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Abstract:

In this article problem related with a matrix differential
operator is considered. Problems, existence theorems are
discussed in the previous article. In this article the construction
of Green matrix for the solution of a Matrix Differential
Equation are discussed which are useful in finding further
results with related with the problem.
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INTRODUCTION:

We determine a particular solution of a particular ordinary
differential equations with the help of Green’s matrix in terms
of first order in homogeneous linear system of ordinary
differential equation. The concept of Green’s matrix is named
after George Green.

The differential equation which is considered in the problem is
given below,

da da
" (Po ﬁ) +pu+rv=>»~(Fuu + Fpv),
ig+qv+ ru = -A (Faiu + Fz2v) .. (D

For a given vector

W@ =0 .verenn, )
V(@) =V(b) e 6) &
U (b)=0...c...... 7

Now, the equation 4 together with equation 5, 6 and 7 becomes
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a boundary value problem. In this case Green’s Formula for the

problem “[7(¢;T L, - 7 L) dx = [ pie] (B) - b; b (@)
is the most suitable formula for our boundary value problem
and therefore for the singular solution of the problem
construction of Green Matrix is necessary and important.

Here, a unique matrix exist for x e [a, b] y € [a, b] is given below

(611 (,y:4)  Gaq (x,y:ﬂ))
Gz (6, y: ) Gap (x,y:4)

Such that
(i) The vectors G,(x,y:1) = (g“) (x,y:1) and
12

Gy(x,y: 1) = (g;:) (x, y: 2) satisfy the equation 4 and

the boundary conditions
[Gk &1] (@) =0, [Gk d2] (8) + [Gy x2] =0, [Gy x5] (D)

K=1,2)......... ©)

(i) Gy4,G44,G,1 and G,, are continuous in [a, b] at x=y

(iii) Forx e [a, y [x €] y, b] : G;1, G,; POSSeS continuous
derivatives of first order and second order. G;,, G,
posses continuous derivative of first order.

(iv) G11,G15,G,1 and G,, are such that the following
satisfiedatx =y

. 1) . 5 1
}}_{%g Gy (v +h,y: k)'}ll_rga G (v-hy: ) = Poy

lIm Gy, (v + h,y: ) -lim G, (y — h, y: )

. S5 . S5
h_l)loma G (v +h,y:}) - }Ll_r)r(l)g G (v-h,y: M)
=0

HmGyp(y + h,y:A) -lim G, (v — h, y: 4)
1
. 1
Gll G21
012 G22

boundary value problem of equation 4. It is well known that y
appears as a parameter in the functions G, (i, j = 1, 2).

Now, the matrix ( ) is the Green’s Matrix for

Proof:


https://en.wikipedia.org/wiki/George_Green_(mathematician)
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We consider following for the vectors G, andG,.
Gy (x,y: A )=anpr@/x, ) toxdb2(@lx,N),
as<x<y<b
Gy (x, y:A)=Baxa(b/x, M)+ Bsxz (b/x,2),
G, (x, y:A)=Aid1@lx, )+ A db2(alx, N,
a<x<y<b
Gy(x, y :A)=Baxa (b/x,2) + Bsxs (b/x, ),

Where a1, az, A1, Az, P2, B3, B2 and Bz are real or complex
constants depending on y and A. These constant will be
determined later.

The main objective is to show the existence and uniqueness of
Gy and G». From the definition of G, and G, the condition no.
(iif) and equation no. 4 is satisfied.

According to equation 9 we say that,
[G1(x, y: ) d1(a/ x,2](@)=0, [G1(x, y: ) x3(b/ x, ] (b) =0
[G2(x,y: 1) d1(a/ x, A1(@)=0, [G2(x,: 1) x3(b/ x,2] (b) =0

For all values a1, az, B1, B2, A1, A2, B2 and B; respectively. We
can also be seen that

[G1(x,y: 1) dr(a/ x,A] (@) + [Gy(x,y: ) x,(b/ x,4] (b) = O,
holds true if

az = _‘82 (14)
Also,

[G2(x,y: 1) d2(a/ x,A] (@) + [G1(x,y: 4) x,(b/ x,2] (D) =0,
holds true for;
AzZ-Bz

Now, u, (a/a, A) =0, u,(a/a, 1) = 0, v, (a/a, A) =1 is equivalent
to

G11(x, y: A) = aquq(a/ x, )+ ayuy(a/ x, A)

Gio(x, y: A) = aqvy(a/ x, D)+ avy(a/ x, 2)
... (16)

Gi1(x, y: &) = Bouy(b/ x, )+ Bauz(b/ x, )

Gio(x y: &) = Bovy(b/ x, 1)+ Bavs(b/ x, )

a<x<y<b

By differentiation yield of Equation 16 & 17, respectively we
get

Giax y: 1) = sy (a/ x, )+ apuy(a/ x,2),

3120

a<x<y<h;and

Gi1(x, y: M) = Bouy (b/ x, A)+ Bau(b/ x, A)
a<x<y<b ...

After taking limit as x ==y (h —0)

auq (a/y, ) + ayuy (afy, ) -Bouy (b/y,A) - Bsuz (b/y,A)=0

vy (afy, )+ ayv, (a/y,A) -Bav, by, ) -Bsv3 (b/y,M)=0&

wis(afy, )+ aguy (@fy,2)-Poty (61y.0)-Boity by, )=

a<x<y<b

Using; u;(b /b, A)=0,u, =(b/b,A)=0, v, (b/b,1)=0and
putting a5 = - B5; the above expression reduce to

auy (a/y,A) + axu, (a/y,A) +uy (b/y,A) + azus (b/y, A)
=0

a vy (a/y,A) +ayv, (a/y, )+ Bv, (b)Y, A) - Bsus (b/y, )
=0&

auy(aly, ) + au, (aly,A) By (b/y, M) - Bsuy (b1,

1
M_%m

Using equation 14 and putting a5 = - 5 the above equation
reduces to

ayuq (a/y,A) + auy (a/y,A) +uy (b/y,A) + asus (b/y, 1) =0
ayvy (a/y,A) + azv; (afy,A) +v, (b/y,A4) + azus (b/y, A1) =0 &

(b/y,h)=——

ayuyafy,2) + axy (afy, Ay (b, 0) + azis e

Where accents denotes differentiation w.r.t. x in the respective
intervals and then y is put for x using the fact that ¢4 and x; are
trivial solutions.

n.(x, A) = o la/x, )+ x.(b/x,A) and defining n,=
&)
$r
&0, M)+ a0 M)+ azés(n, M) =0

a (v, M) + axu (v, M) + azus (v, M) =0

Now, the determinant obtained by the coefficients of
a,,a, and a; is

LGN LD GO
@A) (@A) ps(r, M) wing, n, n)(y, A)
G0N LN &L

But by assumption is not an Eigen value hence

D (1) #0.

#0
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By applying the theorem

D (M) =iP,(x). w (nq, N2, 13) (x, }) xPo(x)- w(ng, 1N, 03) (x,
A,
We have w (rlll N2, 1']3) (ys }") 75 0.

With the help of Cramer’s rule we can find a,,a,, as i.e.

ay, az B, Bs.
[1 G1 (x, y; ) satisfies the properties of theorem & it is unique.

Now, solve the equation with the help of Cramer’s rule and
therefore a4, a,, a are given by

aq _ ay _ as _ 1
0 & &3 . §1 0 &3 . &1 & O] |61 & &3
Po 0 u1 pz P M1 0 pus Po M1 pz O U1 M2 43
1.8 & 11 & 1 & 1 1§ &

From this equation we get,

a=[2 Srw wiy
@ =[5 Srew wen=-4,
as =[5 E2lrpe () win =5,

Now equation 13 is equivalent to

Gaq (%, y: M) = Aquy (@lx, M) + Ayu, (@lx, A)

Gao (x, y: M) = Aqvy (@lx, M) + Ayv, (alx, ))

a<x<b
...... (23)
621 (.x, y: }\;) = Bzuz (b/x, }\4) + B3u3 (b/x, }\.)
GZZ (.x, y: }\;) = Bzvz (b/x, }\.) + B3173 (b/x, }\.) a<x<b

By differentiation yield of Equation 22 & 23,
Gél (xa y: 7\‘) :Alui(a/xa )“) +A2u,2(a/xa }\‘)9
a<x<y<b

G2z (x, y: M) =Boup(bix, 1) +B3u3(blx, 1),

From condition (b), 11, 22 and 23 we take limit as x — y (h

Aquq (@ly, M) + Aju, (@ly, M) - Byuy (bly, 1) - Bzug (bly, A) =0

Ayvy @ly, M)+ Ay, (@ly, A) - By, (bly, M) - Byvs (bly, b)) = -
1/1

Aquy @ly, M) + Ayuz(@ly, M) -Byug (bly, 1) - Byug (bly, 1) =0

Put A; = - B2 & As = - Bzin equation 25 then we get
Ajuy @1y, M)+ Aju, @y, M) +uy (bly, M) + Asus (bly, 2) =0

Ayvy @y, ) + Ay, @y, M) + vy (bly, M) + Azvs (bly, V) = -
1/1

Ajuy @ly, B) + Azup(aly, V) tuz (bly, 1) + Azuz (bly, ) =0

Here, ¢4 and x; are trivial solutions.

1= (5) = 0 @i+, @i,
T
Equation 26 may be expressed as
A1 M) T A28, 0, M)+ A3é5 (0, M) =0
Aipy 00, 0 + Azpy (0, M) + Azus (v, M) =-1/1
A& (M) + A8 (1, M)+ A& (D) =0 (27)

The determinant formed by the coefficients of A, A, Az is
given below

SN N SO

A e A ps D =W (nq, nz, 3) (0, M) = W(y,
GO LN &GO

A)

We assume that it is not an Eigen value, hence D (1) # 0.

O W (ny, ny n3) (v, &) #0. Thus we can find 43, 4, As .

A _ Ap _ Az _ 1 _ 1
0 & &3] & 0 &[T &1 $z O T &1 & & T wwa !
1 uz us M1 1 ug u1 uz 1 U1 Mz U3
1§ & & 0 & S & o |8 & &
which is equivalent to
Ay =-1 53 f? Wy, , 4, =-1 5} 5? IW(y,A) =-B,,
52 53 fl 53
Ay=-1 51, E% IW(y,2) = -By
$1 &2
Therefore,
&2 f3| é3 f1|
A — U2 U3 + U3z M1 .
Gl (x’ y}\’) PoOIW (3,1) (I)l (a/xa 7") PoONW (¥,1) ¢2 (a/x: )“)9 X
elayl
&3 51‘ §1 §2|
. — H3 M1 + U1 U2 .
Gy (v, y: ) PO O x, (b/x, X) W D) x5 (blx, A); x
]y, b[ .....(28)
1 ";3 ‘f? f} 53"
v _ 152 & 41 &3 .
GZ (xs y: }‘) w (v,1) ¢1 (a/xa )\') + W (v,2) ¢2 (alx, 7\')3 X C] a,
y]
1 §1 ¢ §1 &2
Gy (v, y: ) = —19El ) (b, 2 + %21
20 Y won 2O Ty %

(b/x, 1); x €] y, b] ...... (29)

Where (2x2) determinants are evaluated at (y, A).
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CONCLUSION:

Here, a partial differential equation problem is taken. The
solution of the equation is very difficult. We convert the partial
differential equation into ordinary differential equation for
finding the solution. By the help of crammer’s rule we
finda,, @,, and a;. After finding these value and use of
boundary value condition we find Green matrix G; &G, where
(2x2) determinants are evaluated at (y, A). After this reduction
of Green matrix in suitable form is performed and then we find
a singular solution of the equation.
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