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Abstract 

 

Let   HKT nn 



:

1
be a countable infinite family of k-strictly Pseudo 

contractive, uniformly weakly closed and inward mappings on a non empty, 

closed and strictly convex subset K of a real Hilbert space H in to H with







1

)(
k

kTFF  is non empty. Let )1,(k  and for each n , Khn :  be 

defined by  KxTxxh nn 


 )1(:0inf)( .Then for each ,1 Kx 

  kxh   ,)(,max 111 , we define the Krasnoselskii-Mann type algorithm 

by nnnnnn xTxx


 )1(1  , where   ,...2,1,)(,max 111   nxh nnnn   and 

we prove the weak and strong convergence of the sequence nx to a common 

fixed point of the family 
1nnT . Also we prove the weak and strong convergence 

theorems for the algorithm to the family of nonexpansive mappings in 

uniformly convex Banach space, which is more general than Hilbert space. 

 

Keywords and phrases: Common fixed point; strictly Pseudo contractive 

mapping; nonself mapping; Krasnoselskii-Mann’s iterative method; infinite 

family of mappings. 
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1. INTRODUCTION 

Finding fixed point or common fixed point (if it exists) is important in the study of 

many real world problems, such as; inverse problems; the split feasibility problem and 

the convex feasibility problem in signal processing and image reconstruction can both 

be formulated as a problem of finding fixed points of certain operators(mappings), 

respectively.  In particular, k-strictly pseudo contractive mappings are more applicable 

than nonexpansive mappings in solving various problems .Therefore, it is desirable to 

develop the algorithms for the class of strictly pseudo contractive mappings, which is 

an intermediate between the class of non expansive mappings and that of the class of 

pseudo contractive mappings in which the exact solution of the nonlinear problem may 

not be possible. 

The class of κ-strictly pseudo contractive mappings was first introduced by Browder 

and Petryshyn in Hilbert spaces (see, for example [1]). Since then many research efforts 

have been made for the study of fixed point and common fixed point for family of such 

mappings. 

Here, we study the fixed point iterative method for approximating a common fixed 

point of countable infinite family of k-strictly pseudo contractive mappings in Hilbert 

space setting and its extensions.  Let K be a nonempty, closed and convex subset of a 

Hilbert space H and let HKT :  be a mapping. Then  T  is said to be nonexpansive 

if yxTyTx   for arbitrary Kyx , .  

Whereas HKT :  is called k-strictly pseudo contractive if there exists  1,0k  such 

that 

                 
222

)()( yTIxTIkyxTyTx  Kyx , .        (1.1) 

We see that every nonexpansive mapping is strictly pseudo contractive, hence the class 

of k-strictly pseudo contractive mappings is more general than the class of 

nonexpansive mappings. 

 If the fixed point set  xTxKxTF  :)(  is nonempty and T is self ( KKT : ) 

and nonexpansive mapping, Mann in [9] introduced an iterative method of the form 

nnnnn Txxx )1(1    for any Kx 1  and    1,0n                                     (1.2) 

Since then, a number of extensive research works have been made (See, for example 

[3&6] and their references). Reich in [12] studied the weak convergence of the Mann’s 

algorithm in [3].Several attempts have been made in lowering the requirement for the 

mapping to be self-mapping by assuming T to be non-self at the cost of additional 

requirements on the sequence  n and on the domain K (see, for example, 

[10,13,15,18,19&21] and their references). However the study was using the 

calculation of metric projection KHP : which is costly and in many cases it 

requires approximation technique. However, Colao and Marino in [4] introduced a new 

technique for the coefficients  n  and they have proved that the Krasnoselskii–Mann 
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algorithm (1.2) is well-defined for choice of the sequence n . They also have proved 

both weak and strong convergence results for the algorithm (1.2) when K is a strictly 

convex subset of H and T is inward. To be precise, we put their result as follow. 

They define inward mapping as; 

 

Definition 1.1 A mapping HKT : is said to be inward (or to satisfy the inward 

condition) if for any Kx ,  KucxucxxIKTx  &1:)()(  and T is said to 

satisfy weakly inward condition if )(()(
__________

xIKofclosuretheTx xIK .  

 

Theorem 1.1 CM [13] ) Let K be a convex, closed and nonempty subset of a Hilbert 

space H and HKT :  be a mapping and let for any given Kx , Kh : be 

defined by  KTxxxh  )1(:0inf)(  .Then the algorithm defined by 
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




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
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
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
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00
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)1(

,)(,
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1
max

nnn

nnnnn

xh
Txxx

xh

Kx






 

is well-defined and assume that; K  is strictly convex set ,T is nonexpansive, nonself 

and Inward mapping with F(T) is non empty , then  nx  converges weakly to 

)(TFFp   . Moreover, if 


)1(
1n

n , then the convergence is strong.  

Meanwhile, they proposed an open question to approximation for a common fixed point 

of a countable family of nonself and nonexpansive mappings. 

Motivated by the work of Colao and Marino and their open question, several attempts 

have been made to generalize the theorem of CM to approximation for finite or infinite 

family of nonself and nonexpansive mappings (see for example ,[8 and 16 ] respectively 

and their references ) . To mention a few, Haile and Reddy in [8] constructed 

Krasnoselskii–Mann type algorithm and prove weak and strong convergence theorems 

for approximating a common fixed point of the finite family of nonself, nonexpansive 

and inward mappings. Moreover, it was earlier Gao et al in [16] constructed 

Krasnoselskii–Mann type algorithm for approximating a common fixed point of 

countable infinite family of nonself, nonexpansive and inward mappings. They also 

proved weak and strong convergence theorem by imposing additional conditions such 

as; 

  (i)   HKT nn 



:

1
to be uniformly weakly closed   (ii) The pair (F, K) satisfies S-

condition. 

where the conditions (i) and (ii) can be redefined as; 
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Definition 1.2 Let F, K be two closed and convex nonempty sets in a Hilbert space H 
and KF  . For any sequence  Kxn  , if  nx  converges strongly to an element

xxFKx n  ,\ , implies that  nx  is not Fejer-monotone with respect to the set

KF  , we called that, the pair (F, K) satisfies S-condition. 

 

Definition 1.3  Let   HKT nn 



:

1
 be sequence of mappings with nonempty common 

fixed point set )(
1







n

nTFF . The the family 
1nnT is said to be uniformly weakly 

closed if for any convergent sequence   Kxn  such that  0lim 


nnnn
xTx  the weak 

cluster Points of   Kxn  belong to F. 

To be precise we put the result of Guo et al in [16] in the following theorem. 

 

Theorem 1.2  GLY Let K be a convex, closed and nonempty subset of a Hilbert space 

H and let   HKT nn 



:

1
be a uniformly weakly closed countable family of non self 

nonexpansive 

Mappings. For any Kx , Khn : be defined by

 KxTxxh nn  )1(:0inf)(  . Then, the sequence  nx  define by the 

algorithm,  
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1
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
 

is well-defined. Let that K be strictly convex and each nT  satisfies the inward condition 

and such that )(
1







n

nTFF  is nonempty. Then if there exist )1,0(, ba  such that 

  ],[ ban   for all 1n , the  nx  weakly converges to a common fixed point Fp . 

Moreover, if 




)1(
1n

n and (F, K) satisfies S-condition, the convergence is strong. 

We raise open question that, is it possible to extend the theorem of GLY for the class 

of k-strictly pseudo contractive mappings which is more general class than that of the 

class of nonexpansive mappings which has not been studied?. Approximating a 

common fixed point for the class of k-strictly strictly pseudo contractive mappings has 

been extensively studied for finite and infinite family as well. (See, for example [2,7, 
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8,11,14&20] and their references). However, all the studies was for self mappings. 

Consequently, Haile and Reddy in [17] constructed Krasnoselskii–Mann type algorithm 

for approximating a common fixed point for finite family of k-strictly pseudo 

contractive mappings. They also proved weak and strong convergence theorem and 

proposed an open question for the possibility of approximating common fixed point for 

the countable infinite family. 

 Thus, it is the purpose of this paper to approximate a common fixed point for the 

countable infinite family of k-strictly pseudo contractive, nonself, inward mappings in 

Hilbert spaces which is a positive answer to our question.  

 

2. PRELIMINARY CONCEPTS 

Let K  be a non empty subset of a real Hilbert space and   HKT kk 



:

1
 be family of 

mappings, then we shall need the following assumptions; 

Lemma 2.1 (See, for example [4] lemma 3.1& [16] lemma 3.1) Let for each  ,...2,1k
, HKTK :  be non self mappings. If we define Chk :  by

  KxTxxh kk  )1(:1,0inf)(  , then   

a) for any  1,0)(,  xhKx k  and 0)( xhk  if and only if KxTk )( ; 

b)  for any Kx  and  1),(xhkk  , KxTx kkk  )()1(  ; 

c)  If kT  is inward mapping ,then 1)( xhk  for any Kx ; 

d)  If KxTk  , then KxTxhxxh kkk  ))(1()(  

 

Lemma 2.2 (see, for example, Reich [12] ) Let   nn yx ,  in a uniformly convex Banach 

space E  be two sequences, if there exists a constant 0r  such that  rxn
n




suplim , 

ryn
n




suplim  and ryx nnnn
n




)1(lim  , where  )1,0(]1,[  n for some 

)1,0( , then 0 nn yx . 

Lemma 2.3 (Extension of lemma 2.1 for nonself mapping [17]). Let K be a closed and 

convex subset of a Hilbert space H.  Let HKT :  be a mapping on K. Then 

  if T is a κ-strict-pseudo contractive, then T satisfies the Lipschitz condition 

yx
k

kTyTx 





1

1
, for all Kyx , . 

Lemma 2.4 (See, for example [17]) Let HKT :  be k-strictly pseudo contractive 

for some )1,0(k  and )1,(k , then HKT :  defined by TxxxT )1(    is 

non expansive and )()( TFTF  . 
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Definition 2.1 (see, for example [3] pp 61)  A uniformly convex space  E  is a normed 

space E for which for every 20  , there is a 0 , such that for every 

 1:,  xExSyx , if )( yxyx   , then 


1
2

yx
.For each Eyx ,  

the modulus of convexity of E is defined by 

20,&1,
2

1inf)( 











 ttyxyx
yx

tE  and  E  is said to be 

uniformly convex if 0)( tE  for all 20  t . 

Hilbert spaces, the Lebesgue pL , the sequence pl , for ),1( p  are examples of 

uniformly convex Banach spaces. For 2p pL  and pl are not Hilbert spaces. 

 

3. MAIN RESULT 

Let   HKT kk 



:

1
be k-strictly pseudo contractive, nonself, inward mappings, then 

our objective is to construct iterative method for approximating a common fixed point 

of the family. We will have the following main theorem. 

Lemma 3.1 Let   HKT kk 



:

1
be uniformly weakly closed. If for each  ,...2,1k  

and )1,0( , kT  is defined by )1(  kT , then  
1kkT   is uniformly weakly 

closed. 

Proof: Suppose   HKT kk 



:

1
 is uniformly weakly closed. 

Thus, for any sequence  nx  in K such that xxn   weakly and 0 nnn xTx  

strongly, then )(
1







n

nTFFx  . 

Suppose 0 nnn xTx  strongly, then, since 

     
nnn

nnnnnn

xTx

xTxxTx





)1(

))1((




 

and )1,0(  we have 0 nnn xTx  strongly, hence )(
1







n

nTFFx . 

Since, )()( nn TFTF  , we have )(
1







n

nTFFx  . 

This completes the proof of the lemma. 
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Theorem. 3.2 Let K be a non empty, closed and convex subset of a real Hilbert space 

H and let   HKT ii 



:

1
be a uniformly weakly closed countable family of nonself ,k- 

strictly pseudo contractive and inward mappings with 





1

)(
i

iTFF  is non empty. Let 

)1,(k  and for ,...2,1i , let ii TT )1(    and we define

 KxTxxh ii   )1(:0inf)( . Let 
N

i
iTFF

1

)(


  is nonempty. Then the 

sequence  nx  given by  

 

  























11

1

111

1

,max

)1(

,)(,max

,

nnnn

nnnnn

xh

xTxx
xh

kKx

n











is well-defined and  if   )1,0(]1,[  n  for some 

)1,0(   nx  converges weakly to some element p of 
N

k
kTFF

1

)(


 . Moreover, if




)1(
1n

n and (F, K) satisfies S-condition, then the convergence is strong. 

Proof: For each )1,0( , and for each n , nT   is k- strictly pseudo contractive, inward 

mapping, then by lemma 3.6 and theorem 3.7 in [17] nn TT )1(    is inward and 

nonexpansive mappings. 

Thus  
1kkT   is uniformly weakly closed, nonself, non expansive and inward mappings. 

Hence by theorem 1.2 in [20] and 









11

)()(
n

n
n

n TFTFF  , we complete the proof. 

The result can be extended in to more general spaces such as real uniformly convex 

Banach spaces with the assumptions of opial’s condition ; 

Let K  be a non empty subset of a real Banach space E. Then we shall have the 

following definition; 

Definition 3.1 A mapping EKT : is said to be inward (or to satisfy the inward 

condition) if for any Kx ,  KucxucxxIKTx  &1:)()(  and T is said to 

satisfy weakly inward condition if )(()(
__________

xIKofclosuretheTx xIK .  

Let   EKT nn 



:

1
 be family of mappings and

 KxTxxh nn  )1(:]1,0[inf)(  . Then, we will have the following theorem. 

Theorem 3.3 Let K be a convex, closed and nonempty subset of a real uniformly 

convex Banach space E and let   EKT nn 



:

1
 be a uniformly weakly closed countable 



300 Mollalgn Haile Takele and B. Krishna Reddy 

family of non-self and nonexpansive mappings. Then the algorithm defined in theorem 

1.2 is well-defined. Let that K be strictly convex and each nT  satisfies the inward 

condition and such that )(
1







n

nTFF  is nonempty. Then if there exist )1,0(, ba  such 

that   ],[ ban  for all 1n , the  nx  weakly converges to a common fixed point

Fp provided that E satisfies opial’s condition. Moreover, if 




)1(
1n

n and (F, 

K) satisfies S-condition, the convergence is strong. 

Proof.  Let 




)(
1


n

nTFFp Ø. Then  

     
px

pxTxpx

n

nnnnnn



 )1( 
 

Thus  pxn   is decreasing and bounded below, and hence converges to some 0r . 

 Thus, ))(1()(limlim 1 pxTpxpxrpx nnnnnnnnn
 


 . 

Since pxpTxTpxT nnnnnn  . 

Thus, rpxT nn
n




suplim , hence by the lemma 2.2 we have .0lim 


nnnn
xTx  

Moreover, the sequence nx  is bounded, hence has a weakly convergent subsequence 

 
knx  which converges weakly to Kx , since K is closed. Since  

1nnT  is uniformly 

weakly closed, .Fx   

It remains to show xxn  weakly. 

Suppose not, there is  
jnx  of  nx  such that qx

in  , similarly Fq . 

  Suppose qp  . 

 Since E satisfies opial’s condition 

                           

pxpx

qxqx

pxpx

nnnj

njnk

nknn

j

jk

k













limlim

limlim

limlim

 

which is a contradiction. 
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Thus, Fxxn  weakly. 

Moreover, if 




)1(
1n

n , then 1lim 


nn
 .Since the sequences nx  and  nn xT  are 

bounded and  nnnnnn xTxxx  )1(1  , we have 0lim 1 


nnn
xx . 

Thus,  nx  is Cauchy sequence in E, since K is closed subset of E and  nx  is in K,  

 nx  Converges in norm to some Kx . 

It suffices to show that .Fx  

For each ,n  nT  is inward implies that 1)( xhn , thus for )1),([ xhnn   we have  

                     KxTx nnn  )1(  . 

Since 1lim 


nn
  and  

)111 (,max   nnnn xh , there is a subsequence  
jnx  of  nx  

such that 1)(lim 
 jj nnj

xh . 

Since )()(
1 jjjj nnnn xhxh

j
j




, KxTxh
j

jxxh
j

j
jjjjjjj nnnnnnn 





))(

1
1()(

1
 and

xxTxh
j

jxxh
j

j
jjjjjj nnnnnnj







)))(
1

1()(
1

(lim , thus by lemma 2.1 .Kx   

Since KF  , the sequence  nx  in K is fejer monotone with respect to F and (F,K) 

satisfies S-condition , .Fx   

Therefore, Fxxn   strongly, which completes the proof. 

 

4. CONCLUSION  

Our theorems generalize many results such as our theorem 3.2 generalize theorem 1.2 

to the class of k-strictly pseudo contractive mappings ,which is more general class than 

the class of non expansive mappings . Theorem 3.3 generalizes theorem 1.2 to 

uniformly convex Banach space, which is more general than Hilbert space. 

Meanwhile, we raise open questions; 

Question 1 Is it possible to extend theorem 3.2 and 3.3 to uniformly smooth Banach 

spaces, reflexive Banach spaces and general Banach spaces?  If so under what 

conditions? 

Question 2 Is it possible to extend Theorem 3.2 and 3.3 to the class of Pseudo 

contractive mappings? If so under what conditions? 
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