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Abstract

This paper introduces modified definitions of SABC and SABR fractional
derivatives. We made some changes in the formulae of SABC and SABR fractional
derivatives so that the new modified formulae are well defined. Many applications
of modified definitions are also explained in this paper.
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1. INTRODUCTION

Chinchole and Bhadane presented the SABC and SABR definitions of fractional
derivatives with some properties and applications [8, 9]. The fractional derivatives
introduced by Chinchole and Bhadane have been applied in various fields of Science
with enormous success. However, these definitions have to be well defined. For that, we
have made modifications to these SABC and SABR definitions of fractional derivatives.

2. PRELIMINARIES

Definition 1. Ler f € H'(a,b),a < b,a € [—o0,t) and o € [0,1] then, the Caputo
fractional time derivative with non-singular kernel [6, 7] is defined by

DIV (1) = % / F e (—M) dr (1)

l—«

where N (o) is a normalization function such that N(0) = N(1) = 1.

*Corresponding author.



88 S. M. Chinchole

Definition 2 (Generalized Mittag Leffler Function of two parameters). The generalized
Mittag-Leffler function [11, 19] is defined as

0 _ta)k
I B, p(—t%) = 771 =t 2
(=) DT 2)
Using a kernel that is non-local and non-singular, namely the Mittag-Leffler function,

Atangana, and Baleanu have introduced the definition of fractional derivatives as below:

Definition 3. Let f € H'(a,b),a < b,a € [0,1] then, the definitions of the AB
fractional derivative with non-local and non-singular kernel [2] are given by:

1_a/f | = e e

ABRaD?f( 1 ~ dt / f |: ( )a:| dr (4)

l—«

ABC Da

with N(«) being a normalisation function mentioned in Caputo fractional time

derivative.

By changing the kernel £, [— f“f;] with the Mittag - Leffler function

1P Ey 0 5 [—%} of two parameter and ]ﬁ‘;) by 2o o ) , Chinchole and Bhadane

proposed the new definitions of fractional derivatives as below

Definition 4. Let f € H'(a,b),a < b,0 < «,3 < 1 then, the SABC fractional
derivative [8] is defined by

(oz—l—ﬂ— Dt —1)

S— dr

)

SABCDoz/J’f() 2_@_5/f Zf—T)ﬁ 1E

where B(«, [3) is a normalization function such that B(«, 8) = N(a + 8 — 1).

Definition 5. Let f € H'(a,b),a < 0,0 < a,8 < 1 then, the SABR fractional
derivative [8] is defined by

SABR poof f (1) — QB_(Z?E)B% /t FO)(E = 7)Y By |- (a —1—26_—;)_(156— ) .
(6)
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3. MODIFIED SABC AND SABR FRACTIONAL DERIVATIVES

The kemel ¢7'E, 5 [~(420C] in SABC fractional derivative (5) and SABR

fractional derivative (6) of two parameters is replaced by the new kernel
t'PE,0 5 [—%} to obtain the modified SABC and modified SABC fractional
derivatives of two parameter as follows:

Definition 6. Let f € H'(a,b),a < b,a, 3 € [0, 1], a+ B # 2 then, the modified SABC
fractional derivative S4B+, D¢ A f(t) is defined as below:
B(a (a+B8-1)(F—7)°

SABC*aDta,ﬂf(t) — %/ f/(T)(t—T)lfﬁEa,zfg [— - ] dr.
(7)

Definition 7. Let f € H'(a,b),a < b,a, 3 € [0,1], o+ 3 # 2 then, the modified SABR
fractional derivative SABE*, D™P f(t) is defined as below:
B(« (a+B8—=1)(t—1)*

SABRx o8 _ —’ﬁ)i ' _ -8B _
BRaDt f(t)_Q—a—ﬂdt/af(T)(t 7_)1 Ea’2_6|: 2—a-4 :|d7-
(8)

Obviously, equations (7) and (8) have a non-local, non-singular kernel.

Lemma 1. Let f € H'(a,b),a < b,a, B € [0,1],a+ 3 # 2. For a given normalisation
function B(a, ) = N(a + 8 — 1), the modified SABR derivative SABE* D™ f(t) and
the modified SABC derivative SAB¢* , DY 8 f(t) are well-defined for any function f if
and only if the R. L. integral D;(I_B)f(t) is well-defined.

Proof. From the equation (8) in the definition 7, we have

SABR*aDtaﬂf(t) _ QB_(?;ﬁ)ﬁ% / F(7) (t—T)l_ﬂEa,Q_g {_ (a —l-é@_—;)_(tﬁ— 7_)04:| .

By differentiating the integral on the right side using fundamental theorem of calculus,
we get

+ /at f(T)% ((t — )P B, s {— (o +2ﬁ__;)_(t6_ T)aD cﬂ

_ B@p) 'y dss(l-a- B\ ()
_m/‘lf(T)En:O<2—Oé—ﬁ) F(an—ﬂ+2)d7
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SABRx .8 —(1—a—-B\" (t—7)*"
~ DI = Q—Q—B/f nz(z—a— ) Tlan—B+1)""

9)
The Mittag-Leffler function (t — 7)1 P FE, 4 4 [—W] and its t-derivative,
considered as functions of 7, are holomorphic at all points in the interval [a,?). Also,
the interval of integration is finite, and so the only way that the integral could have the
possibility of divergence is due to its behaviour near 7 = t. Therefore, the conditions
for the modified SABR derivative to be well-defined are exactly that the integral in (9)

should behave well as 7 — t from below.

When 7 — t, we have (¢ — 7)**#+1 — ( and hence

“(1—a—B\" (t —r)emFH N(t—T)l_B
§:<2—a—5) [lan—p+2)  T(2-7)

n=0

giving us

d oo 1—04_6 n (t_T)cm—B—H (t_T)—ﬁ
E;(Q—a—ﬁ) T(an—ﬁ+2)~r(1—ﬂ).

Therefore, the integral in (9) converges if and only if

[ e -metar

converges, i.e., if and only if the R. L. integral D, (1=8) f(t) is well-defined.

Now, from the equation (7) in the definition 6 of modified SABC fractional derivative,
we have

. B (a+B6-1)E—-7)"
AP DI (t) = Q_Q_ﬁ/f’ )t —7)' " Eaps { e | T

Here also, the function (¢t — 7)* P E,5 5 [—%} is holomorphic at all points
in the interval [a, t). Also, the interval of integration is finite, and hence, the conditions
for the modified SABC derivative to be well-defined are precisely that the integral in

(7) should behave well as 7 — ¢ from below.
When 7 — t, we have (¢ — 7)**#+1 — ( and hence

- (a+ 8-t -7 (t—7)""
“_T)ﬁﬂmﬁ{_ 2—a—f }“'<2—m

Therefore, the integral in (7) converges if and only if

/f Yt —7)"Pdr =t —a) P fla)+ (1 -7 /f )t — 1) Pdr

converges, i.e., if and only if the R. L. integral D P f(t) is well-defined. O
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Before we take the applications of this new derivative, we will introduce some of its
basic mathematical properties.

4. PROPERTIES OF THE NEW DERIVATIVES

It follows directly from the definitions 6 and 7 that, if f(¢) = C, then
SABC*aDta,ﬁf(t) — Oand SABR*aD;lﬂf(t) —
The new derivatives are the generalization of Atangana Baleanu fractional derivatives

because these can be obtained from the new derivatives by appropriate substitution
stated in the following property.

Theorem 1. If 3 = 1, the derivatives SAB*, D™ f(t) are equal to “B°, D f(t) and
SABRx D f(t) are equal to “BE, DO f(t).

Proof. If § = 1, the equations (7) and (8) respectively reduces to

SABCx Dalf _ (o, 1) /f [ alt —7 )a] dr, (10)

l—«

— dt/f [ (f:;) ]dT. (11)

Since B(a,1) = N(«), the formulas in the equations (10) and (11) are respectively
equivalent to the formulas of 4B¢, D¢ f(t) and “B®, D& f(t) given in the equations (3)
and (4).

Thus, we have obtained ABC and ABR derivatives respectively from modified SABC
and modified SABR derivatives by substituting 5 = 1. O]

and

Now, in the next theorem, we present the relation between both derivatives defined by
equations (7) and (8) using Laplace transform.

Theorem 2. Let f € H'(a,b),a < band o, 3 € [0,1] then the following relation is
obtained:
SABCR DEPf(t) = SAPR DY f(t) + Ho(t) (12)

Proof. If we take the Laplace transform on both sides of the equation (7) using the
formula for Laplace transform, we get

E{SABC* Do"ﬁf(t) }
] RS N S
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Hence by formula for Laplace transform of convolution of two functions, we get
L {SABC*ODtoz,ﬁf(t)7 p}

::5?%%%?Bz:{fkw,p}z:{H—Bﬁgg_g{—ﬁ%iééii%¥f},p}.

Using the properties of Laplace transform, we get

£ {545 Dp f(t).p |

_ B(,f) p |3
—m[pﬁ{f(t)m}—f(o)]l__gﬂ_l, - <1
=L {545 D f(8).p
_ Bla,p) p™ 2 pL{f(t),p} —f0)] | a+p-1 ‘<1
2—a—p p"‘ngé Ipr(2—a—p) .

Therefore, we have

Similarly, if we take the Laplace transform on both sides of the equation (8) using the

formula for Laplace transform, we get

E{SABR* Da”gf(t) }

=t R e e = B

Using the property of Laplace transform, we get

r {SABR* Da’ﬂf(t) }
B -5E (a+B8—-1)(t—1)* J
2— —B {/f @20 [ 2—a—8 TP
-1t —-7)
e 22
2—a—p o
Hence by formulas for Laplace transform of convolution of two functions, we get

r {SABR*ODtoc,ﬁf(t)’p}

= e (0.0 £ 4t s |- L -0
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Hence, using the property of Laplace transform, we get

B -(2-p)
L {SABR*OD?’ﬂf@)?p} — 2_(22—7f)ﬁpﬁ {f(t),p} p#%
[

a+pB—2

r {SABR*OD?’Bf(t),p} _ 2B_<va)ﬁppap+ " L {f(t)>p} .

2—a—f

Therefore, we have

a+ﬂfl
L {SABR*OD?’Bf(t),p} _ 2B_(va)ﬁ - f(;[—{ﬁ( 3 p}‘ (14)
-B

Using equation (13), we have

B a-i—ﬁ—?
E{SABC*OD?,Bf(t)’p} _ ﬁ{SABR*OD?,,Bf(t)’p} 5 _(Zaf)ﬁp - ai;( 3 (15)
2—a— ,B

Applying the inverse Laplace transform on both sides of equation (15) we obtain

AP DA (6) = S0 D (1) = 5 0 B (5 ).

2—a—0 2—a—p
(16)
This implies that
SABC*OD?’ﬁf(t) _ SABR*ODta,Bf(t) + H, (t)
where Bla.5) 51
o a+ 0 —
Ho(t) = ———22_ f(0)t' PEyo 5 ———— 1) .
o) = 5 0 B (5
This completes the proof. O]

Theorem 3. Let f € H'(a,b),a < band a, 8 € [0,1]. Then the following inequality is
obtained on [a, b]:

) < MK. (17)

SABRx a,B
D t
H 0 f( ) 2—a— B

Proof. Fora < b, f € H'(a,b) implies that f € L*(a,b) and Of € L?*(a,b). Hence,
we have

HSABR*ODtOé,,Bf(t) H2

- [ 2L [ - [ D T

—a—ﬁHdt/f )y |

2

2
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Using [|h(t)|l, = maxa<i<p|h(t)|, and the lemma of behaviour of Mittag Leffler
function [19], we have

H(t VB, {_ (a+p—1)(t— 7)0‘]

2—a—p

? (18)
(a+B8-1)(t—1)*
2—04—6 :| < K.

= Imax
a<t—7<b

(t — T)I_BEOC,Q_Q |:—

where, K is constant.
Therefore the above equation becomes

[omape? 0], < 2SN S [

2

- Ko By s,
This implies that
pomaran], <« 252
where
K =Kollf(t)ll,-
This completes the proof. []

Theorem 4. The modified SAB derivative in Riemann and Caputo sense satisfies the
Lipschitz condition. In other words, for a given functions f and h, the following
inequalities are established

HSABR*ODta,ﬁf(t) B SABR*DDgﬂh(t)HQ < H@) (&) = h@)],- (19)

and

|45 0D £ (1) = S48, DFPR()|| < H IS = h(D)l,. @0)
Proof. From the definition (8) of modified SABR fractional derivative, we have

HSABR*OD?,,Bf(t) . SABR*OD?Iﬂh(t)

N e R R B

B(a,8) d [ — (a+B8-1(—7)°
R R e e e B

2

2
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Using the inequality (18), we will get a positive constant ¢; such that:

HSABR*ODtaﬂf(t) B SABR*ODta,Bh(t) H2

21)

/Otf(T)dT - /Oth(T)dT

Using the Lipschitz condition of the first order derivative, the following result is

< a, (bl
2—a—-p

2

obtained
[s4770 D2 £ty — 5427, D)
< 32 0% 7(0) — b0
= H(t) | ft) — h(t)]l, -
where,
m(y = D00 ﬁ(bﬁl

which produces the requested result. The proof of (20) can be obtained similarly. [

Theorem 5. For given any natural number n > 1, the modified SABC fractional
derivative of bi-order (a, ), v, B € (0, 1) of t" is given by

SABCx a,B ranN k+1-p
D t") t —
et 9 _a— 5 Z (n — a)

Eopios (%@ ~ar).

(22)

Proof. From the definition (7) of modified SABC fractional derivative, we have

B t
SABC*aDta,B (tn) — (047 ﬂ) / nTn_l(t . 7_)1—5
2—a-0J,

Eoc,Q—ﬂ <%(t — T)C") dr

e (=)

t _ an—LB4+1
n—1 (t T)
d
”/ " Tlan-p+2)"
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Hence, using integration by parts rule, we get

1—a—p2\" (= g)enArz T
SABCx* o,B /un -
oD t") = E :
L (") 2—04—5 (2—&— ) n{{T [(an — f+3) .

ﬁgm_nn2§;2§j;m}

= 1—a—pB\" oy (t—a)enFt2
B —a-ﬁZ(Q—a— > n{a T(an — B+ 3)

e

fo-rd )

— SABC*aDta,B (") = B(a, B) i (1 —a— ﬁ)" {na"‘l (t — a)om—P+2

2-—a—-pF=\2-a-p T(an — B+ 3)
oo (= @)t
+n(n —1)a 2F(an—5+4)

]

[ g )

_ B(a,p) ~(l=a=pB\" n!
_2_&_6;(2_&_6) {(n—l)!a 1

(t — a)on=bh+2 N n! (- a)en—5+3
Flan—pF+3)  (n—2)! C(an — 3 +4)
n! g (t— @)on—h+a !

a 4o —
(n —3)! ['(an — B+5) 1

{ {T r(gn_—%arjj 1) ] :t * /: ! F(((th—jgai—?ij 1) dT} }
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-ax (=) (et

(t — a)on—P+2 N n! oy (t—a)onhts

a
Flan—p+3)  (n—2)! I'(an — 5 +4)
n! an—3 (t o a)om—ﬁ-i—él
(n—3)! I'(an— B +5)
n!  (t—a)m P n! (t —a)onFAintl }

1!aF(om—5—|—n+1) o 0! an— 5 +n+2)
_ B(a,f)
- 2-a-8

V- 0 e (=4 =50 )

(n _.2)!an—2(t — a)?’_BEaA_ﬁ (%(t — a)oz)

. -
g B ()

! l—a-—
L (e

! 1—a—
+%(t - a>n+175Ea,n+2fﬁ (%(t - a)a) } .

This completes the proof. [

S. NEW MODIFIED FRACTIONAL INTEGRAL

Let for a natural number n, f be an n-times differentiable and f (k)(()) = 0, for
k=1,2,3,...,n, then by observation we get

SABCx o8 [ % f(t)} j; [SABR* D f(t )] 23)
- SABe s (1) = uft). @4
o DL e = B [N g,
e G
Eus s [— ( +25__;>_(tﬁ_ T)al dT,p} — £ {ult),p}.
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Using the convolution theorem, we get

B(a, B) p*™ P2 pL{f(t),p}] _ "
2—0{—ﬁ pa+g+£é _‘C{ (t)7p}.

S 0B L (0.0 = L (0.5} + 5L {ul0). ).
{00} = T )} + ST £ (ute). ).

By taking the inverse Laplace transform, we get the unique solution

_ 2—a—-B
B(a,B)L(5-1) fo y)* 2 dy+
f() = %I - W*dy B#L. (25)
V) + e fo —y)*ldy B=1

Definition 8. The modified S fractional integral in two parameters corresponds to the
new fractional derivative with non-local and non-singular kernel is defined as

BT Jo F)(t — y)P2dy+
SITE) = %I f - W—?dy BAL. (26
vy () + 7 ff —y)ldy B=1

When o = 0, 8 = 1 we recover the initial function, and if « = 1, 8 = 1, we obtain the

ordinary integral.

Remark 1. The formula of 5* I} Py (t) can be expressed as

DRLIFUF(t) + SHESRLY E () B#£1

Sx ro,B _ B( B) B(a,p) @
o U f(t) = . (27)
1{7( () ?a)fLIaf(> p=1
Theorem 6. The modified SABR fractional derivative can be expressed as
1—a-pB\"
SABRx o8 RL yan—p+1
D § ( I ). s

Proof. As two parametric Mittag-Leffler function E, () is an entire function of z, the
modified SABR fractional derivative will be rewritten as follows:

SABRx o3 o — ﬂ n (t _ T)anfﬁ+1
D5t = 2O [ st (2—a—/3) e
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:>SABR* Da,ﬁf(t)
1—a—-B\"d 1 t s
2_0‘_52(2—04— ) ﬁ(F(an—BJrz)/af(T)(t—T) +1dT).

SABRx pmyo.f l—a-p "d RL ran—B+2
= S4BT DO f (1) 2_(1_52(2_&_ ) o (),

This implies the relation

SABRx* Dab’f( 2_@_62(;:2_ ) (fLIfm_ﬁ—i_lf(t)).

where the integral #2 ], is the standard Riemann-Liouville fractional integral defined in
(11). O

Theorem 7. The modified SABC fractional derivative can be expressed as

2—a—

SABCx posf p(p) — ﬁ Z (1 e )n (fLItO‘"_BHf’(t)) . (29)

Proof. As two parametric Mittag-Leffler function E, () is an entire function of z, the
modigied SABC fractional derivative will be rewritten as follows:

SABCx mna,B 1—(1_5 n (t_T)om—,B—H
B DPf(t) ﬁ/f < a—ﬁ) F(om—ﬁ—i—Q)dT'

L SABO pad g (1)
2—a—ﬁz<;:zi )n(r<an—1@+2>/:f'(”(t_”m_ﬁ%)'

= D) = 5= 0 Z (; Sp— ) (Fermr @),

This implies the relation

SABRx Daﬂf( 2_@_BZ<;:Z_ ) (C?Lffn_ﬁﬂf/(t)).

where the integral 2], is the standard Riemann-Liouville fractional integral defined in
(11). O
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Theorem 6 allows us to derive the formula for Laplace transforms of modified SABR
fractional derivative in a way different from that used in theorem 2. The following
identity is equation (14) in theorem 2:

o¢+,3*l£
L {SABR*OD?’Bf(t),p} _ QB_(Zaf)ﬁ o j_{g( )1 p}.
-8

Now, we will prove this by taking Laplace transforms of modified SABR fractional

derivative using the series in (28) as follows:

r {SABR*ODa,,Bf(t)7p}

o _5 Z (1:3: )nﬁ{(éfoW“f(o) ).

Using the formula for the Laplace transform of the Riemann Liouville fractional

integral, we get

e ) -0 5 (1222

(P~ L f (1), p}) -

(30)

Hence (30) reduces to

ey 0.p) = 2GS ey (s ty) vevwa

B
=L {SABR*OD?’ﬁf(t),p} = %pﬁ‘lﬁ @) py o
- pe(2—a-h)
This implies the identity in equation (14) as required.
Theorem 8. The modified S. fractional integral operator *I;* A defined by (25) is an
inverse to the modified SABR fractional differential operator SAP%* D # defined by

(8).

In other words,
SABR*an,ﬁ (aS*]taﬁf(t)) = f(t). (3D
and

S1p? (AR, DR (1)) = £, (32)

Proof. We will proceed the proof as follows:
Case (1): Suppose 3 # 1. Then from the remark 1 and definition 7 we have

SABRx o,B [ S* ro,B SABRx o,B BRL
oD ( I t ) oDy i
t a “t f( ) ( B(Oé, 6) a t

o+ 6 -1 a+p-1
e ) £,
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Hence using equation (28), we get

l—o-—
SABRx Daﬁ Sx a3 Z RL yan—p+1
2 e LTS () —oc—ﬁ ( 2—a—g > a tt

2 _ﬁRL g1, 0+ B—=1pr aip
( B(Oé,ﬂ) a It + B(Oé,ﬁ) a It >f<t)

sasi pe (109 5() = 3 (%) (Fezemoe) (Fer ) o)
n=0

+ = 52 Z (; - ﬁ) (gt (gt o).

- SABR*aDgﬁ <§*I£Dé7/3f(t)> — i (;—Oé——ﬁ)n (fL[tan) f(t)

n=0 Ck—ﬁ

- (; e ) (Fere ) (o).

n=0

_, SABR: pof <f*[f"5f(t)> _ i (%)" (fL]tan) f(t)

n=0

N SABR*GD?,E <f*]f"ﬁf(t)>

I
—
RS
=
[ ] 1
ol o)
|
™™
N———
3
—~
8
b(
~
Q
S
~
—
S
L

This proves the identity (31).
Also, by using equation (28), we get

2—a—p _ a+p—1 _
Sx ra,8 [ SABRx o,B _ RL[ﬂ 1 RL[oHrﬁ 1
a [t < aDt f(t)> ( B(Oé,ﬁ) a t + B(Oé,ﬁ) a t )

S _5 Z (;:Z: ) () g o)

N <SABR*aDta,ﬁf(t)> _ i (%)n (fL[f—l) (fL[f”—BH) ft)
n=0

Y () () () s
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* TQU * a, - Il —a-— " an
s I B <SABR D ’Bf ) Z( ) (fLIt )f(t)

n=0
o

Y (eh) ()

= f(1).
This proves the identity (32).

Case (2): Suppose 5 = 1. Then from the remark 1 and definition 7 we have

11—«
SABRx a,B [ Sx ra,B SABRx a,l
D ( 17 f(¢ ) - .D
t a “t f( ) t <N<Oé)

+ﬁ“la> G}

Hence using equation (28), we get

SABR*aDtoz,B (E*Ita,ﬁf(t)> _ B(a7 1) f: ( — >n (fLI?’ﬂ)
«

Since B(a, 1) = N(a), we get

s, op (0 0) = 3 (5 ) () 110

—~\l-a
P () e o

n=0

) -

- nf; (1—_aa)”+1 (FEre ) £(t).
)%
)

. SABRx posB <S*_]a Prt) i < — )” (&F 1) £(1)
t)

_ SABRx Daﬂ <s*]a 6f( n (1—_Oza) (fLItan) £(t)

(1) f(2).

> —
_;(1—04

* a, * QU —Q " an
= s, ot (o) = () (@) £0)
This proves the identity (31).

n=0
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Also, by using equation (28), we get

1_05 «

Sx ya,B8 [ SABRx o, RL 7
b ( .D ft) - n I

a 7t ¢ () <N((¥) N(()é)a t)

Since B(a, 1) = N(«a), we get

S (g 0) = 3 () () a0

This proves the identity (32).

Example 1. In this example, we will verify the result of theorem 8 for the function
f(t) = 1. Let us calculate S*BR* . D™F (1) as below:

SABR*GD?,B(l) _ B(aa 6) i /t(t _ 7)1_5Ea,2—6 [_ (a + /6 — 1)(t — T)a dr

2—a—[dt 2—a—pf
1—0&— (t )an—ﬁ-‘rl
2—a—ﬂdt/ (2—@— ) T ar
(

(an — 4+ 2)
<—%z(—ﬁ> [t

t )anfﬂﬂ
_ B(O@ﬂ) d > 1—04—5 ”(t_a)om—ﬁ-m
- w > (e ms)

dr

2—a—-pf) I'(an—p+3)
B 1—a—pB\" (t—a)n P!
B —a—ﬁz( 2—a-—p > I'(an — B+ 2)

B(a, B) - (a+B8-1(t—a)
_ m(t —a)" PE,0 5 [— } :

2—a—p
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Hence, by using equation (27), we get

S+ o (SABR*aDta,B> (1) = REP=2 (¢ — W) P By [_ (a +2B_—(j)_(tﬁ— a)a}
a+ B —1pp arp 18
2 _a— ﬁa It (t CL)
Eaz_ﬁ |:_ (Oé ‘I‘Qﬁ_—(j)_(tﬁ— a)a:|

.o . N - o0 1_a_6 n (t_a)omfﬁJrl
i (e ) =2 S (3
e \2—-a-§ (an — 4+ 2)

a+f— 1RLIa+Bfl
t

2—a—p°
— (1—a—=B\" (t—a)" "
nzzo(?—oz—ﬁ> I'(an - +2)

Using the definition of Riemann-Liouville fractional integral [6], we get

t 00 . . n
f*jta,ﬁ (SABR*GD?,5> (1) _ 1"(51_ 1) /a (7. o a)B—Q nz% (; — Z — g)

(1 —a)m o atf-1 1
F(O&n—ﬁ‘f—Q)dT—'_2—&—5F(0&+,3—1)

s (lma =B (r—an
/a(T )"t 22(2—04—5) F(an—ﬁ+2)d7—

n=0

Using the definition and properties of the gamma function and the beta function, we
will get the conclusion: 5*I*" <SABR*an’B) (1) =1

Theorem 9. The modified S. fractional integral operator 5* I} # defined by (26) and the
modified S A BC fractional differential operator ABF* DY » defined by (7) satisfy the
Newton—Leibniz formula. In other words,

SI0 (SAECLDPR () = £ = f(a). (33)

Proof. We will proceed the proof as follows:
Case (1): Suppose 3 # 1. Then from the remark 1 and identity (29), we have

* TOU * « 2_05_ﬁ - O“"B_l a+p—
i (SABC oD ﬁf(t)) N ( B(a, 3) S B(a, 3) S 1)

2—0[—52(;:3_ > (fLI?”’B”)f’(t).
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:>as*[ta,6 (SABC*aDa,Bf(t)) _ i (; — z : g) " (GRLItB—1> <(};{L[£xn—ﬁ+2> f’ (t)
n=0
S (5ma) () () s
L Segp? (3480, De ) = 3 (%) (F1em) £ (1)

i A

This proves the identity (33).
Case (2): Suppose 5 = 1. Then from the remark 1 and identity (29), we have

* 7O * « -« o o
i (e, De ) = (5 + )

N(a)  N(a)
Bl(ivolf ; (1__Oéa) (RL[oerl) f (t)

Since B(a, 1) = N(a), we get

- f*lta,ﬁ (SABR*GD?,Bf(tD — i <__a)n (aRL]tcm—H) f/ (t)

s 1—a

n : id - (1—_&a> ((}l%LIom-l—l) (RL]a) f’(t)

n=0
N as*Ita,ﬁ (SABR*aDta,Bf(t)) _ i <%>n (CI;ZLIfon—i-l) f/(t)
n=0
S () @y s
n=1
= (fLItl) fl(t)
= f(t) = fla).
This proves the identity (33). U

6. SOLUTIONS OF FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we study some simple but useful fractional differential equations.
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Lemma 2. Let 0 < «o,8 < 1 and let f be a solution of the following fractional

differential equation,
SABCx DMPF(t) =0, t > 0.

Then, the function f is a constant function.

Proof. Taking Laplace transform on both sides of differential equation, we get
L {5, DR f(H), p =0, p >0, (34)

Hence from equation (13), we have

B(a,B) p* P 1L{f(t).p}  Bla,f) p*72f(0)

=0, p>0.
_ _ o a+5—1 _ . o a+p—1 )
2—a—f  pot e 2-a=fBp+ 555
1
= L{f(t),p} = ]—)f(O)-
After taking inverse Laplace transform on both sides, we get
J(t) = £(0) V=0,
This proves that f is a constant function. [

Theorem 10. Let 0 < «, 5 < 1. Then, the unique solution of the initial value problem:

SABC*ODta,ﬂf(t> =o(t), t>0. (35)
£(0) = fo; (36)

is given by
t t
FO) = o+ Pas [ o)t =42y + Qus [ o)t =0y @D

h
where 2 0B ot fo1

Bla. A)T(F — 1) " = Bla. p)l(a + 5 1)

(38)

Pop =

Proof. Suppose that the initial value problem defined in the equations (35)) and (36)
has two solutions, f;(t) and f>(¢). Then, we have

SABC D fi(t) — AP0 D fo(t) = o(t) — o(t) = 0, > 0.

and

J1(0) = f2(0) = fo — fo = 0.
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This means that

SABCH DR (fu— o) f(t) =0, £ 0

and
(fi = f2) f(0) = 0.

Hence, by Lemma 2, we get the conclusion that f;— fo = 0. Therefore, f;(t) = f2(t) for
all ¢ > 0. From equation (13), by taking Laplace transform on both sides of differential
equation (35), we get

B(e, ) p™'L{f(t),p}  Ble,B) p™t2f(0)

2—a—f  po g 2—a—fBpe+ g

=LA{o(t),p}, p>0.

2—a—p 1

e YA LIORY
a+p—-1 1

LA{o(t .
B(O[,/B) pa‘i’ﬁfl {0-( )7p}
After taking inverse Laplace transform on both sides, we get

2—a—pf ¢ 5
0 =5 + g | owe—u
a+ -1

BT [, cw - Ry

C{f(t).p} = %f(O)

Remark 2. For § = 1, we have

11—« o

1) = o+ 570+ e L o - 69

Remark 3. For a = [ = 1, we have the solution of (35) is the usual antiderivative of
a(t).

Corollary 1. Let 0 < «, 8 < 1. Then, the unique solution of the initial value problem:

SABC*ODta,ﬁf@) — Af(t) + u(t), t>0 (40)
f(0) = fo.

where A € R, \ # 0 (A = 0 corresponds to the case in theorem 10 is given by
t t
fO- 3 Pap [ 50—y =2Qus [ S0 =2y
0 0
t

t
=fo + Pa,ﬁ/ u(y)(t —y)"2dy + Qa,ﬁ/ u(y)(t —y)* P 2dy.  (41)
0 0
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Proof. From Theorem 10, it is clear that solving equation (40) is equivalent to find a
function f such that

f)=fo + Pus / A+ W) )t — y)P2dy
T Qs / N+ u0)(y)(t — )™ 2dy, >0,

This gives the unique solution as given in the equation (41). O]

7. APPLICATIONS

7.1 Thermal Science

Fractional time Fourier’s law equation The Fourier’s law [10, 12, 15] is defined by
the classical parabolic equation as

T (x,t) 0T (x,t)
X ox? ox

=0 (42)

where
k

a pCyp
is the thermal diffusivity, with the thermal conductivity k, density p, and the specific

X

heat capacity C,. T is the temperature conduction in a planar medium with constant
properties.

Assuming that time derivative is fractional and space derivative is ordinary. Then,
taking into consideration equation (42), the temporal fractional equation will be as

follows:
O?T(x,t)
X—a 5
x
A particular solution to the equation (43) will be in the following form

SABC DT (1) — =0 (43)

T(xz,t) = Toe ™ u(t) (44)
Substituting the equation (44) into the equation (43), we get
Toe—ikaABC*ODta,Bu(t) _ X(—i/%)zToe_iExu(t) —0
= Tye ke [SABC*OD;%@) + X/%(t)] )

SABCx D®Pau(t) + wu(t) = 0 (45)
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where w = Xl_@%f P is the angular frequency.

The numerical approximation to the equation (45) is given by

QB—((;?B /0 W (7)(t = 7) P Eanp [_ u +26__;)_<t5_ 2 ar +wu(t) =0

By taking Laplace transform on both sides, we get

£ {5459, D u(t), p} + wL {u(t), p} = 0.

Bla, 8) p**P=2 [pL{u(t), p} — u(0)]

= + wL {u(t),p} = 0.

2-a-p P+ 5
B(a,B) [p*P1L{u(t), p} — u(0)po+P=2] B
= 2—06_6 pa_f_gj-aﬂ:; "‘Wﬁ{'d(t),p}—o

B(a, B)p+o! B
T —a-pprarg_1uldhph

B(a, B)p*+7?u(0)
2-—a-pF)p*+a+p-1
+wLl {u(t),p} =0.

N [ B(a, B)p+i1 B(a, B)p*tP%u(0)
2—a—Bp*+a+p—1 2—a—-fp*+a+f—1

N {B(a, Bp* P+ (2—a—Fp*+a+8—1w
2—a-pp*+a+p—-1
B(a, B)p* P ~2u(0)

TBoa—dprratso1

+wl| LAu(t),p}— 0.

L{u(t), p}

= [Bla, B+ + (2 — a— B + a+ B — 1) w] £ {u(t), p}
— Bla, B)p+~2u(0).

B(a, B)p**P2u(0)

=L {U(t>7p} = B(Oé,ﬁ)pa—hg_l T ((2 o — 6)]?04 Tat 6 — 1)w
u(0) 1
= L{u(t),p} = P ((2—a—B)p2=B+(atp—1)p>—>A)w |

B(a,p)

) (@0 s3]
p g[ B(a, B) ] :

k N k
gt (o)

= L{u(t),p} =

= L {u(t),p} = u(0) )

00
k=0
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)03 [ ] [ i oY

k=0
(t _ 7—)(5*2)]4 d
T(Bk—2k+ 1"
0o 1 (Q—Oé_ﬂ) ;
= u (0) ; T(Bk — 2k + 1) {_WW]

{(tﬁk—%ﬂ B tﬁkz—Qk) n kla+p—1) T(a)l(Bk -2k + 1)ta—2k+6k+l}
IMNa)2—a—p0)T(a—2k+Lk+1) '

= u(t) = u(0) Z [_W(QL;(Z—,%)@] k

{ tﬁk 2k k(o + B — 1) po+Bh—2k+1 }
)=

F1+ﬁk—2k:) 2—a—-0) I'Na+ pk —2k+1)

u(0) {(t —1)Ey o [—w%ﬁ—?}

1 2o —
49 + 5 1O By g i {—w( o /B)t,B—Z} } .

= uft

2—a—0 B(a, )

Therefore, the relation (44) gives us
i 2—a—0) 4
T(xz,t) = Toe *®u(0){ (t — 1)E4_ —(—tﬁQ
(Z‘, ) o€ u( ){( ) B—2,1 |: W B(Oé,ﬁ)

a+p8-1_., B (2—a—0) 5,
+—t+Eﬁ2’a+1{ w—B(a,ﬁ) t ]}

This is an alternative representation of the fractional-time Fourier’s law equation using

(46)

the concept of derivative with two fractional orders « and S.
For o = 1, we have

T(z,t) = Toe™ " u(0) {(t —1)Ejp_a, {_w%tﬁ—ﬂ

B(1,5)
47
1—p 77| T B(1,B) ‘
Now, by substituting w = XI%Qaf - %, where x is a time constant or thermal
diffusion coefficient, we get
. -5 (1—
T(x,t) = Toe*zk"”u(O) {(t - 1)E13,271 [—kQ&t’BQ]
B =2 (1=08) 5.
+——t"Eg 99 | k"1 )

This equation represents the fractional-time Fourier’s law equation using the concept of
the derivative with only one fractional order .
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8. CONCLUSION

This paper aimed to suggest a modified SABC and SABR fractional derivative with
a Mittag-Leffler kernel of two parameters. We made some changes in the formulae
of SABC and SABR fractional derivatives so that the new modified formulae are well
defined. Many applications of modified definitions are also explained in this paper. We
derive many results and gave some examples in this paper.
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