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ABSTRACT
Objective: The purpose of this study is to investigate the effect of measurement
errors on the economic design of the double sampling (DS) X chart.
Methods/Statistical analysis: The economic design of the DS X chart with
measurement errors is investigated by using the linear covariate error model.
The optimal design parameters of the DS X chart are determined through the
minimization of the cost function. The effect of the measurement errors is
evaluated based on the numerical example over a wide range of the parameters
of the measurement errors, where the parameters of the measurement errors are
the coefficient B and the measurement error ratio. Findings: The numerical
results show that an increase in the value of the coefficient B or a decrease in the
value of the measurement error ratio in the linear covariate error model leads to
the lower false alarm rate and cost with more frequent sampling interval and
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smaller number of multiple measurements per item. It can be noticed that the
sample sizes at the first and second stages of the DS scheme as well as the
out-of-control statistical performance of the DS X chart are robust to the
measurement errors. In addition, the warning and control limits of the DS X
chart
are
also
not
affected
by the
measurement
errors.
Application/Improvements: An example is provided to illustrate the
implementation of the economic design of the DS X chart with measurement
errors.
Keywords: cost function, double sampling, linear covariate error model,
measurement errors, X chart.
1.

INTRODUCTION

Shewhart X chart proposed by [1] is one of the statistical process control tools used in
industries for product quality improvements. However, the Shewhart X chart is
insensitive to small and moderate shifts. In order to improve the sensitivity of the
Shewhart X chart, [2] introduced the double sampling (DS) X chart by applying two
stages of the sampling scheme to monitor the process mean.
Control charts are usually designed by assuming that there is no measurement error in
the quality characteristic but measurement errors do exist and this affects the
performance of the control charts. A linear covariate error model was proposed by [3]
to study the effect of measurement errors on the performance of the X and S2 charts.
Their results showed that the presence of measurement errors deteriorates the
performance of the control charts. After that, their linear covariate error model has been
used in many research works (see, for example [4–7]) to evaluate the performance of
control charts with measurement errors.
A unified approach for the cost model of the control charts was proposed by [8], where
the cost model is a modification of the earlier work in [9]. The cost model in [8] was
used by [10], [11], [12] and [13] for designing the DS X chart, the DS s chart, the DS T2
chart and the synthetic DS X chart, respectively, under the assumption of no
measurement error. Then, the linear covariate error model in [3] was used by [14] and
[15] to investigate the effect of measurement errors on the economic design of the
EWMA X chart and the upper-sided synthetic S2 chart, respectively. Their results
showed that the cost is affected by the measurement errors.
In this study, the cost model in [8] is adopted for the economic design of the DS X chart
by applying the linear covariate error model in [3]. The remainder of this paper is
organized as follows: Section 2 introduces the DS X chart with measurement errors.
The cost function for the DS X chart with measurement errors as well as the
methodology to determine the optimal design parameters for the DS X chart are
presented in Section 3. An illustrative example is provided in Section 4. The effect of
measurement errors on the economic design of the DS X chart is investigated in
Section 5. Finally, some conclusions are drawn in Section 6.
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2. DOUBLE SAMPLING X CHART WITH MEASUREMENT ERRORS
Assume that Yij is the true value of the quality characteristic to be monitored during the
process, in which sample i = 1, 2, 3, … are taken from the process with the sample of
size nS, where n1 (S = 1) is the small sample size and n2 (S = 2) is the large sample size.
It is also assumed that Yij follows a normal distribution with the mean of μ0 + δσ0 and the
standard deviation of σ0, where μ0, σ0 and δ are the known in-control process mean, the
known in-control process standard deviation and the standardized mean shift,
respectively. Note that δ = 0 when the process is in-control, while δ ≠ 0 when the
process is out-of-control, where the process mean is shifted from μ = μ0 to μ = μ0 + δσ0.
As suggested by [3], the true value of the quality characteristic Yij cannot be observed
directly but it can be estimated from Xijk, for k = 1, 2, 3, …, m, where m is the number of
multiple measurements per item in a sample. The relationship between Xijk and Yij can
be described by using the linear covariate error model as follows:
(1)

X ijk  A  BYij   ijk ,

where A and B are the known constants. Here, εijk is the normal random error term with
the mean of 0 and the standard deviation of σε. The sample mean for each sample is
given as
X iS 

1
mnS

nS

m

 X
j 1 k 1

ijk

.

(2)

Based on the DS scheme in [2], nS = n1 is the sample size taken at the first stage of the
DS scheme, whereas nS = n2 is the additional sample size taken at the second stage of
the DS scheme. Substituting (1) into (2) gives
X iS  A 

1
nS

 nS

1 nS m
 B Yij    ijk  .


m
j 1 k 1
 j 1


(3)

The sample mean for the DS scheme is obtained as
 X i1
at the first stage of the DS scheme

X i   n1 X i1  n2 X i 2
.
at the second stage of the DS scheme
 n n
1
2


(4)

The mean and variance of the sample mean are computed as
E X i   A  B

(5)

and
V X i  

1  2 2  2 
 B 0 
,
n 
m 

(6)

respectively, where n = n1 is the sample size for the first stage of the DS scheme, while
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n = (n1 + n2) is the sample size for the second stage of the DS scheme. Consequently,
the warning and control limits of the DS X chart with measurement errors are given as
LCL1  A  B0  k1

1  2 2  2 
,
 B 0 
n1 
m 

(7)

LWL  A  B0  w

1  2 2  2 
,
 B 0 
n1 
m 

(8)

UWL  A  B0  w

1  2 2  2 
 B 0 
 ,
n1 
m 

(9)

UCL1  A  B0  k1

1  2 2  2 
,
 B 0 
n1 
m 

(10)

LCL 2  A  B0  k 2

1  2 2  2 

B 0 
n1  n2 
m 

(11)

and
UCL2  A  B0  k 2

1  2 2  2 
,
B 0 
n1  n2 
m 

(12)

where LCL1, LWL, UWL, UCL1 are the lower control limit, the lower warning limit,
the upper warning limit and the upper control limit at the first stage of the DS scheme,
respectively; while LCL2 and UCL2 are the lower control limit and the upper control
limit at the second stage of the DS scheme, respectively.
The sample statistic plotted on the DS X chart is the standardized value of X i that can
be calculated as
Zi 

X i  ( A  B0 )
1  2 2  2 
 B 0 

n 
m 

.

(13)

Then, the warning and control limits of the DS X chart can be simplified to LCL1 = –k1,
LWL = –w, UWL = w, UCL1 = k1, LCL2 = –k2 and UCL2 = k2, with the regions of the
DS X chart are: I1 = [w, w], I2 = [k1, w]  [w, k1], I3 = [k2, k2], I4 = (, k1)  (k1,
) and I5 = (, k2)  (k2, ). Here I1, I2 and I3 are the in-control regions, while I4 and
I5 are the out-of-control regions. These regions are constructed in a single control chart
with two scales as shown in Figure 1, where the left scale represents the first stage of
the DS scheme, whereas the right scale represents the second stage of the DS scheme.
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Figure 1. Graphical view of the DS X chart.
For each sample, the sample of size n1 is taken at the first stage of the DS scheme. Note
that when the sample statistic (i.e. standardized value of the sample mean) in (13) is
plotted within region I2, the process goes to the second stage of the DS scheme, where
the additional sample of size n2 is taken and the sample size is (n1 + n2) at the second
stage of the DS scheme. The probability of taking the additional sample is defined as

PrZ i  I 2    k1 



B n1
B2   2


   w 



   k1 





   w 

m 


B n1
B2   2
B n1
B 
2

2



m 

B n1
B2   2



m 

(14)


,
m 

where 2 = σε2/σ02 is the measurement error ratio. Hence, the average sample size of the
DS X chart is computed as
n  n1  n2 PrZ i  I 2  .

(15)

Note that = 0 is the in-control average sample size when δ = 0, while = δ is the
out-of-control average sample size when δ ≠ 0. The average run length of the DS X
chart is calculated as
ARL 

1
,
1  pa

(16)

where pa is the probability of a sample statistic plotted within the in-control regions,
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which can be computed as follows:
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where Φ(.) and ϕ (z) are the cumulative distribution function and the probability density
function of the standardized normal random variable, respectively.
3. COST MODEL
The general cost model in [8] is adopted in this study to determine the optimal design
parameters of the DS X chart by allowing multiple measurements on each item in a
sample. The assumptions for the cost model are: (1) the process begins in an in-control
state; (2) the quality characteristic of the process is normally distributed with the
in-control mean of μ0 and the standard deviation of σ0; (3) the occurrence of the
assignable cause results in a process mean shift; (4) the occurrence of the assignable
cause is modeled by a Poisson process with the mean of 1/λ; (5) the quality cycle
follows a renewal process introduced by [16]. Let E(C) and E(T) be the expected cost in
a cycle and the expected cycle time, respectively, then the expected cost per hour is
obtained as
E ( A) 

E (C )
,
E (T )

(18)

where
E (C ) 

C0



 C1 (ARL1h    n E  r1T1  r2T2 )

 a  b1n0  b2 n0 (m  1) s
 a  b1n  b2 n (m  1) 

(19)

(n E  r1T1  r2T2 ) 
sY

  ARL1  
W

h

 ARL0

and
E (T ) 

1





(1  r1 ) sT0
 ARL1h    n E  T1  T2 .
ARL0

The parameters of the cost model are:
λ

failure rate

C0

cost per hour due to non-conformities during the in-control period

C1

cost per hour due to non-conformities during the out-of-control period

(20)
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expected time of occurrence of the assignable cause, given that it occurs
between two consecutive samples = 1  (1  h)e h
 (1  e h )

E

expected time to sample and chart one item

T1

expected time to detect the assignable cause

T2

expected time to repair the process

T0

expected time spent searching for a false alarm

r1

1 if the production continues during the search; 0 if the production creases
during the search

r2

1 if the production continues during the repair; 0 if the production creases
during the repair

s

 h
average number of samples during the in-control period = e h

Y

cost of the false alarm

W

cost of searching and repairing the assignable cause

a

fixed cost per sample

b1

variable cost per unit for the initial measurement of a sample

b2

variable cost per unit for the subsequent measurement of a sample

m

number of multiple measurements per item in a sample

n0

in-control average sample size

n

out-of-control average sample size

h

sampling interval

δ

process mean shift

1 e

ARL0 in-control average run length
ARL1 out-of-control average run length
The design parameters of the DS X chart are n1, n2, w, k1, k2 and h. The solution
procedure for the economic design of the DS X chart with measurement errors is to
determine the optimal design parameters by minimizing the E(A) value with the
following constraints: n1 < n2, n1 + n2 ≤ 20, w < k1, k2 > 0, 0.01 ≤ h ≤ 3 and m ≤ 20,
where n1, n2 and m are positive integers. This non-linear constrained optimization
problem is solved by using Evolver, where Evolver is an add-in tool for Microsoft
Excel.
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4. AN ILLUSTRATIVE EXAMPLE
An example is provided in this section to illustrate the implementation of the economic
design of the DS X chart with measurement errors. The pre-determined parameters are
λ = 0.02, C0 = 114.24, C1 = 949.2, E = T0 = T1 = 0.083, r1 = 1, r2 = 0, Y = W = 977.4,
a = 0, b1 = 4.22, b2 = 0.5 and δ = 0.86. It is assumed that 2 = σε2/σ02 = 2, A = 0 and
B = 1 for the linear covariate error model. Using the solution procedure described in
Section 3, the optimal design parameters of the DS X chart are obtained as n1 = 3,
n2 = 11, w = 1.352, k1 = 3.717, k2 = 2.322 and h = 1.125 with E(A) = 215.86,
ARL0 = 108.45, ARL1 = 2.68 and m = 5. For the economic design of the DS X chart
without measurement errors, the optimal design parameters of the DS X chart are n1 = 2,
n2 = 10, w = 1.475, k1 = 4.478, k2 = 2.599 and h = 0.673 corresponding to E(A) = 194.96,
ARL0 = 280.91, ARL1 = 3.15 and m = 1. This result implies that under the assumption
of no measurement errors, the percentage of error in the minimum expected cost per
hour is (215.86 – 194.96)/215.86  100 = 9.68%.
5. THE EFFECT OF MEASUREMENT ERRORS ON THE ECONOMIC
DESIGN
The same numerical example as in the previous section is used to investigate the effect
of 2 and B on the economic design of the DS X chart by covering a wide range of 2
and B values.
Figures 2(a)–(g) show the graphs of the n1, n2, w, k1, k2, m, h, ARL0, ARL1 and E(A)
values against the measurement error ratio 2, where A = 0 and B = 1. Figure 2(a) shows
that the sample size (i.e. n1 or n2) is generally robust to the measurement error ratio 2.
The warning and control limits (i.e. w, k1 and k2) of the DS X chart are not significantly
affected by the changes in the 2 value as shown in Figure 2(b). From Figures 2(c) and
2(d), increasing in the value of 2 gives the larger values in the sampling interval h and
the number of multiple measurements per item m, respectively. A larger 2 value results
in a smaller ARL0 value (see Figure 2(e)) and a higher E(A) value (see Figure 2(g)). An
“up-down” trend of ARL1 is observed in Figure 2(f) with the changes in the value of
measurement error ratio 2.

Figure 2(a). Effect of 2 on the sample sizes.
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Figure 2(b). Effect of 2 on the warning and control limits.

Figure 2(c). Effect of 2 on the sampling interval.

Figure 2(d). Effect of 2 on the number of multiple measurements per item.
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Figure 2(e). Effect of 2 on the in-control average run length.

Figure 2(f). Effect of 2 on the out-of-control average run length.

Figure 2(g). Effect of 2 on the expected cost per hour.
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Figure 3(a). Effect of B on the sample sizes.

Figure 3(b). Effect of B on the warning and control limits.

Figure 3(c). Effect of B on the sampling interval.
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Figure 3(d). Effect of B on the number of multiple measurements per item.

Figure 3(e). Effect of B on the in-control average run length.

Figure 3(f). Effect of B on the out-of-control average run length.
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Figure 3(g). Effect of B on the expected cost per hour.
Figures 3(a)–(g) show the graphs of the n1, n2, w, k1, k2, m, h, ARL0, ARL1 and E(A)
values against the B value, where A = 0 and 2 = 2. Figure 3(a) shows that the sample
size (i.e. n1 or n2) is generally robust to the B value. The warning and control limits are
also robust to the B value as shown in Figure 3(b). From Figures 3(c) and 3(d), it can be
observed that an increase in the B value results in a shorter sampling interval h and a
smaller number of multiple measurements per item m. An increase in the value of B
leads to a larger ARL0 value and a smaller E(A) value as shown in Figures 3(e) and 3(g),
respectively. From Figure 3(f), an “up-down” trend is observed for the ARL1 value with
the changes in the B value.
6. CONCLUSIONS
In this study, the economic design for the DS X chart considering the presence of
measurement errors is investigated. The methodology for determining the optimal
design parameters of the DS X chart with measurement errors is presented. The effect
of measurement errors on the economic design of the DS X chart is investigated
through numerical examples.
Several conclusions can be drawn from the numerical analysis. The sampling interval,
the number of multiple measurements per item, the in-control average run length and
the expected cost per hour are affected by the measurement error ratio 2 and the
coefficient B in the linear covariate error model. In order to achieve the minimum
expected cost per hour, a smaller 2 value or a larger B value leads to a shorter sampling
interval and a smaller number of multiple measurements per item. The larger ARL0
value (i.e. the lower false alarm rate) is observed with the decreasing value in 2 or the
increasing value in B. This implies that the in-control statistical performance of the DS
X chart is improved with a smaller 2 value or a larger B value. The negative effect of
measurement errors can be economically reduced (i.e. the lower expected cost per hour)
by a smaller 2 value or a larger B value.
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