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INTRODUCTION

In order to deal with uncertainties, the idea of fuzzy sets,
fuzzy set operations was introduced by L.A.Zadeh [1] in his
classical paper in the year 1965, describing fuzziness
mathematically for the first time. In 1968, C.L.Chang [2]
defined fuzzy topological space by using fuzzy sets
introduced by Zadeh. The concept of o-nowhere dense sets in
classical topology was introduced and studied by Jiling Cao
and Sina Greenwood in [3].

In 1989, A.Kandil [4] introduced and studied fuzzy
bitopological spaces as a natural generalization of fuzzy
topological spaces. The concept of Baire bitopological spaces
have been studied extensively in classical topology in [5] ,[6]
and [7]. The concept of pairwise fuzzy o-first category sets
are defined by authors in [8]. In this paper several
characterizations of pairwise fuzzy o-first category sets are
established.

PRELIMINARIES

In order to make the exposition self-contained, some basic
notations and results used in the sequel are given. In this work
by by (X, T) or simply by X, we will denote a fuzzy
topological space due to Chang (1968). By a fuzzy
bitopological space (Kandil, 1989) we mean an ordered triple
(X, Ty, T2), where T1 and T, are fuzzy topologies on the non-
empty set X. Let X be a non-empty set and | the unit interval
[0,1]. A fuzzy set A in X is a mapping from X into .

Definition 2.1. [9] A fuzzy set A in a fuzzy bitopological
space (X, T1, T») is called a pairwise fuzzy open set if A € T;
(i =1, 2). The complement of pairwise fuzzy open set in
(X, Ty, Ty)is called a pairwise fuzzy closed set.

Definition 2.2. [9] A fuzzy set A in a fuzzy bitopological
space (X, Ti, T,) is called a pairwise fuzzy Gs-set if
A = Aiz1®( i), where (Ai)’s are pairwise fuzzy open sets in
(X, Ty, T2).

Definition 2.3. [9] A fuzzy set A in a fuzzy bitopological
space (X, Ti, T) is called a pairwise fuzzy F, -set if
A= Vi1 (Ai), where (Aj)’s are pairwise fuzzy closed sets in
(X, Ty, T2).

Lemma 2.1. [10] For a family of { A .} of fuzzy sets of a
fuzzy topological space (X, T), Vcl(A o) < cl(V X o). In case A
is a finite set, Vcl(A o) = cl(V X o). Also V int(A 4) < int(VA o) in
X, ).

Definition 2.4. [11] A fuzzy set A in a fuzzy bitopological
space (X, Ti, Ty) is called a pairwise fuzzy dense set if
¢l cle M) =clr2 clry M) =1,in (X, Ty, Tz).

Definition 2.5 [12]. A fuzzy set A in a fuzzy bitopological
space (X, Ty, T>) is called a pairwise fuzzy nowhere dense set
if intty ¢l ( A ) = intr Cl1y (7\. ) =0, in (X, Ta, Tz)

Definition 2.6. [9] A fuzzy set A in a fuzzy bitopological
space (X, T1, T») is called a pairwise fuzzy o -nowhere dense
set if A is a pairwise fuzzy Fo-set in (X, Ty, T2) such that
intriintr ( A ) = int7o IiNtT1 ( A ) =0.

Definition 2.7. [8] A fuzzy bitopological space (X, T1, T) is
called pairwise fuzzy o -first category space if the fuzzy set
1x is a pairwise fuzzy o -first category set in (X, Ty, T2). That
is 1x = Vk=1” (M), Where ( A «)’s are pairwise fuzzy o -nowhere
dense sets in (X, Ty, To). Otherwise (X, T1, T2) will be called a
pairwise fuzzy o -second category space.

PAIRWISE FUZZY o -FIRST CATEGORY SETS

Definition 3.1.[8] Let (X,T1,T2) be a fuzzy bitopological
space. A fuzzy set A in (X,T1,T2) is called a pairwise
fuzzy o-first category set if A=Vi=1(Ax), where (Ak)'s are
pairwise fuzzy oc-nowhere dense sets in (X,T1,T2). Any other
fuzzy set in (X,T1,T2) is said to be a pairwise fuzzy ¢-second
category set in (X,T1,T2).
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Definition 3.2. [8] If A is a pairwise fuzzy o-first category set
in a fuzzy bitopological space (X,T1,T2), then the fuzzy set
1-A is called a pairwise fuzzy o-residual set in (X, T, T2).

Theorem. 3.3. [8] If A is a pairwise fuzzy dense set and
pairwise fuzzy Gs-set in a fuzzy bitopological space (X,T1,T2),
then 1-A is a pairwise fuzzy o-nowhere dense set in (X,T1,T2).

Proposition 3.4 If (A)'s are pairwise fuzzy dense sets and
pairwise fuzzy Gs-sets in a fuzzy bitopological space
(X,T1,T2), then 1-A=1”(\) is a pairwise fuzzy o-first category
setin (X,Tl,Tz).

Proof. Let (A)'s be pairwise fuzzy dense sets and pairwise
fuzzy Gs-sets in a fuzzy bitopological space (X,T1,T2). Then,
by theorem 3.3, (1-A)'s are pairwise fuzzy c-nowhere dense
sets in (X, T1,T2). This implies that Vi=1*(1-Ak)'s is a pairwise
fuzzy o-first category set in (X,Ty,T2). Since Vk=1"(1-A) =
1-Ak=1"(), 1-Ak=1"(k) is a pairwise fuzzy o-first category set
in (X,Tl,Tz).

Proposition 3.5 If (A)'s are pairwise fuzzy dense sets and
pairwise fuzzy Gs-sets in a fuzzy bitopological space
(X,T1,T2), then A=1"(Ak) is a pairwise fuzzy o-residual set in
(X,T1,To).

Proof. Let (A)'s be pairwise fuzzy dense sets and pairwise
fuzzy Gs-sets in a fuzzy bitopological space (X,T1,T2).
Then, by proposition 3.4, [1-Aw=1"(M)]'s is a pairwise fuzzy
o-first category set in (X, Ty,T2). This implies that
1 - (I-A=1() = Ak=1™() IS a pairwise fuzzy o-residual set
in (X,Tl,Tz)

The following proposition gives a condition for a
pairwise fuzzy first category set to become a pairwise fuzzy
o-first category set in fuzzy bitopological spaces.

Theorem 3.6 [13] If the pairwise fuzzy nowhere dense
set A is a pairwise fuzzy Fs-set in a fuzzy bitopological
space (X,T1,T2), then A is a pairwise fuzzy o-nowhere
dense set in (X, T1,T2).

Proposition 3.7. If A is a pairwise fuzzy first category set in a
fuzzy bitopological space (X,T1,T2) in which each pairwise
fuzzy nowhere dense set is a pairwise fuzzy F.-set, then A is a
pairwise fuzzy o- first category set in (X,T1,T2).

Proof. Let A be a pairwise fuzzy first category set in (X,T1,T2).
Then A = Vi=1"(A), where (A)'s are pairwise fuzzy nowhere
dense sets in (X,T1,T2). By hypothesis, the pairwise fuzzy
nowhere dense sets are pairwise fuzzy Fs-sets in (X,T1,T2). By
theorem 3.6, (Ax)'s are pairwise fuzzy c-nowhere dense sets in
(X,T1,T2). Then A = Vi=1"(As),where (A)'s are pairwise fuzzy
o-nowhere dense sets in (X,T1,T2) implies that A is a pairwise
fuzzy o-first category set in (X, Ty, T2).

Proposition 3.8. If A is a pairwise fuzzy first category set in a
fuzzy bitopological space (X,T1,T2) in which each pairwise
fuzzy nowhere dense set is a pairwise fuzzy Fs-set, then (1-1)
is a pairwise fuzzy o-residual set in (X,T1,T2).

Proof. Let A be a pairwise fuzzy first category set in which
each pairwise fuzzy nowhere dense set is a pairwise fuzzy
Fs-set in (X,T1,T2). By proposition 3.7, A is a pairwise fuzzy

o-first category set in (X,T1,T2). Then (1-1) is a pairwise fuzzy
o-residual set in (X,T1,T2).

Proposition 3.9. If (A)'s are pairwise fuzzy Gs-sets in a
pairwise fuzzy hyperconnected space and pairwise fuzzy
P-space in (X,T1,T2), then 1-Aw=1"(A) is a pairwise fuzzy
o-first category set in (X,T1,T>).

Proof. Let (A)'s be pairwise fuzzy Gs-sets in (X,T1,T2). Since
(X,T1,T2) is a pairwise fuzzy P-space, the pairwise fuzzy
Gs-sets (Ak)'s are pairwise fuzzy open sets in (X,T1,T2). Since
(X,T1,T2) is a pairwise fuzzy hyperconnected space, the
pairwise fuzzy open sets (Ak)'s are pairwise fuzzy dense sets in
(X,T1,T2). Hence (A)'s are pairwise dense and pairwise fuzzy
Gs-sets in (X, T1,T2). Then by proposition 3.4,1-A=1"(A) is a
pairwise fuzzy o-first category set in (X,T1,T2).

Proposition 3.10. If (A)'s are pairwise fuzzy Gs-sets in a
pairwise fuzzy hyperconnected space and pairwise fuzzy
P-space in (X,T1,T2), then Aw=1"(\) is a pairwise fuzzy
o-residual set in (X, T1,T2).

Proof. Let (A)'s be pairwise fuzzy Gs-sets in (X,T1,T2). Since
(X,T1,T2) is a pairwise fuzzy hyperconnected space and
pairwise fuzzy P-space. Since, by proposition 3.9, 1-A=1"(\x)
is a pairwise fuzzy o-first category set in (X,T1,T2). Hence,
M=1"(h) is a pairwise fuzzy o-residual set in (X,T1,T2).

Proposition 3.11. If A is a pairwise fuzzy o-first category set
in a fuzzy bitopological space (X,T1,T2) in which pairwise
fuzzy o-nowhere dense sets are pairwise fuzzy closed sets,
then A is a pairwise fuzzy Fe-set in (X,T1,T2).

Proof. Let A be a pairwise fuzzy o-first category set in
(X,T1,T2). Then A=Vi=1"(A), where, (A)'s are pairwise fuzzy
o-nowhere dense sets in (X,T1,T2). By hypothesis, (A)'s are
pairwise fuzzy closed sets in (X,T1,T2). Now [1-(A)]'s are
pairwise fuzzy open sets in (X,T1,T2). Then u=Ax=1"(1-(Ax)) is
a pairwise fuzzy Gs-set in (X,T1,T2) and 1-p=1-[Ak=1"(1-(Ax))]
= Vk=1"(&) = A. That is A = 1-p and (1-p) is a pairwise fuzzy
Fs-set in (X,T1,T2). Hence, X is a pairwise fuzzy Fs-Set in
(X, T1,To).

The following propositions gives a condition for a
pairwise fuzzy o-first category set to become a pairwise fuzzy
first category set in fuzzy bitopological spaces.

Theorem 3.12 [8] If A is a pairwise fuzzy o-nowhere dense
set in a pairwise fuzzy strongly irresolvable space (X,T1,T2),
then A is a pairwise fuzzy nowhere dense set and pairwise
fuzzy Fs-setin (X,T1,T2).

Proposition 3.13 If X is a pairwise fuzzy o-first category set
in a pairwise strongly irresolvable space (X,T1,T2), then A is a
pairwise fuzzy first category set in (X, T1,T2).

Proof. Let A be a pairwise fuzzy o-first category set in
(X,T1,T2). Then A = Vk=1"(Ak), where (Ax)'s are pairwise fuzzy
o-first category set in (X,T1,T2). Since (X,T1,T2) is a pairwise
strongly irresolvable space, by theorem 3.12, the pairwise
fuzzy c-nowhere dense sets (Ax)'s are pairwise fuzzy nowhere
dense sets in (X,T1,T2). Hence A = Vk=1"(A), where (A)'s are
pairwise fuzzy nowhere dense sets in (X,T1,T2), implies that
A is a pairwise fuzzy first category set in (X,T1,T2).

14847



International Journal of Applied Engineering Research ISSN 0973-4562 VVolume 13, Number 21 (2018) pp. 14846-14848
© Research India Publications. http://www.ripublication.com

Proposition 3.14. If X is a pairwise fuzzy o-first category set
such that intri(A) = 0 in a fuzzy bitopological space (X,T1,T2)
in which pairwise fuzzy c-nowhere dense sets are pairwise
fuzzy closed sets, then A is a pairwise fuzzy first category set
in (X,Ty,T2).

Proof. Let A be a pairwise fuzzy o-first category set in
(X,T1,T2). Then A = V¢=1"(Ak), where, (A)'s are pairwise fuzzy
o-nowhere dense sets in (X,T1,T2). By hypothesis, the
pairwise fuzzy c-nowhere dense sets (A)'s are pairwise fuzzy
closed sets in (X,T1,T2). By proposition 3.11, A is a pairwise
fuzzy Fs-set in (X,T1,T2). Now intri(d) = 0 implies that
intri(Vier®(W)) = 0. But, from lemma 2.1, Vi=r*intri(u) <
intTi(\/k:fO(xk)) (i=1,2). This implies that vk:fointn(kk) < 0.
That is Vi=1*intti(Ax) = 0. Hence, intri(A) = 0 for each k. Since
(A)'s are pairwise fuzzy closed, clyi(Ak) = Ak Then intriclyi(Ax)
= intri(A) =0. That is, intriclti(A) =0 for each k. Hence (Ak)'s
are pairwise fuzzy nowhere dense sets in (X,T1,T2). Therefore
A = Vi=1*(h), where (\)'s are pairwise fuzzy nowhere dense
sets, implies that A is a pairwise fuzzy first category set in
(X, T, T2).

Proposition 3.15 If the fuzzy bitopological space (X,T1,T>) is
a pairwise fuzzy submaximal space and if A is pairwise fuzzy
o-first category set in (X,T1,T2), then A is a pairwise fuzzy
first category set in (X,T1,T2).

Proof. Let A=Vi=1"(Ax) be a pairwise fuzzy o-first category set
in (X,T1,T2), where the fuzzy sets (A)’s are pairwise fuzzy
o-nowhere dense set in (X,T1,T2). Then we have intyi(Ak)=0
and (A)’s are pairwise fuzzy Fs- sets in (X,T1,T2). Now
inti(Ax)=0, implies that 1- intri() = 1- 0 = 1 and hence
clri(1-M)=1. Since (X,T1,T,) is a pairwise fuzzy submaximal
space, the pairwise fuzzy dense sets (1-Ax)’s are pairwise
fuzzy open sets in (X,T1,T2) and hence (A)’s are pairwise
fuzzy closed sets in (X,T1,T2). Then clni()= (A) and
intri(Ax)=0 implies that intriclti(A)= inti(Ak)=0. That is (Ak)’s
are pairwise fuzzy nowhere dense set in (X,T1,T2). Therefore
A=Vi=1”(Ax) be a pairwise fuzzy first category set in (X, T1,T2).

CONCLUSION

In this paper, several characterization of pairwise fuzzy c-first
category sets are established. The conditions for a pairwise
fuzzy first category set to become a pairwise fuzzy o-first
category sets are established. Also the conditions under which
pairwise fuzzy o-first category sets to become a pairwise
fuzzy first category sets are also established.
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