International Journal of Difference Equations (IJDE).
ISSN 0973-6069 Volume 17, Number 1 (2022), pp. 53-63
© Research India Publications
https://www.ripublication.com/ijde.htm

Solution of Certain Fractional Differential Equations
by Kamal Transform

Chander Prakash Samar! and Hemlata Saxena?

L2Department of mathematics, Career Point University, Kota (Rajasthan) India

Abstract

In this paper we investigated the solution of certain fractional differential
equations and some applications involving Mittag-Leffler function and G-
function. The solutions of these fractional differential equations are obtained
by the method of Kamal transform. Kamal transform is a very powerful
mathematical tool. Some known results are also obtained in special cases.
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INTRODUCTION

The fractional kinetic equations play important role in the field of applied science and
engineering. In this paper, we propose to investigate solution of a certain generalized
fractional kinetic equation associated with the generalized Mittag-Leffler function
[3]. The fundamental equation [1].

d
—=p(®) = —kp(0) . (1)

Consider an arbitrary reaction characterized by a time dependent quantity
p(t): p(t) = p(0) exp{—Kkt}. The initial value of the quantity at t = 0 is given by
p(0). Its fractional extension and generalized by integrating the standard Kinetic
equation.

d
N =-G®, >0 .. (2)

the solution of the equation (2) is easily seen to be given by [Haubold and mathi].
N;(t) = N,e~G® (3)
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integration gives an alternative form of the equation (2) as follow

N(t) — Ny = CoD7IN(2) ... (4)
where ,D; ! is the standard integral operator and C is a constant
The fractional generalization of the equation (4) is given as in the following from [1],

[2].
N() — Ny = —C (D°N () ... (5)
where (D" is the Riemann-Liouville fractional integral operator [4], [5].

oD f(t) = %f (t — )’ (w)du ; v>0,with (DPF(t) = F(t) .. (6)
0

The fractional generalized of the kinetic equation (5) and studied [8], [9] they
considered the free term containing Mittag-Leffler function and derived the solution
of the fractional kinetic equation is obtained in terms of Mittag-Leffler function.

The generalized Mittag-Leffler function (Prabhakar [10])
ES,(2) = Zw _@n  ZT L aeCiRe(p) > 0) . %)
' n=0 [ (pn+7y) n!
where (a),, is the Pochhammer’s symbol defined by

1, n=20
(a)”={a(a+1) ------ (a+4n—1), n€N; a#0 ™ ®)

For a = 1, Erdelyi (1954) has studied of the generalized Mittag-Leffler function [13],

[14].
) © D, zZ"
Epy(2) = E,,(2) = anom'ﬁ

and in particular for a = y = 1, Generalized Mittag-Leffler function [12].

o0 1, gn
B@ =E@) =Y

— ,(p,€ C;Re(p) >0) .. (10)
The function E, , (Z) and E,, (Z) are the Mittag-Leffler function [11].

n=0 |_(,DTL + 1) - n!
The G-function and R-function are defined by ([15], p.15, eqn. (101); [16], p.1, eqgn.
(1.2))

(p,v,€ C;Re(p) > 0) ... 9)

N () (az)"
Gaur(a,z) =29 A AT g tra—1) Re(gr —u) > 0... (11)
Rou(a,c,z) = (z— )™t etz — )T c>0,Re(q—u)>0.. (12)

L [ng+q-u)’

obviously at » = 1 and z is replaced by (z — c) the G-function reduces to the R-
function.
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Kamal transform:

The Kamal transform is a new integral transform that are defined in the time domain
t = 0 and for function of exponential order. We consider the function set A defined

by:
Iel .
A= {j-": |F(t)| < Qen if t € (—1)/. [0,00],j = 1,2; (Q, 1,12 > 0)}

where Q is constant and n4, 1, can be finite or infinite [6], [7]. The integral equation

© —t

G(p) = KF(2) = f P F(O)dt, p € (1) . (13)
0

The Kamal transform of the operator defined in (6) is given by [5].

KloDs "F(8); p] = pF(@) .. (14)
The Kamal transform of G, .(a,z) and R4, (a,c,z) function are given by ([16]
p.15, eqgn. (97); p.4, eqgn. (21)).

-r

KlGqur(@® 2] =p[1- ()] = pr(1 - )1

pa
1
Re(rq —u) > 0,Re <5) > 0,|ap| >0 .. (15)
e Pp~¢ 1
q -_ v _ Z
K[Ryu(a% ¢, 2)] = " ,c>0,Re(q —u) > 0,Re (p) >0 .. (16)

The following Kamal transform are also required in the sequel:

n

KL+ oDy W @ip] = ) (1) KD N (O 7] (17)
r=0
where (7:) = (ni)! ,  Which in view of (14) gives
KI(1+coD )"V (t); p] = [1 + c"p°I" NV (p) ... (18)

The Kamal transform in (18) is obtained with the help of binomial expansion and
turm by turm integration in view of (14). The Kamal transform of power function is
defined by:

K[t = (u—1)!pH .. (19)
then the following inverse Kamal transform in (19)
th—1
K pt] = —— , =(u—-1 - 1D=@-1)!.. 20
[p¥] =D lhn=@-DIp-D=w-1 (20)
— p)u-1
K_l[e_bpp”] = —(t b)

[
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2. Main fractional differential equations.

The fractional differential equations and their solution are studied in the following
theorems.

Theorem 1: If 6 > 0,9 > 0,6 > 0 then the solution of the equation.

N(t) — NGy sx(—67,t) = =67 D7N(t) ... (21)

are given by
N(t) = NyGy sroxe1(—07,t) .. (22)
and N(t) = J;”—ﬁ [Go5-12(—=6%,8) + (1 + 1)Gy 55(—6,t)] ... (23)

Proof: Taking Kamal transform of both sides of (22), we have
K{NV (£)} — Nok{Gy 5:(—6%,¢)} = =6k {,D7 PNV ()}
N(p) = Nop~H2 (1 +67p?) " = ~bPp° N (p)
N(p) {(1 n bapﬁ)—i} = Npp~0*+49(1 + bﬁpﬁ)—“

—-(A+1)

N (p) = Nop~?**(1 + 67p?) (24)
now taking inverse Kamal transform of both sides of (24), we have
oA+ 1) N
N() = N, z — n(—p?)" K- L{p8+io+nd)
n=0
_ e (K-l‘ 1)11 o\ t7h9+m9—6—1
N @) _NOZ) ) G —e =D
n=
o (A +1 —69t?)"
N0 = ooty B DGO
n AI+nd—-46-1)!
n=0
A+ 1), (—BO)n
_ X9—-5-1
N @) = Mot Z) nl [(A9+n9-98) " (25)
n=

On using the definition of G-function (11) we at once arrive at the solution in (22). To
prove the assertion (23) of the theorem 1 we use in (22) the formulae for the

Pochhammer symbol (2), = r(rz(;l) and for gamma function [(Z+ 1) =2 [ Z we
have

~ o [N @ (B AR+ 5 -1+ 6+ 1}
N (1) = Not™™ L; o KOO0 + 10 — 6 —1)!
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MO - Not"=5-1 [ (R),, (—6t")" WA +n) — 6 — 1)
W |4 a0 +nd -6 - D{AI +nd -5 — 1) - 1)
Y L C.L
N@O = %t:a_l [ j Or?!n G0 + TE; Elﬁ::znn — T
1 :0 (i?!n (A9 i;zﬁiﬁgn— 1)!]

Now on using the definition of G-function (11) we at once arrive at the solution in
(23).

Theorem 2: If 6 > 0,9 > 0,6 > 0 then the solution of the equation.

n

N(E) =N, = —{z ™ (bﬁ)rODt_ﬁr}N(t)

r=1
i.e. (1+6%,D77)" V() = N ... (26)
is given by
N(@) = MES, (—6%¢%) ... (27)

Proof: Taking Kamal transform of both sides of (26), we have
K{(1+67,D7°)" N (D)} = Nok{1}
N@){(1+6°p%)"} = pV
N () = Nop(1 +6%p?) " .. (28)

now taking inverse Kamal transform of both sides of (28), we have

N = N, Z (n?r (—bﬁ)r K—l{pﬁr+1}
r=0

r

® - r t19r
N “FMZ(?? (=6°) @

r=0

o (), (—67¢?)"
rl Or)

r=0

On using the definition of Mittag-Leffler function (7) we at once arrive at the solution
in (27).

N(@®) =Ny

where (9r)! = [(Ir+ 1)
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Theorem 3: If b > 0,9 > 0,8 > 0 then the solution of the equation.

n

N(E) = Nt = {Z () (bﬁ)robﬁr}w(t)

r=1
ie. (14 6%,D70)" NV (t) = Ntd1 ... (29)
is given by
N(@) =Ny [(6) 971 Ef 5(—b7t7) ... (30)

The proof of theorem 3 is developed on following the similar lines as to prove the
theorem 2.

Theorem 4:1f 6> 0,9 > 0,6 > 0 then the solution of the equation.

n

N(t) — Not®™? Eg 5(—67¢7) = — {Z (Z) (bﬁ)rOD;I"T}N(t)

r=1
i.e. (14 6%,D7?) W () = Nyt?™t Eg 5(—67t7) ... (31)
is given by
N() =N t57 EgHH(—67t7) ... (32)

Proof: Taking Kamal transform of (31) both the sides and then in view of (18) and the
result ([9], p. 282, equation (6)), we have

N(p)(l + bﬁpﬁ)n =N, p5(1 + E)ﬁpl’)_1
NP) = Nypd(1+6%p%) " (33)
taking inverse Kamal transform of both sides of (33), we have

0o 1 ) i
N = N, Z(n ‘:! ) (=67) k1 {p?r+5}
r=0

B o (TL+ 1)r - tﬂr+6—1
N(©) = Mo 2 ) Grason

@+ 1), (—6%t%)
_ 5-1
N =Nt Z) rt @Wr+6-1)""'
r:
where (Wr + 8 —1)! = [ (Ir +6)

On using the definition of Mittag-Leffler function (7) we at once arrive at the solution
in (30)
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Theorem 5: If b > 0,9 > 0,8 > 0 then the solution of the equation.

n

N () = Not® ™ E} 5(—6°¢%) = — {Z ) (bﬁ)robgﬁr}mu

r=1
ie. (1+6%,D70) N () = NotO1E) 5(~67t?) ... (34)
is given by
N () = Ny t5~L EFEH(—69t7) ... (35)

Proof: Taking Kamal transform of (34) both the sides

NP)(1+6%p?)" = My pP(1 + f)ﬁpﬁ)_7£

N(P) = Ny p®(1 +67p?) " (36)
taking inverse Kamal transform of (36) both the side

N =, z * t!n)r (_619)r K1 {p?r+s)
r=0

B *® (7&+n)r - t19r+5—1
N @) = No Z; 7! (=5%) Or +6 —1)!

(o) = a0 Y A (=6°¢")’
0 — rl Or+6-1!"

where (97 + 6 — 1)! = [(9r + &)

On using the definition of Mittag-Leffler function (7) we at once arrive at the solution
in (35).

Theorem 6: If b > 0,9 > 0,8 > 0 then the solution of the equation.

n

N () — Ny Gy 5,(—B%t) = — {Z @) (bﬁ)roD;’T}N(t)

r=1
ie. (1+6%,D7?) W () = NyGy g x(—D"t) - (37)
is given by
N (t) = Ny Gy s4n914n (_bﬁt) (38)

Proof: Taking Kamal transform of (37) both the sides

_ — ()
N(p) = Ny p™0(146%p?) " . (39)
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now taking inverse Kamal transform of (39) both sides, we have

X+n),
r!

K=YN (D)} = N, Z (_619)" K1 {pho+0r-8)

t?h9+19r—6—1

A9+ I9r—-56-1)!

oo X . .
N(t)=]\foz( t!") (=6)

L1y (am)y  (=600)
N(t) = Not? =071y o (9+9r—5-1)!’

Where (A9 +9r—6—-1)!= [(A9 +9r —6)
on using the definition of G-function (11) we at once arrive at the solution in (38).
Theorem 7: If 6> 0,9 > 0,d > 0,8 > 0 then the solution of the equation.

n

N() — Ny Ry 5(~6%,d, t) = — {Z @) (bﬁ)rOD{ﬁr}N(t)

r=1
ie. (1+6%,D70) N (£) = NyRy 5(~6%,d, t) ... (40)
is given by
N () = Ny Gy synonsr (—6°,t,—d) ... (41)
and

N
N (©) = —[(t = )Gog-5-1.0(~b",t, ~d)
+{8 +1-9(1 = n)}Gyg_s5.(-6%¢,—d)] .. (42)

Proof: Taking Kamal transform of (40) both side and then in view of (18) and (20) we
have

e—dpp—6
e—dp p—6+19
1+ 69p?

N@)(1+67p?)" =g (
NP)(1+6%p?)" = W, <

N(p) =N {e~® p*?(1+6%p7) "} (43)

taking inverse Kamal transform of (43)

o)

N(t) =N, Z (n -:!1)T (_bﬁ)r K—l{e—dp p19r+19—6}

r=0

B ® (Tl + 1)1‘ - (t _ d)19r+19—5—1
N® = NO; r! (=6%) WOr+9—-6—1)!
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o@D, {-BPE-d)’)
M) = No(e = d)*™° z r! Or+9-6 -1
r=0

Where @r+9-6—1)!=[Or+9-175)

On using the definition of G-function (11) we at once arrive at the solution in (41). To
prove the assertion (42) of the theorem 7 we use in (41) the formulae for the
Pochhammer symbol (Z), = [(Z+0) ang for gamma function [(Z+ 1) =2Z[Z we

2
have:

PR ST (R ) (-6t — d)*)’
M) = (e = Dot ) 2 @r+(nt 09— +nd)— 1l

r=0

N(E) = Ny (t — d)m+Do-(6+n0)-1 [Z%{_bﬁ (t - d)g}r _
r=0 '
Pmn+r)+91-n)-6-1+6+1-9(1-n)}
nd{dr + (n+ I — (6§ + nd) — 1}!

~ ]Vb(t d)(n+1)19 (6+n9)-1 (n)r 619 (t _ d)ﬁ}r
e = lzr' [Or+ (it )9 -G +nd)— 1) - 1J!

(n)
HO+1-5(1- )}Z rl {Or + (n+ )9 — (6 + n9) — 1}!

{(~67(t — d)*})’ ]
where (9r + (n+ 19— (§+nd) — 1} = [{Ir+ (n+ 1)9 — (§ + n9)}

On interpreting the resulting series with the help of (11) we at once arrive at the
solution in (42).

Special Cases:-

Q) If wetake § =, A=y,9 =a,n=1and b =c in equations (34) and (35)
we get the known result of ([18], eqns. (2.5)-(2.6), p. 42). If we consider g =
1 in equations (2.5) and (2.6),

(i) If we take n = 1, 8 = u then these reduce to known result [19, egns.(27)-(28),
p.661] which in turn at y = 1 provide the known results [19, eqns. (33)-(34),
p.662] respectively.

(i)  Ifwereplace § = 1 intheorem-3 then we get the same result of theorem-2.

(iv) Ifwetkken=1v=9,A=y,b=cand § =pu—1 in equations (34) and
(35) we get the known result of ([17], egns. (30), p.326).
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CONCLUSION

In this work we have studied of certain fractional differential equation and some
applications involving Mittag-Leffler function and G-function. The solutions of this
certain fractional differential equation are obtained by Kamal transform. We observed
that Kamal transform solves fractional differential equation with a few applications
and derived solution for same. We can easily obtain various known and new fractional
differential equations. We noted that results of Laplace transform see in [1] and
Kamal transform are closely connected to each other.
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