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Abstract

Solutions of the difference equation w(m + 2) = f (m, w(m), w(m + 1)) satisfy-
ing w(m1) − w(m2) = w1, w(m3) − w(m4) = w2, mi ∈ Z, i = 1, 2, 3, 4, and
w1, w2 ∈ R, are differentiated with respect to w1 and w2. In addition, differences
of solutions with respect to m1, m2, m3 and m4 are considered.

AMS subject classification: 39A10, 34B10.
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1. Introduction

Given a < b in Z, we use interval notation to denote sets of integers such as [a, b] =
{a, a + 1, . . . , b}, [a, b) = {a, . . . , b − 1}, (a, ∞) = {a + 1, a + 2, . . .}, etc. This paper
is devoted to continuous dependence and differentiation with respect to boundary values,

Received Feburary 15, 2007; Accepted April 9, 2007



38 Benchohra, Hamani, Henderson, Ntouyas and Ouahab

and to differences with respect to boundary points, of solutions of the iterative second
order forward difference equation,

w(m + 2) = f (m, w(m), w(m + 1)), m ∈ Z, (1.1)

satisfying
w(m1) − w(m2) = w1, w(m3) − w(m4) = w2, (1.2)

where m1, m2, m3, m4 ∈ Z, mi + 1 < mi+1, i = 1, 2, 3, and w1, w2 ∈ R.
We assume throughout this paper:

(A) f (m, d1, d2) : Z × R
2 → R is continuous.

(B)
∂f

∂di

(m, d1, d2) : Z × R
2 → R is continuous, for i = 1, 2.

(C) The equation d3 = f (m, d1, d2) can be solved for d1 as a continuous function of
d2 and d3, for each m ∈ Z.

Remark 1.1. We observe that, given a solution w(m) of (1.1), condition (C) yields that
w(m) exists on all of Z.

For many of our results, given a solution w(m) of (1.1), we will have need of the
variational equation along w(m) which is given by

z(m+2) = ∂f

∂d1
(m, w(m), w(m+1))z(m)+ ∂f

∂d2
(m, w(m), w(m+1))z(m+1). (1.3)

Interest in multipoint and nonlocal problems for ordinary differential equations has seen a
surge of recent activity. Some of this interest has carried over to boundary value problems
for finite difference equations; see, for example [1–5, 11, 17, 18, 20, 21]. In addition,
many papers have been devoted to smoothness of solutions of boundary value problems,
with respect to boundary data, for differential equations, even for the cases of nonlocal
conditions; for a few of these, we cite [8, 9, 13, 14] and the references therein. Evolved
from some of these latter papers have been results for smoothness and differences, with
respect to boundary data, for solutions of difference equations, such as in [6, 7, 15, 19].
This paper is somewhat motivated by the two recent papers on smoothness of solutions,
with respect to boundary data, for nonlocal boundary value problems [10, 16].

In Section 2, we state, without proofs, theorems concerning solutions of initial value
problems for (1.1), which depend continuously on initial values and which can be differ-
entiated with respect to initial values. We also state a theorem concerning differences of
solutions, with respect to initial points, for solutions of initial value problems for (1.1).

In Section 3, we establish analogues of results from Section 2, in terms of smoothness
with respect to boundary values, for solutions of the nonlocal problem (1.1), (1.2).

In Section 4, we obtain an analogue of the last result from Section 2, in terms of
differences with respect to boundary points, for solutions of the nonlocal problem (1.1),
(1.2).
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2. Differentiation and Differences with Respect to Initial Conditions

The second order difference equation (1.1) along with the conditions,

w(m0) = c1, w(m0 + 1) = c2, (2.1)

where m0 ∈ Z and c1, c2 ∈ R, is called an initial value problem. In this section, we
state two theorems regarding continuous dependence and differentiability of solutions
of (1.1), (2.1) with respect to initial values. The proofs of these results follow much
along the lines of standard ones for initial value problems for differential equations.
For that reason, we will omit their proofs. In addition, we present a theorem involving
differences of solutions of (1.1), (2.1) with respect to initial points. The proof of this last
result is much like those given in [6] and [7], and so this proof is also omitted. These
three theorems are fundamental for the results of Sections 3 and 4.

We remark that, in the presence of condition (C), solutions of (1.1), (2.1) are unique
on all of Z. For notation hereafter, given m0 ∈ Z and c1, c2 ∈ R, we will denote the
unique solution of the initial value problem (1.1), (2.1) by

u(m, m0, c1, c2). (2.2)

Theorem 2.1. [Continuous dependence with respect to initial values] Suppose
conditions (A) and (C) are satisfied. Let m0 ∈ Z and c1, c2 ∈ R be given. Then,
for each ε > 0 and k ∈ N, there exists a δ(ε, k, m0, c1, c2) > 0 such that, |c1 − e1| < δ

and |c2 − e2| < δ imply |u(m, m0, c1, c2) − u(m, m0, e1, e2)| < ε, for every m ∈
[m0 − k, m0 + k].
Theorem 2.2. [Differentiation with respect to initial values] Suppose conditions (A),
(B) and (C) are satisfied. Let m0 ∈ Z and c1, c2 ∈ R be given. Then, for j = 1, 2,

βj (m) := ∂u

∂cj

(m, m0, c1, c2) exists and is the solution of the variational equation (1.3)

along u(m, m0, c1, c2), that is,

βj (m + 2) =
2∑

i=1

∂f

∂di

(m, u(m, m0, c1, c2), u(m + 1, m0, c1, c2))βj (m + i − 1), (2.3)

and satisfies the initial conditions,

βj (m0 + i − 1) = δij , i = 1, 2. (2.4)

Theorem 2.3. [Differences with respect to initial points] Suppose conditions (A), (B)
and (C) are satisfied. Let m0 ∈ Z and c1, c2 ∈ R be given. Then

γ (m) := �m0u(m, m0, c1, c2) = u(m, m0 + 1, c1, c2) − u(m, m0, c1, c2)

is the solution of the second order linear difference equation,

γ (m + 2) = A1(m)γ (m) + A2(m)γ (m + 1),
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satisfying the initial conditions,

γ (m0) = −�mu(m, m0 + 1, c1, c2)|m=m0, γ (m0 + 1) = −�mu(m, m0, c1, c2)|m=m0,

where

A1(m) =
∫ 1

0

∂f

∂d1
(m, su(m, m0 + 1, c1, c2)

+ (1 − s)u(m, m0, c1, c2), u(m + 1, m0, c1, c2))ds,

and

A2(m) =
∫ 1

0

∂f

∂d2
(m, u(m, m0 + 1, c1, c2), su(m + 1, m0 + 1, c1, c2)

+ (1 − s)u(m + 1, m0, c1, c2))ds.

3. Differentiation with Respect to Nonlocal Boundary Values

In this section, we establish analogues of Theorems 2.1 and 2.2. For the remainder
of this paper, to distinguish from the initial value notation in (2.2), we denote, for
m1, m2, m3, m4 ∈ Z and w1, w2 ∈ R, solutions of (1.1), (1.2) by

w(m, m1, m2, m3, m4, w1, w2). (3.1)

Remark 3.1. Sometimes, when a particular variable, such as some mi , is to be empha-
sized, we may abbreviate the notation in (3.1) by

w(m, · · · , mi, · · · ) or w(m, ·, mi, ·). (3.2)

Our results hereafter rely heavily on uniqueness of solutions of nonlocal boundary value
problems. For this, we make use of Hartman’s definition of generalized zero [12].

Definition 3.2. Let v : Z → R. We say that v has a generalized zero (gz) at n0 ∈ Z

provided, either v(n0) = 0, or there exists k ∈ Z such that (−1)ku(n0 − k)u(n0) > 0,

and if k > 1, u(n0 − k + 1) = · · · = u(n0 − 1) = 0.

Definition 3.3. The nonlinear difference equation (1.1) is said to satisfy property (U) on
Z, whenever w1(m) and w2(m) are solutions of (1.1) such that [w1(m1) − w2(m1)] −
[w1(m) − w2(m)] has a gz at m2, and [w1(m3) − w2(m3)] − [w1(m) − w2(m)] has a gz
at m4, where m1 < m1 + 1 < m2 < m2 + 1 < m3 < m3 + 1 < m4 in Z, it follows that
w1(m) − w2(m) ≡ 0 on Z.

Remark 3.4. If property (U) holds for (1.1), then solutions of the boundary value prob-
lem (1.1), (1.2) are unique.

Since our results of this section also involve property (U) with respect to the varia-
tional equation (1.3), we include for completeness a definition of the property relative to
linear difference equations.
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Definition 3.5. The linear difference equation,

r(m + 2) = α1(m)r(m) + α2(m)r(m + 1), (3.3)

where αi : Z → R, i = 1, 2, is said to satisfy property (U) on Z, provided there is no
nontrivial solution, r(m), of (3.3) such that r(m1)−r(m) has a gz at m2, and r(m3)−r(m)

has a gz at m4, where m1 < m1 + 1 < m2 < m2 + 1 < m3 < m3 + 1 < m4 in Z.

Our first result of the section deals with continuous dependence of solutions of (1.1),
(1.2) on boundary values. Its proof entails a rather straightforward application of the
Brouwer theorem on invariance of domain. We omit the details of the proof, but for a
typical argument, we suggest [7, 15].

Theorem 3.6. [Continuous dependence with respect to boundary values] Suppose
conditions (A) and (C) are satisfied and that (1.1) satisfies property (U) on Z. Let y(m)

be a solution of (1.1) on Z, and let m1 < m1 + 1 < m2 < m2 + 1 < m3 < m3 + 1 < m4
in Z be given. Then, there exists an ε > 0 such that, if δ1, δ2 ∈ R with |δi | < ε, i = 1, 2,

the boundary value problem for (1.1) satisfying

w(m1) − w(m2) = y(m1) − y(m2) + δ1,

w(m3) − w(m4) = y(m3) − y(m4) + δ2,

has a unique solution w(m, m1, m2, m3, m4, y(m1) − y(m2) + δ1, y(m3) − y(m4) +
δ2). Furthermore, as ε → 0, the solutions w(m, m1, m2, m3, m4, y(m1) − y(m2) +
δ1, y(m3) − y(m4) + δ2) converge to y(m) on Z.

We now prove an analogue of Theorem 2.2 for nonlocal boundary value problems.

Theorem 3.7. [Differentiation with respect to boundary values] Assume that condi-
tions (A), (B) and (C) are satisfied, that (1.1) satisfies property (U) on Z, and that the
variational equation (1.3) satisfies property (U) along all solutions of (1.1). Assume
w(m) = w(m, m1, m2, m3, m4, w1, w2) is a solution of (1.1), (1.2) on Z. Then, for

j = 1, 2,
∂w

∂wj

exists on Z, and zj (m) := ∂w

∂wj

(m) is the solution of the variational

equation (1.3) along w(m), and satisfies, respectively,

z1(m1) − z1(m2) = 1, z1(m3) − z1(m4) = 0,

z2(m1) − z2(m2) = 0, z2(m3) − z2(m4) = 1.

Proof. We make the argument for only
∂w

∂w1
, since the argument for

∂w

∂w2
is almost

identical. Let ε > 0 be as in Theorem 3.6. Let 0 < |h| < ε be given and consider the
quotient

z1h(m) := 1

h
[w(m, m1, m2, m3, m4, w1 + h, w2) − w(m, m1, m2, m3, m4, w1, w2)] .
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We note first that, for every h �= 0,

z1h(m1) − z1h(m2) = 1

h
[w1 + h − w1] = 1, (3.4)

z1h(m3) − z1h(m4) = 1

h
[w2 − w2] = 0. (3.5)

It now suffices to show that lim
h→0

z1h(m) exists on Z. We will express z1h(m) in terms of

solutions of initial value problems for (1.1). We let

σ1 = w(m1, m1, m2, m3, m4, w1, w2),

σ2 = w(m1 + 1, m1, m2, m3, m4, w1, w2),

ε1 = ε1(h) = w(m1, m1, m2, m3, m4, w1 + h, w2) − σ1,

ε2 = ε2(h) = w(m1 + 1, m1, m2, m3, m4, w1 + h, w2) − σ2.

By Theorem 3.6, εi(h) → 0, as h → 0, i = 1, 2. Now invoking the notation (2.2) for
solutions of initial value problems for (1.1), we have

z1h(m) = 1

h
[u(m, m1, σ1 + ε1, σ2 + ε2) − u(m, m1, σ1, σ2)] .

Next, by employing a telescoping sum and applying Theorem 2.2,

z1h(m) = 1

h
{[u(m, m1, σ1 + ε1, σ2 + ε2) − u(m, m1, σ1, σ2 + ε2)]

+[u(m, m1, σ1, σ2 + ε2) − u(m, m1, σ1, σ2)]}
= 1

h
[β1(m, u(m, m1, σ1 + ε1, σ2 + ε2))ε1

+ β2(m, u(m, m1, σ1, σ2 + ε2))ε2] ,

where βi(m, u(·)), i = 1, 2, denotes the solution of the variational equation (1.3) along
u(·) and satisfies the respective initial conditions,

β1(m1, u(·)) = 1, β1(m1 + 1, u(·)) = 0,

β2(m1, u(·)) = 0, β2(m1 + 1, u(·)) = 1,

and where εi is between 0 and εi , i = 1, 2. To show lim
h→0

z1h(m) exists, it now suffices

to show that lim
h→0

εi

h
exists, for i = 1, 2. From (3.4) and (3.5), we have that

ε1

h
[β1(m1, u(m, ·, σ1 + ε1, ·)) − β1(m2, u(m, ·, σ1 + ε1, ·))]

+ε2

h
[β2(m1, u(m, ·, σ2 + ε2)) − β2(m2, u(m, ·, σ2 + ε2))] = 1, (3.6)
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and

ε1

h
[β1(m3, u(m, ·, σ1 + ε1, ·)) − β1(m4, u(m, ·, σ1 + ε1, ·))]

+ε2

h
[β2(m3, u(m, ·, σ2 + ε2)) − β2(m4, u(m, ·, σ2 + ε2))] = 0. (3.7)

Now, since βj (m, u(m, m1, σ1, σ2)), j = 1, 2, are nontrivial solutions of (1.3), and
since (1.3) satisfies property (U) along all solutions of (1.1), it follows from the initial
conditions at m1 satisfied by β1 and β2 along u(m, m1, σ1, σ2) that detD �= 0, where D

is the 2 × 2 matrix with first column,

[1−β1(m2, u(m, m1, σ1, σ2)), β1(m3, u(m, m1, σ1, σ2))−β1(m4, u(m, m1, σ1, σ2))]T ,

and second column,

[−β2(m2, u(m, m1, σ1, σ2)), β2(m3, u(m, m1, σ1, σ2)) − β2(m4, u(m, m1, σ1, σ2))]T ,

(where T denotes matrix transpose). By continuous dependence provided by Theorems
2.1 and 3.6, for h �= 0 sufficiently small, detD(h) �= 0, where D(h) is the 2 × 2 matrix

whose columns are the coefficients of
ε1

h
and

ε2

h
, respectively, in the system (3.6) and

(3.7), that is, whose first column is

[1−β1(m2, u(m, ·, σ1+ε1, ·), β1(m3, u(m, ·, σ1+ε1, ·))−β1(m4, u(m, m1, σ1+ε1, ·))]T ,

and whose second column is

[−β2(m2, u(m, ·, σ2 + ε2)), β2(m3, u(m, ·, σ2 + ε2)) − β2(m4, u(m, ·, σ2 + ε2))]T .

As a consequence, the system (3.6) and (3.7) can be solved uniquely for
ε1

h
and

ε2

h
, and

by Theorems 2.1 and 3.6,

lim
h→0

εi

h
:= Li, i = 1, 2.

So, z1(m) := lim
h→0

z1h(m) exists. By construction, z1(m) = ∂w

∂w1
(m). Moreover,

z1(m) = L1β1(m, u(m, m1, σ1, σ2)) + L2β2(m, u(m, m1, σ1, σ2))

= L1β1(m, w(m)) + L2β2(m, w(m)),

and as such, z1(m) is a solution of the variational equation (1.3) along w(m). In addition,
from (3.4) and (3.5),

z1(m1) − z1(m2) = 1, z1(m3) − z1(m4) = 0.

The proof is complete. �
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4. Differences with Respect to Boundary Points

In this section, we establish an analogue of Theorem 2.3 for solutions of (1.1), (1.2) with
respect to the boundary points.

Theorem 4.1. [Differences with respect to boundary points] Assume that condi-
tions (A), (B) and (C) are satisfied, and that (1.1) satisfies property (U) on Z. Assume
w(m, m1, m2, m3, m4, w1, w2) is a solution of (1.1), (1.2) on Z. Then, for i = 1, 2, 3, 4,

vi(m) := �mi
w(m, m1, m2, m3, m4, w1, w2) = w(m, ·, mi + 1, ·) − w(m, ·, mi, ·)

is a solution of

vi(m + 2) = A1i(m)vi(m) + A2i(m)vi(m + 1),

where

A1i(m) =
∫ 1

0

∂f

∂d1
(m, sw(m, ·, mi + 1, ·)

+ (1 − s)w(m, ·, mi, ·), w(m + 1, ·, mi + 1, ·))ds,

and

A2i(m) =
∫ 1

0

∂f

∂d2
(m, w(m, ·, mi, ·), sw(m + 1, ·, mi + 1, ·)

+ (1 − s)w(m + 1, ·, mi, ·))ds.

Moreover, vi(m), i = 1, 2, 3, 4, satisfies the respective boundary conditions,

v1(m1) − v1(m2) = −�mw(m, m1 + 1, m2, m3, m4, w1, w2)|m=m1,

v1(m3) − v1(m4) = 0,

v2(m1) − v2(m2) = �mw(m, m1, m2 + 1, m3, m4, w1, w2)|m=m2,

v2(m3) − v2(m4) = 0,

v3(m1) − v3(m2) = 0,

v3(m3) − v3(m4) = −�mw(m, m1, m2, m3 + 1, m4, w1, w2)|m=m3,

v4(m1) − v4(m2) = 0,

v4(m3) − v4(m4) = �mw(m, m1, m2, m,m4 + 1, w1, w2)|m=m4 .

Proof. The proof involves the mean value theorem in conjunction with difference calcu-
lus. Again, we will establish the result for i = 1, that is, we will deal with

v1(m) := �m1w(m, m1, m2, m3, m4, w1, w2) = w(m, m1 + 1, ·) − w(m, m1, ·).
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First, using a telescoping sum and the mean value theorem,

v1(m + 2) = f (m, w(m, m1 + 1, ·), w(m + 1, m1 + 1, ·))
− f (m, w(m, m1, ·), w(m + 1, m1, ·))

= f (m, w(m, m1 + 1, ·), w(m + 1, m1 + 1, ·))
− f (m, w(m, m1, ·), w(m + 1, m1 + 1, ·))
+ f (m, w(m, m1, ·), w(m + 1, m1 + 1, ·))
− f (m, w(m, m1, ·), w(m + 1, m1, ·))

=
∫ 1

0

∂f

∂d1
(m, sw(m, m1 + 1, ·) + (1 − s)w(m, m1, ·),

w(m + 1, m1 + 1, ·))ds[w(m, m1 + 1, ·) − w(m, m1, ·)]
+

∫ 1

0

∂f

∂d2
(m, w(m, m1, ·), sw(m + 1, m1 + 1, ·)

+ (1 − s)w(m + 1, m1, ·))ds[w(m + 1, m1 + 1, ·) − w(m + 1, m1, ·)].
That is,

v1(m + 2) = A11(m)v1(m) + A21(m)v1(m + 1).

Next,

v1(m1) − v1(m2) = [w(m1, m1 + 1, ·) − w(m1, m1, ·)]
− [w(m2, m1 + 1, ·) − w(m2, m1, ·)]

= [w(m1, m1 + 1, ·) − w(m1 + 1, m1 + 1, ·)]
+ [w(m1 + 1, m1 + 1, ·) − w(m2, m1 + 1, ·)]
− [w(m1, m1, ·) − w(m2, m1, ·)]

= −[w(m1 + 1, m1 + 1, ·) − w(m1, m1 + 1, ·)] + w1 − w1

= −�mw(m, m1 + 1, ·)|m=m1,

and

v1(m3) − v1(m4) = [w(m3, m1 + 1, ·) − w(m3, m1, ·)]
− [w(m4, m1 + 1, ·) − w(m4, m1, ·)]

= [w(m3, m1 + 1, ·) − w(m4, m1 + 1, ·)]
− [w(m3, m1, ·) − w(m4, m1, ·)]

= w2 − w2

= 0.

The proof is complete. �
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