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Abstract

This paper concerns with the study of three distinct integers
a, b, c such that product of any two from the set added with k
-times their sum and increased by k2 + 1 is a perfect
square.Also, we show that the triple can be extended to the
quadruple with property D(k? + 1)
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INTRODUCTION

The problem of constructing the sets with property that the
product of any two of its distinct elements is one less than a
square has a very long history and such sets were studied by
Diophantus. A set of m positive integers {a;,a,,as .....} is
said to have the property D(n), nez —{0}if a;a; +n, a
perfect square for all 1 < i < j < m and such a set is called a
Diophantine m-tuples with property D(n). Many
mathematician considered the construction of different
formulations of Diophantine triples with property D(n) for
any arbitrary integer n and also for any linear polynomials in
n. In this context, one may refer [1-18] for an extensive
review of various problems on Diophantine triples,
quadruples.This paper aims using at constructing special dio-
quadruple where the product of any two from the set added
with k -times their sum and increased by k2 + 1 is a perfect
square. Also we show that the triple can be extended to the
quadruple with property D(k? + 1)

METHOD OF ANALYSIS

Wesee that (a— D)(a+ 1) +k(a—1+a+1)+k*+1is
a perfect square.

Let c,(n) be any non-zero integer such that
(a—1+k)cs+a—Dk+k*>+1=a? (1)
(a+1+k)es+(a+Dk+k*+1=p2 )

Eliminating ¢, from (1) and (2)

(a+1+k)a?—(a—1+k)p2=2 3)

Introducing the linear transformation
a;=X;+a—1+k)T; 4
Bs=Xs+(a+1+ k)T,

In (3) we get,

X2=(a-1+k)(a+1+KT2+1 (5)

Which is pellian equation whose general solution is given by
X, =2[((a+k+VD)") + (a+ k—vD)™)]
T=——[((a+k+vD)" )+ (a+k—-vD)")]

Here Xo=a+k,D=(a+k)*—1 and T, =1

2 2
_ag—k*-1-(a-1k
co(n) = (a-1+k)

co(n) = 4a + 3k

Note that (a —1,a+ 1,¢c4(n))is the special Diophantine
triple with property D(k? + 1)

Now substuting s=1 in (6) we have
X;=(a+k)*+D and T, = 2(a + k)

2 2
_aj—k*-1-(a-1)k
() = (a—1+k)

c,(n) = 16(a + k)3 — 4a — 5k
Thus we obtain (a — 1,a + 1,4a + 3k, 16(a + k)3 — 4a — 5k) as
a diophantine quadruple with the property D (k% + 1)
Again, taking s = 2,3 in (6) and using (1), we get
c;(n) =64(a+k)°>—48(a+k)®+8(a+k)—k
cs(n) = 256(a+ k)’ —320(a+k)° +112(a + k)* —8(a+ k) — k

Itisseenthat [a — 1,a + 1,¢;(n) c,(n)] is the special
Diophantine quadruple with property D (k? + 1).Repeating
the above process, it is observed that [a,b, ¢,,—1 (1) ¢, (M)],
m=1,2,3.... Represents special dio-quadruples with property
D(k* + 1).
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A few illustrations are given below:

(a, k)] a—1,a a—1,a a—1,a
+1,com)c;(n) | +1,¢,(n) c,(n) +1,c,(n) c3(n)
(1,1) 1(0,2,7,119) (0,2,119,1674) (0,2, 1674,23407)
(2,1) |(1,3,11,414) (1,3,414,14279) (1,3, 14279,485111)
(3,1) (2,4,15,1007) (2,4,1007,62495) |( 2,4,62495,4922335)

Remark 1:

When a = ji ,, is the k-jacobsthal number, keN, we get the
following dio-quadruple

()| Jin = Lijkn Jen = Ljkn Jien = Ljkn
+1,¢c0(n) c;(n) | +1,¢:(n) () +1,¢c2(n) c3(n)
(1,1) 1(0,2,7,119) (0,2,119,1679) (0,2, 1679,23407)
(2,1) 1(0,2,7,119) (0,2,119,1679) (0,2, 1679,23407)
(3,1) |(2,4,15,1007) (0,2,1007,62495) (0,2, 62495,3873759)

Remark 2 ; Similarly we have to obtain and verify k-
jacobsthal lucas (xn — 1,7k + 1, 4jkn + 3k, 16(yn + k)3 —
4jn — 5k)

c2(n) = 64(kn +k)° — 48(n + k) + 8Qin + k) — k

c3(n) = 256(n + k)7 = 320Gk + K)° + 112Gk n + k)*
—8(0kn +h) —k

A few illustrations are given below: keN, we get the
following dio-quadruple

jk,n - 1rjk,n
+16(n) c;(n)

jk,n - 1! jk,n
+1,6(n) c;(n)

(Tl, k) jk,n - 1ﬂjk,n
+1,¢c0(n) c;(0)

1,1) |(0,2,7,119) (0,2,119,1687) (0,2,1687,23317)

(2,1) |(4,6,233431)  [(4,6,3431,487343)  |(4,6,487343,69199439)

(3,1) |(6,8,31,8153)  [(6,8,8153,134193215) |(6,8,134193215,205487127)

Remark 3: we all observe that (a — r,a + r,4a + 3k ) is the
special Diophantine triple with property D(k? + r#) such that
product of any two from the set added with k -times their sum
and increased by k2 + r? is a perfect square.

Note that (a — r,a + r,4a + 3k ) is the special Diophantine
triple with property D (k? + 72).

A few illustrations are given below:

(a,7,k) (a—1,a+1,4a+ 3k)
(1,1,1) (0,2,7)
(2,1,2) (1,3,11)
(3,1,1) (2,4,15)

CONCLUSION

In the construction of the special dio-quadruple we have
assumed the product ab added with k-times their sum and
increased by k2 + 1 is a perfect square.One may search for
special dio-quadruples consisting of other special numbers
with suitable property.
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