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Abstract

We study the rational difference equation

o+ Tp_q

==, n e N
Cxp_o+xp-3

Tn

Particularly, we show that for nonnegativendC, wheneveC'a = 0 andC+a >
0, unbounded solutions exist for some choice of nonnegative initial conditions.
Moreover, we study the rational difference equation

a—+ PBry_1+ Tp_o

Tn—3

n € N.

n =

. 1
Particularly, we show that whenever < § < 3 anda € [0,1], unbounded
solutions exist for some choice of nonnegative initial conditions.
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1 Introduction

In [1] Camouzis and Ladas devote a chapter to the study of unbounded solutions for
the kth order rational difference equation with nonnegative parameters and nonnegative
initial conditions
et Y Bt

A+ Biwa
In the introduction of said chapter, the authors of [1] pose five conjectures regarding the
boundedness character of five different special cases of the third order rational difference
equation. Particularly we are referring to the special cases #28,#44,#56,#70, and #120.
These are the only remaining cases of third order for which the boundedness character
has not been established.

First we study special cases #56 and #120

a—+ PTp_1 + Ty
T, = ﬁnl n2, n e N.

Tn-3

n € N.

n

. . . : 1
Using a standard induction technique, we show that wherievef < — anda € [0, 1],
unbounded solutions exist for some choice of nonnegative initial conditions.
We then study special cases #44 and #28
o+ Tp_q

= —————, necl
anf2+xn73’

Tn

We show that for nonnegativeandC, wheneveiC«a = 0 andC' + a > 0, unbounded
solutions exist for some choice of nonnegative initial conditions. The proof is presented
in two special cases. The case where 0 and the case whel@ > 0.

2 Todd’s Equation

Consider the third order rational difference equation

T, = @+ fena + xn,27 n € N. (2.1)
Tn-3
There have been significant results concerning the case wherd. In this case the
equation is generally referred to by the cognomen “Todd’s equation” and possesses the

invariant

1 1 1
(v +xp + Tp1 + Tp2) (1 + —) (1 + > <1 + ) = constant.
Ty, Tp—1 Lp—2

For more information regarding Todd’s equation see [5—7]. In the following theorem we

1 .
show that whenever < 5 < - anda € [0, 1], (2.1) has unbounded solutions for some
choice of nonnegative initial conditions.
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1 .
Theorem 2.1. Supposé < 3 < 3 anda € [0, 1]. Then Equatior{2.1) has unbounded
solutions for some initial conditions.

Proof. Choose initial conditions so that

min{zy, r_o} > max {%, %} .

We shall first prove by induction that for glle N,

min{xy;, T9;_2} > max {%, 3722—1 } ) (2.2)

The initial conditions provide the base case. Assume the following holds for some
J €N

. I o5 3
l’nll’l{l'gjfg, £E2j74} > max {— J .

g B

. 1 1
Sincefryj_o > waj_3,09j—2 > =, Braj_2 > 1 > o, andwyj_4 > E > 3, we see that

8

a+ Broj_o + w253 - 3Bx2;_9
T2j—4 Loj—a

1 Toj—1 }
Toj_9 > Max < —, .
’ {5 B

. 1
Sincefzy;_y > x93 and0 < § < 3 we have

Toj—1 = < Prgjs.

Thus we have shown

o+ Broj_1 + w252 S Taj-2 a2 3r9j2  3BTai o _ T2

Loy = =
X253 T2j—-3 ﬁ$2j—4 T2j—4 551523'—4 B
Also
Toj—2 X252 1
T2 > J > J = —.
T2;-3 5152]'72 B
Thus

. I 2951
min{zy;, Ta;_2} > max {— J )

pp

This completes the induction proof for (2.2).
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Using (2.2), we now prove that, > 3598%_28 foralln € N:
e = & + Brgy—1 + Tey—2 S T8n-2
& =
! Tgn—3 Tgn—3

B ( Tgn—6 > (Oé + Bxgy-3 + $8n—4>
 \ o+ Brgy—a + Tsys Tn—5
> ( T8n—6 ) (l’sn—4) _ L8n—6

30xs;-4 Tgn—5 3Bxs;-5

T8n—6L8n—8 Lgn—6L8n—8  Lsn—8
30(o + Basgy—6 + Tsy—7) 96286 I

. 1 . . ,
Since0 < 3 < =, 93* < 1. Thus we have a subsequence of our solution which diverges
to co. Hence the solution is unbounded. O

3 Special Case #44

We now study special case #44

Ty = w, n € N. (3.1)
Tn-3
Particularly, we show that, whenever> 0, Equation (3.1) has unbounded solutions
for some initial conditions.
The following lemma provides a useful technique for constructing divergent subse-
guences of solutions for rational difference equations.

Lemma 3.1. Let{z, } >, be a sequence iif, co). Suppose that there exisis> 1 and

hypothesedd,, .. ., H;, so that for alln € N there exist®,, € N so that the following
holds: Whenever,,_; satisfiesH, for all i € {1,...,k}, thenz,,, _; satisfiesH, for

all i € {1,...,k} andz,,1p,_1 > Dx,_y. Further assume that for somg € N,

xn_; satisfiesH; forall i € {1,...,k} andzy_; > 0. Then{z,}>>, is unbounded.
Particularly {x,,, 1 }.-_, isasubsequence éf,,} >, which diverges tac, wherez,, =

Zm—1+Ds,,_, andzy = N.

Proof. Letz,, = z,,—1+p.,,_, andz, = N. Using induction, we prove that given € N
the following holds:z,, _, > D™xzy_; andz,, _; satisfiesH; for all i € {1,...,k}.
By assumptiong y_; satisfiest; foralli € {1, ..., k} andzy_; > D%z_;. This pro-
vides the base case. Assume . ; satisfiesH, foralli € {1,... k} andx,  , | >
D™ 'z_1. Using our earlier assumption, this implies that there exists, so that
T 1tp.,, i SatisfiesH; foralli € {1,... k} andz,, ,4p. 1 > Dz, 1 >
(D)D™ 'xn_y = D™xy_,. SO we have shown that, _, > D™xy_, for all m € N.
Hence the subsequenge,, 1}, of {x,}.>, clearly diverges tec sinceD > 1. [
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The above argument merely simplifies the following arguments by removing a some-
what onerous construction.

Theorem 3.2.If a > 0, then Equation(3.1) has unbounded solutions for some initial
conditions.

Proof. We choose initial conditions so that

{215 (Oé+ 1)4215}
Top>maxy —,————————— ¢,
a3 «

2t 2511
r_q > max g,(a+1)2 ,
a
T_o > 5

: 4 :
We show that there exisi® = — so that for alln € N there exist®,, € {7,8} so that
the following holds: Whenever

{215 (ot 1)4215}
Tp—1 > Max T (>
« (0%

2" 2511
Tp_p >max | —, (@ +1)72" ¢,
a

(8%
Tp—3 > 57
then we have
215 (CY+1)4215
Tntpn,—1 > max 3T (>
o «

211
Tntp,—2 > Max {57 (a+ 1)2211} ;

First assume
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Sincex,_1,%, 2, 2,3 > 0, we may writen = log,(z,_1), { = log,(x,_2), andp =
logy(z,—3). Hence2” = x,,_4, 2t = z,_,, and2” = z,,_;. We use such representations
for ease of computations. First we see that

By = S Inl_ O Tt @ e (3.2)
Tp—3 Tn—3 Tp—3 2p
Q x Q@ a 1 o a 1
= LEN—— & o\ - &
Tapr = =gt (5 +2) 5= 3 * 5055 * 3= 3
_ @ Tpt1 @ « « 1 1
Tpt2 = $n—1+xn_1 —%‘1‘ 7+_2£+p+m 2—77
« [0 % 1
Y * 2m+e * on+t+p * l+p’ (3.4)
a
Tpiz = — + +2
Tn Tn,
a2’ (07 « o 1 4
T + 27 * (% + on+t + IN+l+p T 2z+p) (Q + 2n> : (3.5)

We will make use of these identities later. We prove the result in two cases. Let us first
assume’ + p > n. We show that if this inequality is satisfied for some= N, then

pn, = 7. First we prove that,,,, 5 = x,+4 > %. Notice that

O+ Tpys Q
>

Tntqa = .
Tn+1 Tn41

From (3.3) we see that

a 0% (0%

o o 1 - — —— ——p"
Tnpt 5t T gme Q27 a7 20

We now use the assumptidn- p > 7. This assumption implies that—*—* < 29 = 1.

Earlier we assumed that” < —. Moreover, from our assumptions,
«

20 > (a+1)%2" = (@® + 2o+ 1)2"!

s027¢ < W and2~‘ < 2711, Using these inequalities we obtain
o
(6] [0 [0 (6]
— " =, © 1 112 T 5-12 1 910 ~ g
2=t o274 217 a—m a7t 41 274271041 2
(e
So we have shown,,,,, 3 = T4 > 5

11
We now prove that,,,, 2 = 2,5 > max {—2, (a + 1)22“}. Notice that
8}

O+ Tyt Tpid o
> >

Ln+s5 = 9 .
Tn42 Tn42 Tn42



Some Classes of Rational Difference Equations 103

Sincel + p > n, 277 > 27. Moreover as we have recently sho@n> 2'!, similarly
27 > 2% So¢ > 11 > 0 andn > 15 > 0. So from (3.4),
« « « 1 Q o} 1 3a+1

= - = 3.6
e TR T A T e A T VA T TR TR

Hence,

o o a 1 14
s > > = -1l > i 1)4o1 L
I s 2L T 301 ] <3a + 1) maX{ oz (@t 1)

So,

1 o4 (a+1)%214  (a+1)i21
s > — 1421 % > >
s (3a+1)max{a2’(a+ ) }— 30+ 1 30+ 3
1 3214
= —(a +3) > (a+1)%2M

1
Whena > 1, — <1 < (o +1)* s0
(6]

211
(a +1)22" = max {—2, (o + 1)2211} .
a

Thus the only remaining case is when< 1. In this case we have the following:

1 214 Aold 214 214 211
nts > —, 1)*2 > > > —.
Tt (3a + 1) e { a? (a+1) } Ba+1)a? = 4a?2 = o?

11
So we have shown,,,,, 2 = 7,15 > max {?’ (a+1)%2M" 3.

4 215 1 4215 )
We now prove that,,,,—1 = Tpt6 > (g)xn_l > max {— M} First

a3’ a
assume

max {(a +1)2°, (04+71)25} > 21, (3.7)

Notice that

A+ Tpgs _ Tnts QO+ Tpgg Tpyd Qa4 Tpgg 1
Tnie = > = > = > :
Tn+43 Tn+3 Tn4+2Tn+3 Tn4+2Tn+3 Tn42Tn+3Tn+1 Tn4+2Tn+1
: : . . 2
We use (3.3), our induction assumption, our assumption (3.7), and the faZtthat—
. o
to obtain

o a 2P« 1 max{(a+ 1>257%}

nl = = + —5— < = :
Tnt1 2€+2€+p+ 2t Qz+2zf1+ max{%l,(oz—l—l)%n}
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Notice that ifa. > 1,

max{(a—l—l)Q{%} (@ +1)2° 1 1
< = < .
max {1—1;7 (a/ + 1)2211} - (Oé + 1)2211 (Oé + 1)26 (Oz + 1)23
Alsoif o < 1,
(a41)2°
max{(oz+1>25, a } c+D?  (atbha _(at+1)? 1
max {%1, (a+1)21} 7« (%1) 26 20 (a+1)2%
So
< « . 1 . 1 < « N 1 L 1
T —
i 20T 201 T (a+ 1) T (a+1)211 T (a4 1)2210 T (a+1)23
1 1 1 1
— 2711 2710 273
(a+D%f+m+¢ﬂm+@Hﬂﬂ3 a+l( * +27)
1
4o+ 4
Now using the inequality we have just shown and (3.6), we have
1 da+4 da+4 4
nt6 > > 2" > 2N == | zp_1-
nt6 Tnt1Tn+2 3a+1( ) 3a—|—3< ) (3)x !

215 (CY+1)4215
ad’ a
(3.7) holds. Now assume the opposite inequality in (3.7). Using (3.5) and (3.6), we have
the following:

B 2P N 2° - a2f " 3a+1 2°
Tnid = o T2\ on ) S oy om 5% o+ 27

4
Thus we have show 1 =Tpt6 > | = ) 1 > max when
+Dn + 3

3 1
< 20 <a+ ot ) )
o
So
Tore > Tn+s < O+ Tpta S Tn+4a
" Tn+3 Ln+4+3Tn+2 Ln+3Tn+2
> a > a
Tp+3Tn+2Tny1  2P77 (04 + 36;71) TntoTpi1
. a+ 1)4215 3a+ 1
Since2” > (a+1)27 > (a+1)*2" > 3a + 1, we see thai:27;7F < 1 holds, and

«
using (3.3), we get
> (6% _ [0

2071+ D) Tnronr 2071+ Dangs (5 + 585 + 50=7)

Tni6
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Distributing the2”~", we have

(6%
(@ + Dngs (8= + B + 7).

Now let us assumea > 1. Then we have

(3.8)

Tnt6 >

> a 2
In 6 o ] &) = - )
+ (Oé + 1)xn+2 (W + 5T —+ 27) (Oé + ].)ZL'»,H_Q (2,71_p + QLW + 1)

11
In this case’ > max {—2, (o + 1)2211} > (a+1)%2", s0
(e

2 (o + 1)
Tn+2 (1 + 2nlfﬁ + zln) .

Tnt6 >

Since we assumed the reversed inequality in (3.7), we hav@'that- 2° > 1. Fur-
thermore we know from earlier that > 2'° > 1. Using this information, we obtain

2N (a+1) 2 (a4 1)
1 N .
Tnt2 (1 + n—p + 2_7,) 3xn+2

Tpye =

Now we use (3.6), and we obtain

T BBa+ 1) T 3(Ba+3) T L9 )T \3) T
We now prove the case when< 1. Here we continue from (3.8) with the following:

> o Oé2€
(0 + Drnga (g + 30w T 3r) (@ + Danra (55 + 35 +1)

11 211
In this case’ > max {—2, (a + 1)22“} > ~—, so we have
(0% «Q

211
(a4 Dape (1+ 55 + o)

Tn+6 =

Since we assumed the reverse inequality in (3.7), we hav@'that> 2° > 1. Further-
more we know from earlier th&’ > 2'° > 1. Using this information, we obtain

211 211
> .
(a+Dappe (1+ 555 + o) 3@+ Dange

Tnt6 >

Now we use (3.6) and the assumptior< 1 to obtain

211 211 4
n > n— > -, Yn— > - n—1-
Tt > S (e 1) ) > gt <3> ot
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4 215 1 4215
Thus we have shown,,,,, 1 = T, 46 > 3 Tp—1 > Max | —, u} when
« (0%
the opposite inequality of (3.7) holds. Therefore we have finished the case évMhere
n.
We now consider the caget+ p < n. We show that if this inequality is satisfied for

somen € N, thenp,, = 8. First we prove that,,,, 5 = 2,45 > g Notice that since

our assumptions have changed, (3.6) and (3.8) no longer hold. We will now make a new
analogue for (3.6), namely the forthcoming (3.9). Sifieep < 7, we have2**? < 27,
Moreover, since’ > 2! and2” > 2%, we have/ > 0 andzy > 0. So from (3.4),

o« « «Q 1 Q «Q «Q 1 B 3a+1 39
Tn+2 = % + o+ + Qn+l+p + l+p < 2l+p +p | +p  Y+p  Qltp (3.9)
So we have
a+ Tpyyg « a2tte
Tn+s = > :
Tna2 T2 3a+1
Notice that

a2t a2t a(a+ 1)%2!1
> max )
Ja+1 Ba+1)a?”  3a+1

211 OZ(OZ+ 1)2211
> max ,
Ba+1)a’  3a+3

211 ala+1)21
= 1max , > 1.
(Ba+1)a 3

Sox,5 > 27 > %.

11
We now prove that,, ., o = 7,4 > max {—2, (a + 1)22”}. Notice that from
(0%

(3.5), we have

- 2 207 3.10
$n+3—m+$n+2 a2 < (@ + Tpy2). (3.10)

Sincez,, .5 > 27, we get

T T 21
Tpig > —22 > P . (3.11)
Tn+3 O+ Tpy2 QO+ Tpio

1
We assume- < o+ 1 and we use (3.9). We know th2it > % and2’ > (a+1)%2" >
(e
(+1)21
- .

So,

3a+1 _ 3a+1 _ 3a+l 3a+3
a2 S i S T (o) T (ot 120 (ot 120 T
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. 1
So, since— < o + 1,
8}

N N 215 (a4 1)1215
Ty, max :
o0 a+Tppo a+278 (a+278)a? (o +278)
(@ +1)12"  (a+1)12" 2515 2011 < 21
> = )72 > )27 > —.
T (@428 (a+1)2 (a+1) (a+1) = Q2

1 2!
We now assume- > « + 1 and we use (3.9). We know that > % and2’ > — 2
«

(a+1)21
PR

So,

3a+1 3a+1 3o+l Rk
Tnt2 < om <M(%)_(a+1)210<(a+1)210< '

1 . .
We now use (3.11) and our assumptien> « + 1 to obtain the following:
(e

Ly 215 (a4 1)%2

T max ,

o a+Tppe  a+278 (a+27%)a?" (a+ 278«
215 (a + 1)215 B 215 211

> == >"—=> 1)%2'.
(a4+2%a3 " (a+1Da? a® a2 (a+1)

11
Thus we have shown that,, » = 7,6 > max {?’ (a4 1)%2M 5.

4 215 1)4215 .
NOW we prover,,,, 1 = Tpt7 > (—) Tp—1 > Max {— u} Notice

3 a3’ Q@
that
QO+ Tpig  Tpig O+ Tpos Tnas Q-+ Ty 1

Tnsr = n+ > n+ — n+ > n+ _ n+ > .

Tn44 Tn44 Ln4+4Tn43 Tp44Tn43 Tn42Tn43Tn+4 Tn42Tn43
Using (3.9) and (3.10), we have

1 2£+p 2€+n
Tn7 >

> > .
I'n+2xn+3 (306 -+ 1)xn+3 (306 + 1)(04 —+ :En+2)

Earlier we demonstrated that_, < 275 Furthermore we have assumed that>
(o + 1)22'. Thus,
2Z+n 2E+7] (CM + 1)221127]
> >
Ba+1)(a+zpy2)  Ba+3)(a+1)  (Ba+3)(a+1)

2t 4
= ? Tp—1 > § Tp—1-

4 215 (a+1>4215
Hencex, ,,—-1 = Tpy7r > 3 Tp_1 > max P E—

Tpyr >

}. Now we apply
(0]
Lemma 3.1, and then the proof is done. O
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4 Special Case #28

We now study special case #28

Tn—1

= —— e N. 4.1
an—2 + xn—3’ " ( )

T,
Particularly, we show that whenever> 0, Equation (4.1) has unbounded solutions for
some initial conditions.

Theorem 4.1.1f C' > 0, then Equation(4.1) has unbounded solutions for some initial
conditions.

Proof. We choose initial conditions so that

1000(C' 4 1)3 100(C + 1)?
C SNGE

Ty > max {1000(0 +1)3, ,100(C* + C)} :

- 10 10 1

xT_ max — s == (-

Lo s

We show that there exist® = 2 so that for alln € N there existy,, € {7,8} so that
the following holds: Whenever

1000(C 4+ 1)3 100(C + 1)
C SEE

Tp_1 > max {1000(0 +1)3, ,100(C? + 0)} ,

10 1
n— 107 T~ 3 (0
Tp—o > IMax { ehNeE }

then we have

1000(C' 4+ 1)? 100(C +1)3
Tptpn—1 >max{1000(0+1)3, (C+ ) , (0; ) ,100(C2+C)},
10 1
Tpgp,—2 > max q 10, 6, @ ,
Lntpn—1 > 23:1171-
First assume
1000(C' + 1)? 100(C +1)3
Tpoq > max{1000(c+ 1)%, <O+ ) , (O;L ) ,100(C? +C)},

10 1
n—2 > 10, —, — ;.
Tp_9 max{ C 03}



Some Classes of Rational Difference Equations 109

Using algebra, we immediately obtain the following:

Tn—1 Tn—1 Tp—1
Ty = < < ,
C’xn,g + Tp_3 Cl‘n,Q 10

Tn Tn Tn

Tyl = < < —
" C'xnfl + Tno Tn—2 107

Tp < T < T
Cl’n_l + Tp_o an—l 10000’

Tn- Tpn-1

Tp4+1 =

Tp-1

= < < ,
Crpo+ax,_3 Cx,p_o 10C

Tn

Ln+1 Ln+1 Tnt1
Cxy + xpn_1  Tp_1 100C°

Tn41 Tn41 Tn41
Cxrp+Tp1  Tno1 1000
So we get the following inequalities:

Tn42 =

Tnt2 =

10000042 < 100,11 < 102, < @p_1,
1000000C3 2,15 < 10000C%2, 11 < 10Cz, < Tp_1.

Using (4.3) we get

4.2)
(4.3)

Tn42

=Crpy1 + o, < 275, (4.4)
Tn+3

We use (4.2) and (4.3) to get

C 1
Cxy, nio = Ty ([ 1l+=———— ) <apia |1
Tpi3 + Tpio 33+2< +C$n+1+$n) 33+2< + >

Tn+1
< P
T T T—
2 1000212

1 Tn 1

1000~ (Con+ 2m 1 )(Cps + 20 a) | 1000
1 11

PULINENY
< Cax., 1000 S 10 T 1000

Tn42 +

In short,

CTpyz + Tpga < 1.
Using (4.3) and (4.4), we have

S T4 - 1 Tn+3
n+5 — - )
Crpisz+ Tnga  CTpgo + Tppr \COTpis + Tngo

1 1 1 1
s Cmn-{-? + Tni1 (C + ﬁ) 21771—}—1 <C + 23771) ( )
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Furthermore we have

Tn43 Tn+3 1 1
Tppd = < = < . (4.6
i C$n+2 + Tni1 Tn+1 (an—‘rl + $n)(cxn + :En—l) Tp—1Tn ( )

Using (4.5) and (4.6), we obtain

Tnts ( 1 ) ( 1 ) 1
Cwn+4 + Tn+3 2xn+1 C+ 2y, T iTn + Tnts
. Tn—1 1 1
B 2:Cn+1 C + 2]]71 % + Tpn-1Tn43
. anfl + Tn—2 an72 + Tn—3
N 2C' + 4z, % + Ty 1Tpas

o (Cmnfl + an)Z) anfZ + Tp-3
2C + 4x, C 2y 1 Tni3(Crpy + Tpa) )

Tn+1

Using (4.2) and (4.3), we see

Ty 1Tn12(Cxp_q + Tp_2)
Crpi + xn
Ty1Tps1(CTp_1 + Tp_2)
(Cxpir + 20)(Cxp + 2-1)
Tp—1Tp
(Cxpyr + 20)(Cxp + 1)
O(Oxn—l + xn—Q)(Oxn—2 + xn—i’))

Tp—1

1L‘n—lxn—&-S(C’xn—l + xn—Q) =

< 1< C®xp <

C

$n+1

Using this in the prior inequality, we get

xn—1<0~rn—1 + In—2)
nt+6 > .
T8 AC? + 8Cx,

(4.7)

Using this fact, we have

. B Tnt6 B Tnt6 B ($n+6> 1
n+7 = = = c
Cxp N
CTpis + Toya <—m — > + Tpta Lnta L+ Cnyst+nia

Crpiz+arni

e o) o) s
Omn—&—S + Ln42 C1xn-l—4 + Tni3 Tnt4 1+ m
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1 1
a (C + Cpgs + xn+z> (Crﬂn+4 + :vn+3)

1 1
> .
(an+4+xn+3) (C+1>

We now use (4.2) and (4.3) to show

Torg = Tn+2 _ Ln+1
Crpyr+x,  (Cxpyq +2,)(Crp + 2y 1)
< Ln+1
(C.’L’n_H + 5000$n+1 + 5l’n+1)(0l’n + l‘n_l)
1 1

(501C + 5)an 1~ (4C 1 Dzn s

We now use this fact and (4.6) to obtain

1 1 Tyt 1
o () () - () () o
ot Tn_1(4C+4) C+1 o T 4(C+1) ¢+1

Supposer,, < 4C(C + 1). We will show that in this casg, = 7. Using (4.5), we have

1 1
Tntpp—2 = Tnts >

2xp11 \C + 22,
. anfl + ZTp—29 1 > C"Enfl
N 27, C + 2z, 22, (C + 2z,)

O.Z’n_l
= BCC T D(C +8CIC+1))

Tp—1 Tp—1

10 1
10, —, — 7.
S(CTD(CL8CC+1)) ~ 100(C+ 1) max{ 0. ¢ 03}

Also using (4.7), we have

- — > JJn,l(CLUnfl + $n72) C.’L’i_l
Pl T s 4C? +8C'r,, 402 +8C(4C(C +1))
2 2
Th—1 Thn—1

pr— 2 — .
1IC+8(AC(C +1)) ~ 50(C2 ) ~ T

Now suppose:,, > 4C(C + 1). We will show that in this casg, = 8. Using (4.7), we
have

xnfl(cxnfl + xnf2) xn71<C~rn71 + xan)
4C? 4+ 8C'x,, 9Cx,,
_ _ _ _ 10 1
= (Cn1 + 202)(CFns + Tns) >xn_2>max{10,_0 }

Tntp,—2 = Tpnie >

9C' C’C3
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Also using (4.8), we have

> Tn—1 1
Tp - = Ip
+pn—1 +7 3% + 4(01+1) C+1

. ( Tui ) ( 1 ) )
C 1 = 4Tn-1-
oo t e ) \C 1

Hence after application of Lemma 3.1, the proof is complete. ]

5 Conclusion

Theorem 2.1 establishes the boundedness character of the special cases #56 and #120 in
a range of their parameters. Theorems 3.2 and 4.1 establish the boundedness character
of the special cases #44 and #28 respectively. Further work should focus on expanding
the range for which the boundedness character of special cases #56 and #120 is known
and resolving [1, Conjecture 3.0.1]. There remains only one special case for which Con-
jecture 3.0.1 has not yet been established. This is special case #70. It is worthwhile to
note that special case #70 is part of the period-six trichotomy conjecture. The resolution

of the period-six trichotomy conjecture will immediately resolve [1, Conjecture 3.0.1].
See [2] for more details regarding the period-six trichotomy conjecture. We restate, for
the convenience of the reader, the period-six trichotomy conjecture.

Conjecture5.1 Assume thaty, C' € [0, c0). Then the following period-six trichotomy
result is true for the rational equation

o+ Ty

= e N. 51
CIn—Q + xn—3’ " ( )

Tn

(i) Every solution of Equation (5.1) converges to its positive equilibrium if and only
if aC? > 1.

(i) Every solution of Equation (5.1) converges to a not necessarily prime period-six
solution of Equation (5.1) if and only #C? = 1.

(iii)y Equation (5.1) has unbounded solutions if and onlydf? < 1.

For more on boundedness character see [1-4].
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