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1. INTRODUCTION

Generalized open sets play a very important role in General
Topology and they are now the research topics of many
topologists worldwide. Indeed a significant theme in General
Topology and Real Analysis concerns the variously modified
forms of continuity, separation axioms, compactness,
connectedness etc. by utilizing generalized open sets. One of
the most well known notions and also an inspiration source is

the notion of /3 : -open sets was introduced by Mubarki et. al.
in 2014. In this paper we introduce and study some

topological properties of 3 : -convergence and [3 * _cluster

points of net and filter by using the concept of [ : -open
sets. Through out this paper(X,t) and (Y,5) represent
topological spaces on which no separation axioms are
assumed unless otherwise mentioned.

2. PRELIMINARIES

For a subset A of a topological space (X, t), CI(A) and Int(A)
denote the closure of A and the interior of A, respectively.

Definition 2.1.[2] The d-closure of A, denoted by Cls(A), is
defined to be the set of all x& Xsuch that
ANInt(Cl(U))#0 for every open neighbourhood U of X. If
A=CI5(A), then A is called d-closed. The complement of a 6-
closed set is called a 3-open set. The é-interior of A is defined

by the union of all §-open sets contained in A and is denoted
by Int5(A).

Definition 2.2.[1]A subset S of a topological space (X ,1) is
said to be ’ -open if S < Int(Cl(Int(S))) W Int(Cl5(S)). The

complement of a ﬁ* -closed set is called a ﬁ* -open set. The
family of all ﬂ* -open ( ﬁ* -closed) subsets of (X ,1) is
denoted by 87 O(X)( 8" C(X)).

Definition 2.3.[1] The intersection of all ﬁ* -closed sets
containing AcX is called the ﬂ* -closure of A and is denoted
by ﬂ* CI(A). The union of all ﬂ* - open sets contained in A <&
X is called the ﬂ* -interior of A and is denoted by ﬁ* Int(A).

Definition2.4.[1]A subset Af(x) of a topological space (X ,1)
is called a ﬂ* -neighbourhood of a point x € X if there exists

aB*-open setS suchthat x € S < M(x).

Lemma 2.5.[1] Let (X, t)be a topological space and A a
subset of X.

Then
(1) B Int(A)is B -open;

(2)  B7ClA)is B closed;

(3)  Ais [ -openifand onlyif A= [ Int(A);
(4)  Ais " -closed ifand only if A= 3 CI(A);
(5) L7 Int(X\A)=X\ 8" CI(A);

(6) B CIX\A)=X\ B Int(A).

Lemma 2.6.[1] Let (X, 1) be a topological space and AcX. A
point x € B CI(A) if and only if UNA#@ for every

Ue B OX,x).
Definition2.7.[1]A subset B of a topological space(X ,t) is
said to be 3" -neighbourhood of a point x e X if there exists
ap™-open set U such that x €U < B, . The family of all

B - neighbourhoods of a
N e (x).

point xeX is denoted by
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Definition 2.8.A function f :(X,7)—> (Y,0) is
£ (V) is p*-closed

(resp. B*-open) in X for every B - closed (resp. B*
-open) subset Vof Y .

said to be ﬂ* - irresolute if

Definition2.9.A topological space (X ,1) is said to be
ﬁ* -T,[1] if for each pair of distinct points xand y
in X , there exist disjoint #*-open sets U and V in X
suchthat xelU and x €V .

3. PROPERTIES OF [3 "-CONVERGENCE NETS AND
FILTERS

Definition 3.1.Let {xd} Jep b€ @ net in a topological space

(X, 1t ).Then{x,},.p B*-converges to xelX

(written x, L)x)if for each g* -neighborhood U of

: .. x, €U .
X , there is some do € D such that d > dy implies ™ ¢ dtis

X, —£

clear that xif and only if for each ﬁ*-

neighborhood of X contains a tail of {xd}deD . This is

sometimes said {xd }de p B* -converges to X if and only if it
is eventually in every ﬁ* - neighborhood of X . The point x is
called a g™ -limit point of {x, } ,_, -

Definition 3.2.Let {X y } Jep beanet in a topological space

(X ;1) .Then {x,},_pis said to have x € X as a g*-cluster

point(written x, ﬁzx) if for each 8™ -neighborhood U of x

and for each d € D, there is some do > d such that x ‘0 eu.
This is sometimes said {X, } ,_,, has x as a g*-cluster point
if {x,},.p s frequently in every g™ -neighborhood of x .

Theorem 3.3.Let (X, T )be a topological space, {xd }dED a net
inXand x € X . Then we have the following

(1) ifx, —L 5x sthen x| i

) ifx,—£ X (x, ax).then

respectively.

x,—>x(x,ax),

The following examples show that the converses of Theorem
3.3 are not true in general.

Example3.4. Let( R , p) be the usual topological space where
Rbe the set of all real

(s,),.,=m+(=D"n) _, in Rhas0asap”-cluster point

numbers, then the net

but not a ﬁ* -limit point. Since if U is a ﬁ* -neighborhood of

0in®R, then for eachn € N ,either n is odd or even. If n is
odd ,then ny=n=— SnO =0eU and if n is even, then

*

ny=n+1=S,,=0€U, thus s, 0.But s, does not
ﬂ* - converge to 0, since U=(—1,1)is a ﬁ* -neighborhood
of0and s, ¢(=L1),VreN,.

Example 3.5. Let (N,I) be the indiscrete topological space
where N be the set of all natural numbers and
(Sn)nEN = (H)KN be a net in N. Observe that

s —1(s al).But s, doesnotp*-  converge to 1(does

not B*-cluster to 1), since {1} is a " -neighborhood of 1
and § €& {1} ,vn>1.

Theorem3.6. Let A be a subset of a topological space (X ,1)
and xe€ X .Then x € B CI(A) ifand only if there exists

. B
anet{xd}deD in A such that X, ax-

Proof. Assume that there exists a net{Xx,},.,in A such
5 .
that x, o x.Let Ube a ﬂ* -open subset of X containing X .

5
Since x L axs then by Definition 3.2 for each d € D there
exists do€ D such that x, € U for all do>d. But x, € 4

for all d €D implies UM A# @:hence x € S CI(A)
.Conversely, suppose X € " CI(A) and let D bea set
which is defined by D={(O, U ):Ois a ﬁ* -open subset
of X, x€O and Uis open set in X, x€lU and O C
U }.0Ordered D by(Oi, U;) < (02, Uy) © U,CU;. Now we
shall prove D is a directed set. Since U €U , (O, U) < (O,
U ) for every (O, U ) €D; hence < is reflexive. If (O, Uj)
< (02, Uy) and (02, Uy) < (03, Usz), then U,S Ujand
UsCU,. It follows that UsS U;=(01, U;) < (03, Us); hence
< is transitive. Let (01, Uj), (02, Uz) €D. Then U;and U,
are open subsets of X and x € U;N U,. Since O;€U; and
0,€U,,0,NU,€U;NU,,where O,NU; is a ﬁ* -open set in
X. Since U1ﬂU2§U1,(O1,U1)§(OzﬂU1,U1ﬂUz) and
UlﬂUngz,(Oz,Uz) S(OzﬂU1,U1ﬂU2). Thus D is a directed
set. Since x€ O andxeU , x€ONU#@,0NU is g*-

open in X and x € 3 CI(A) ; hence(ONU)NA # @ .Define
X :D->Xby x(O,U)=xoue(ONU)NA=0NA=>
(Xou)ouep is a net in A. Now we shall prove that

Y .
xouax.LetBbe a ﬂ*—open set in X, x€ B and let

OU = (0O,U) €D 30is g*-openinX, xe€OandU

isopenset inX, xelU 0cU=>0NB CUNB cU.
This implies that there exists (UNB,U)ED such that
5

X unB,u)EB for every(O,U)<(UNB,U).Hence Xoy & X
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Theorem3.7. Let A be a subset of a topological space (X ,t)
and x € X . Then x € f” CI(A) if and only if there exists

anet{x,},_,in A such that x, —Z—>x .

Proof. Similar to the proof of Theorem 3.6. m

Theorem3.8.Let {xd} Jepbe a met in a topological space
(X,7)and for each d in D. let Aqbe the set of all x, for
d,>d . Then xisa [ -cluster point of{X,},_pif and

only if x belongs to the [ " _closure of Aqgfor eachd in D.

Proof. If x is a ,3* -cluster point of {X,},_, for each d, 44
each ,B* -neighborhood  of x as{x,}, ,is

frequently in each * -neighborhood. Then x is in the p =

intersects

closure of each 4 .Conversely, if x is nota 3" -cluster point
of {x,},.p, then there is a ,B* -neighborhood U of x such
that {x, } ;. is not frequently in U . Hence for some d in D

if do>d, then Xq, U, so that U and A4, are disjoint.

Consequently x is not in the /3 * _closure of A. i

Definition3.9.A filter F on a topological space (X ,t) is said

to be ﬂ : -converges to x € X (written F — 5x ) if

Npe()C F.
Definition 3.10.Afilter F on a topological space(X ,t) has
x€ Xasa [ -cluster point (written F ﬂa x ) if for each

F € F meets each N € Vg (¥

Theorem3.11.A filter F on a topological space(X ,t) has
xeX as aﬂ* -cluster point if and only if xeﬂ{ﬂ*

CI(F):FEF}.
i . . *
Proof. We shall prove F /5 x if and only if x € N{f

s
CI(F ) : FEF}. Then F2 x if and only if for every

N e Nﬁ* () and for every FEF,NNF#@.This shows that
FNN#Q holds for every N € Vg (¥) . Hence x € B CI(F)

if and only if for every F €F; hencex €N{ ﬂ*
CI(F):FeF}holds for every FEF. mi

Theorem3.12.Let (X,7) be a topological space and Fa filter on
X and x € X . Then we have the following

D). 1f F —LX thenFh «

@. 1f F—L>xF ), then Fox(Focx),
respectively.

3. If F —25 X then every filter than F also [~ -
converges to X .

Proof. The proofis clear. i
Definition 3.13.A filter base Fy on a topological space (X, t)
B -converges to x e X (Fo L)X) if the filter
generated by Fo [ * _converges to X .

Definition 3.14.A filter base Fy on a topological space (X ,1)
has x€ X as a3 cluster point (Fo — 5x ) if for
each Fo€Fy meets each NE Vg« (%) (if and only if the filter
generated by Fo [ * clusters at x ).

Theorem 3.15.A filter base Fy on a topological space (X, 7)
B - converges to x € X if and only if for each N € N g ()
there exists Fo€Fo such that Fo& N.

Proof. If F —£ 5x , then the filter F generated by Fo

B -converges to x , that is , F —~—> X Then Ny <

F = for every N€ V= (¥)  NEF => there exists  Fo€F such

that Fo © N. Conversely, to prove that Fo —L >x ,that is,

F  generated by Fo ﬂ* - converges to Xx. Let N€ Nﬁ*(x) ,

then by hypothesis, there exists Fo€ Fo such that FoC N,
since F is a filter, then NEF= V4 () c F. Hence

F—Lx = F, —L>x. o

Theorem3.16.A net {x d} Jep N a topological space (X ,1)
has xe X asa [ * _cluster point if and only if the filter

generated by {X, } ,_phas x asa [ " _cluster point.

*

Proof. Suppose that *d @ ¥ .Let NE Ng=(*)and B, €Fo ,
then for all do€D, there exists d €D, d > dyp such that

x,€N,,but x, eB, >NNB, #¢. Therefore

3k sk
To% x. hence F’g x. Conversely, suppose that a filter

generated by X4} gep has x asa 3° -cluster point.

Let NE Ny () and do€D, then NNB, #¢=>3x, € N

B
and x, € B, , d>do.Thus 7 @, o
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Theorem 3.17.A filter F on a topological space (X, t ) has
xeXasaf * cluster point if and only if the net based on F

has x asa 3" -cluster point.

%k
Proof. Suppose that F ’% x.Let NE Vpr (¥) and

d=(x 0,Fo)€Dr, then NNF#P for every F € F. Pick
x'e NNF et Do=( x" ,Fo)€Dr.
X4 =Xiw )= x"€ N for all dy > d, thus the net based on F

Hence

has xasaf " _cluster point. Conversely, suppose that the net

based on F has xasa [3” -cluster point. Let N € Vg (x) and
F €F =forall d = ( x o, Fo) € Dz, there exists do=(x, F ) €
Dr3x, =X€ N forall dy>d. But x € F, thus NNF#@.0

Theorem 3.18.A topological space (X, 1) is [ " T,ifand only
if every [ : -convergent net in X has a unique [ * limit
point.

Proof. Let (X, 1) be a ,B* -T»-space and (x,),., a net

B > X, X, B

in X such that Xx, >y and X# ).

Since(X 1) is a " -T, —space, there exists UE N e (¥) and

VE N g (W such that UNV=f.since X, L)x, there

exists do€D such that X, eU, for all d > do. Since

X, L)y, there exists di€ D such that X, € V., for

all d > d;. Since D is a directed set and do, di€ D, there
exists d2€D such that d> >do and d, >d;. Hence x, €U

foralld>d,and x, €V for all d > db. Then UNV #@,
which is a contradiction. Conversely, suppose that not
(X,7) isnota ,B* -T»-space. Then there exist x,y € X

, X#) such that for every UE Vp() and for every

Ve Nﬁ* () UNVA.Then( ¥+ () ,©) and (V4 ), ©) are

directed sets by inclusion. Let p = Vg« (¥) x N 4+ () Define
a relation > on p as follows: for every (U, V), (W, S) € p,
we have (U, V) >(W,S) © U>Wand V=>S. Itis easy to
verify that (p,> ) is a directed set. Let (U,V)ep =2 xeU ,

yeV and UNV #¢ as U NV # @. Then there exists
X (U,V)EUﬂV. Define x € P —> X by X(U, V) = X(U_V) for

every (U, V) € p. Then ( X w,v))w,v)ep is @ net in X. We will
show that ( X ) wuvyeis : -convergent to both xand y .

Forif U € Vg« () and V € N 5= ) then for each (N,M )€
p such that (N,M)=(U,V) ,We have
X(NMy=x, eNNMcUNV. Then

(N, M)

X eU and x

) wan €V . Hence x wv)—£ x and

X wyv)—£ 5y, which is a contradiction. Thus (X, t ) is a

B -Tr-space. 0

Definition3.19. Let (X ,1) be a topological space and A C X.
A point x € X is said to be ﬂ* -limit point of A if and only if

every [ : -open set U in X containing X contains a point of A
different from x .

Theorem 3.20.Let (X, 1) be a topological space and A € X.
Then

(1) A point xe X isa " -limit point of A if and only
if there is a net (xd )deD in A\{x} ﬁ* -converging to
X.

(2)  AsetAis 8" -closed in X if and only if no net in A

Y3; : -converges to a pointin X \ 4.

(3)  Aset Ais [ -open in X if and only if no net in
X\Ap : -converges to a point in A.

Proof.(1). Let x be a ﬂ* -limit point of A. We shall
prove that there exists a net (x d) Jep I A\{X} such that

X, ——~ _5x. Since x is a ,B*- limit point of A,

NN A\{x}# ¢ holds for every N € Npgx(X) Then
(N B* (¥):S)is a directed set by inclusion. Since
NNA\{x}#@dfor every Ne Nﬂ* (X) Then exists

x, e NMA\{x} . Define x: Nﬂ* (¥) SA\{x}by

x(N) = x, for every N € N g# (X) | Therefore (x,), e
N «(x) is a net in A\{x}. Let N€ Nﬁ* (*) to find do€ D

B

such that Xx, € N, for all d > do. If do= N, then

d:MeNﬁ*(x) for every d > do. That is, M >N &

M € N. Therefore, x,= x(d) = x(M) = x, EMN

A{x} S M S N= x, €N .Hence x, €N foralld>

do. Thus Xx, —f 5x. Conversely, suppose that there

exists a net(X,),_, in A\{x}such that x, —L 5 x Let

Ue Nﬁ* (*¥) Since X, —L 5x ,there exists do€ D such
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that x, €U forall d > do.But x, € 4\ {x} forall d € D.

Then UNA\{x}#0 for every UE Nﬂ* (*) Thus x isa 3" -
limit point of A.

(2) Let Abea [ * closed in X. Now we shall prove that
there exists no net in A " -converges to a point in X \ 4.

Suppose there exists a net (X,),, in A such that

X, —% sxand xeX\A. By Theorem 3.7
xe B CI(A) ; hence xe A . But xe X\ A, then

(X\A)NA#@,which is a contradiction. Hence no net in A ﬂ =
converges to a point in X \A. Conversely, suppose that there

exists no net in A /3" -converge to a point in X \ 4. Let
xe€ B CI(A). Then by Theorem 3.7 there exists a net
(x,;)4ep in A such thatx, —2 5 x. By hypothesis , we
get every net in A 3 : -converges to a point in A. Then we
have for every x € A, we have [3 : CI(A) c A; hence A is
B closed.

(3). By (2), Ais 8" -openin X if and only if X\ A is B"-
closed in X if and only if no net in X \ A 8" -converges to a
point in A. mi

Remark 3.21. Let ('xd)deD be a net in a topological space
(X,7) and x € X . Then

p
1) 1t >

converges to X .

, then every subnet of (X,),., [ -

(2) If every subnet of (x,), ,has a subnet [ —
5
convergent to X, then Xa *
x,—2—x

(3) If x, =x foralld €D, then

Theorem 3.22. A function 1 :(X,7)—>(Y,0) is B -

irresolute if and only if whenever (xd) Jep 18 a net in X such

x,—L—x

that Jthen [(x,)—£— f(x).

Proof. Let V' € Nﬁ* (f(*) Since t is B -irresolute,

there exists Ue NV g (*) such that f(U)c V. Since

*

B 5
Ue Nﬂ* (x) and M * , there exists doE D such

that x, €U for all d > do. Then there exists dg € D
such that f(x,) € f(U) <V for all d > do.Therefore for

every V€N B (/X)) | there exists do€D such that

f(x,)eV for all d > do.Hence f(xd)L)f(x)
.Conversely, suppose that [ :(X,7) —>(Y,0) is not a
Then there exists

* . .
[ -irresolute  function.

Ve Nﬂ* (f(¥) such that for every U € Nﬁ* (x) |

f(U)Z V . Therefore for every U € Nﬂ* (*) | there

exists X, €U such that f(xu) ¢V . Hence

(N,b’* (*)S) is a directed set by inclusion. Define x :

Nge(x) X by x(U)=x, for every U € Nﬁ* (x)

.Therefore (x,) ve N'g* ()is a net in X. Let

Ue Nﬂ* (¥) to find do€ D such that x, €U for all

d>d,. 1fd=U>, then d=NeN 5 (*) holds for

all d >d,. Thatis, N>U& N C U. Therefore
xX(N) =

Xy — 5 x But (f(x,)) does not 3" -converges to

X,EN < U=x,eU for all d=d =

f(x), since f(x,) gV foreveryV € Nﬁ* (*) | This is

a contradiction. Thus / :(X,7) > (Y,0) isa " -
irresolute function. o

Theorem3.23. A filter F on a topological space(X ,t) has
xeX asa f " _cluster point if and only if there is a filter F'

finer than F which /3" -converges to X .
ﬂ*
Proof. If F ", x, then by Definition 3.14 each F € F meets each

N e Nﬂ* (*) Then F¢ ={NNF:Ne N g* () FeFiis a
which is finer than F and

and F'

filter base for some filter F'

ﬂ : -converges to X . Conversely given F CEF'

L)x:):}?g?‘ and Nﬂ* (x) C F'. Then for every FEF

and each N e Nﬂ* (x) belong to F' .Since F' is a filter ,

5
NﬁF¢¢.HenceT%x. o
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Theorem3.24. Let(X ,t) be a topological space and AcX
.Then x € 3" CI(A) if and only if there is a filter F such

that A€ Fand F —L—>x
Proof. If x€ 3 CI(A), then UNA#¢ for every

UENﬁ*(x).HenceTo: {UNA: UeNﬁ*(x) lisa
filter base for some filter F. The resulting filter contains
A and F L ox .Conversely, if A€F and F
L)x, then A € F and ng* (¥) ¢ F .Since F is a
every U € Nﬁ* (x)

xe B Cl(A). o

filter , UNA#¢@ for Hence

Definition 3.25. If f :(X,7) > (Y,0) is a function and F
a filter on X, then f (F ) is the filter on (Y ,o) having for a
base of thesets { f (F) : FEF }.

Theorem 3.26. A function f:(X,7)—>(Y,0) is B -
irresolute if and  Only if whenever F — 5% in X,

then [ (F) L)f(x) inY.

Proof. Let V' € Nﬁ* (f(x) | Since f s

B

irresolute, there exists a /3~ -neighborhood U of x such

that f(U)c<V . Since F —2 SXthen U € F =
fU)e f(F).But f(U)cV ,then V €[ (F). Thus

P —£ f (X) . Conversely, suppose that whenever
F —L X in X then / (F) —ZL— f(x)in Y. Let
F={U:Ue Nﬁ* (¥) } . Then F is a filter on X and F
— 5 x .By hypothesis } (F) L)f(x) gives for

cach V € Nﬂ* (f (x)) belongs to f (F).Then there exists

Ue Nﬁ* (%) such that flU)crv ; hence
f:(X,r) > ,0)isa B -irresolute function. o

Theorem 3.27.Let (X, T ) be a topological space and A < X.

Then a point x € X isa ,B* -limit point of A if and only if

A\ {x} belongs to some filter which " -converges to X .

Proof. If x is a [ -limit point of A, then

UNA\{x}#¢@ for everyV € Nﬁ* (*) | Then Fo={U

NAx}: Ue Nﬂ* (%) ¥ is a filter base for some filter
F. The resulting filter contains A\{x} and F — 5x.

Conversely , if A\{x}€F and F — 5x, N,B* (x)

CF. Since F is a filter, UNA\{x} #¢@ for every

Ue Nﬁ* (*) Thus x isa S — limit point of A. o
Definition3.28. If(x 4 ) Jep 18 a met in a topological space
(X,7) .the filter generated by the filter base Fo consisting of
the sets Bdo = {Xd d 2 do } ,do€D is called the filter
generated by (X,),_p, -

Theorem3.29. A net (x,),_,, in a topological space (X ,t) 3 .
converges to X € X if and only if the filter generated by

(xd )dED ﬁ* -converges to X .

Proof. The net (X,),_p ﬂ* -converges to X if and only

if each 3" -neighborhood of x contains a tail for
(x,)ep > since the tails of(x,),., are a base for the

filter generated by (X y ) Jep » the result follows. O

Definition 3.30. If F is a filter on a topological space (X, 1),
letDF={(x,F): x € F € F}. Then Dr is directed by the

relation (x,F)<(x,,F,) if and only if F»CF), so the

function p : Dr—X defined by p(x ,F)= X isanetin X. It
is called the net based on F.

Theorem3.31. A filter F on a topological space (X ,1) .
converges to X € X if and only if the net based on F ,B .
converges to X .

Proof. Suppose that F L)X.If Ne N’B* (¥) | then

Ne F. Since N#£@, there exists p EN .Let do= (p ,N) € Dr.
Hence for every d =(q ,F) > do=(p,N) we  have

X, =X,n=9 € FF = N .Then the net based on T,B*—

converges to x. Conversely, suppose that the net based

on Tﬂ* -converges to X . Let N e Nﬂ* () , then there
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exists do= (po,Fo)€ED~F such that x  rp=p € N for every
(p,N) =(po,Fo). Then Fo& N ; otherwise, there is some
q€Fo\N, and then (q, Fo) = (po,Fo), but X, r9)= q&N.

Hence N € F, so TL)X. i

Theorem3.32. A topological space (X ,1) is [ * T, if and only

if every [ * _convergent filter in X has a unique p * limit

point.

Proof. Let (X ,1)bea S T T space, F a filter in X such that

*

F £ >X, F £ >y and x# y .Since (X ,7)is a

UeN

,B T, —space, there exists B (¥) and

Ve Nﬂ* (") such that UNV =¢. Since F — 5x
and F —ﬂ*—)y, Nﬁ* (X) € F and Nﬁ* (¥) € F. Hence

N o« (¥) € F and UENﬂ*(x) SFand VN ()

B B
SF. This shows that U,V € F. Since F is a filter ,
U NV # @ .This is a contradiction. Hence F /3" -converges

to a unique * - limit point. Conversely, suppose that (X ,t)

is not a ﬂ* -T, —space. Then there exists x,y € X, X#y

« (V)

such that for every U €N B (*) andV € N

B
U NV # ¢ Then Fo={UNV:Ue N g (¥) ve N 5 s

a filter base for some filter F. The resulting filter 3 -

converges to Xand y . This is a contradiction. Thus (X ) is

a ﬂ* -T, —space. o
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