative integers. Then for, m n  

(i)  
     

1

,  2

n m
r rd d

r

r r
r

d n
m n d

 
 
 

 
 

    
 
 

 

(ii)  If p is the smallest prime  such that rp n  , then 

            
   

1 1

10 2 2 ,  2 2 .

n m n m
r r rp p prn m m n n

  
   

   
              

 

Proof : (i) In [4] we obtained 

           
       

 

1

1 gcd , 

,  2 2 .

n n i
r rd d

r r
r

mr r r
r r

id n d i n
m n d d 






      

Which can be written as 

  
       

1

1

,  2 2

n n i
r rd d

r r

mr r r
r r

id n d n
m n d d 






      

                                              
1

1

2 2 2

n n i
r r rd d d

r r

mr r
r r

id n d n
d d 






     

                                             
1

1

2 2 2

m
n n rdr rd d

r r

r r j
r r

jd n d n
d d 

 
 
  



     

                                           
1

1

2 1 2

m
n rdrd

r

r j
r

jd n
d

 
 
  



 
 
   
 
 
 

 

                                          
1

2 1 1 2

mn
rr dd

r

r
r

d n
d

 
 
 

  
  

     
  

  
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 

 

1

1

2 2

2

mn
rr dd

r

mn
rr dd

r

r
r

d n

r
r

d n

d

d









 
 
 

 
 
 

 
 

   
 
 

 

 

which proves (i). 

 

(ii) For the smallest prime divisor p of n such that ,rp n if we delete all subsets of  ,  1,  ...,  m m n  whose elements are 

multiples of ,rp  we get 

     
1

1
,  2 2

n m
r rp pr n mm n


 

 
        

                              
     

1

1
 0 2 2 ,  .

n m
r rp pn m r m n


 

 
         

The lower bound for 
   ,  
r m n  can be obtained as follows: 

     
1

,  2

n m
r rd d

r

r r
r

d n
m n d

 
 
 

 
 

    
 
 

 

                                
1 1

1
1 2 2 2

n m n m
r r r rp p d d

r

n m r r
r r r

d n
d p

p d  

 
   

         



 
 

     
 
 

 

  
     

1 1

1,  2 2 2

n m n m
r r r rp p d d

r

r n m r
r

d n
d p

m n d

 
   

   
      



 
 

      
 
 

 

  
     

1 1

1,  2 2 2

n m n m
r r r rp p d d

r

r n m r
r

d n
d p

m n d

 
   

   
      



 
 

      
 
 
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                                                                                   

1

1 2

n m
r rd d

rd n
d p

 
 
 



   

                                                                                

1 1

1 2

n m
rpn

 
 

 
       

                                                                               

1

2 2

n m
rpn

 
 
 
      

                   
   

1 1

1 2 2 ,  2 2

n m n m
r r rp p prn m m n n

  
   

   
              

             
   

1 1

1 0 2 2 ,  2 2 .

n m n m
r r rp p prn m m n n

  
   

   
              

which proves (ii). 

Theorem 4 : Let m,n be non-negative integers. Then for m n , 

(i) 
 

   
1

,  

     

n m
r rd d

r

r r
rk

d n
m n d

k


 
 
 

 
 

    
 
 

 

 and 

(ii) 
   

1 1 11

0 ,  
     

          

n m n m
r r rp p p

k

n m r m n n
k

k k

  
   

      
      

   
     

         
     

   

 

Proof : (i)   Let p be the smallest prime such that .rp n   In [4] , we obtained 

 
     

1

1

,   

 1

n
r rd

k r r
r

n i
mr r r dr r
id n d n
d i

m n d d
k k

 






  
               

 

                                                    
1

1  1

mn nrdr rd d
r

j
r

r
jd n

d
k k



 
   



 
    
      
           
 
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                                                   
1

      

n m
r rd d

r

r
r

d n
d

k


 
 
 

 
 

   
 
 

 

Note that   

1 1     K

M

j

N N j N M
K K

      
      

     
                                                       

which proves (i).              

 

(ii)    Consider 

  
 

   
1

,  

       

n m
r rd d

k r

r r
r

d n
m n d

k


 
 
 

 
 

    
 
 

 

                                            
 

1 1
1

1
       

              

n m n m
r r r rp p d d

r
r

d n
d p

n m
k

kk



 
   

    
   



   
     

        
     

  

 

                                           
 

1 1 11

       
              

n m n m
r r rp p d

rd n
d p

n m
k

kk

  
   

    
   



   
      

        
     

  

 

                                           
 

1 1 11
.

       
              

n m n m
r r rp p p

n m
n

k
k k

  
   

    
      

   
     

        
     

   

 

The upper bound is obtained by deleting k -element sets of  ,  1,  ...,  m m n  whose elements are multiples of ,rp  we get  

  
   

 
1

1
,  .

       
       

n m
r rp p

k
r n m

m n
k

k


 

 
  

 
    

     
   

 

 

 

   
   

 
1 1 11

 0 ,  
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which proves (ii). 
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