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Abstract

This paper introduces modified definitions of SABC and SABR fractional
derivatives. We made some changes in the formulae of SABC and SABR fractional
derivatives so that the new modified formulae are well defined. Many applications
of modified definitions are also explained in this paper.
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1. INTRODUCTION

Chinchole and Bhadane presented the SABC and SABR definitions of fractional
derivatives with some properties and applications [8, 9]. The fractional derivatives
introduced by Chinchole and Bhadane have been applied in various fields of Science
with enormous success. However, these definitions have to be well defined. For that, we
have made modifications to these SABC and SABR definitions of fractional derivatives.

2. PRELIMINARIES

Definition 1. Let f ∈ H1(a, b), a < b, a ∈ [−∞, t) and α ∈ [0, 1] then, the Caputo
fractional time derivative with non-singular kernel [6, 7] is defined by

aD
(α)
t f(t) =

N(α)

1− α

∫ t

a

f
′
(τ) exp

(
−α(t− τ)

1− α

)
dτ (1)

where N(α) is a normalization function such that N(0) = N(1) = 1.
*Corresponding author.
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Definition 2 (Generalized Mittag Leffler Function of two parameters). The generalized
Mittag-Leffler function [11, 19] is defined as

tβ−1Eα,β(−tα) = tβ−1

∞∑
k=0

(−tα)k

Γ(αk + β)
(2)

Using a kernel that is non-local and non-singular, namely the Mittag-Leffler function,
Atangana, and Baleanu have introduced the definition of fractional derivatives as below:

Definition 3. Let f ∈ H1(a, b), a < b, α ∈ [0, 1] then, the definitions of the AB
fractional derivative with non-local and non-singular kernel [2] are given by:

ABC
aD

α
t f(t) =

N(α)

1− α

∫ t

a

f
′
(τ)Eα

[
−α(t− τ)α

1− α

]
dτ (3)

ABR
aD

α
t f(t) =

N(α)

1− α

d

dt

∫ t

a

f(τ)Eα

[
−α(t− τ)α

1− α

]
dτ (4)

with N(α) being a normalisation function mentioned in Caputo fractional time
derivative.

By changing the kernel Eα

[
− αtα

1−α

]
with the Mittag - Leffler function

t1−βEα,2−β

[
− (α+β−1)tα

2−α−β

]
of two parameter and N(α)

1−α
by B(α,β)

2−α−β
, Chinchole and Bhadane

proposed the new definitions of fractional derivatives as below::

Definition 4. Let f ∈ H1(a, b), a < b, 0 ≤ α, β ≤ 1 then, the SABC fractional
derivative [8] is defined by

SABC
aD

α,β
t f(t) =

B(α, β)

2− α− β

∫ t

a

f
′
(τ)(t− τ)β−1Eα,β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

(5)
where B(α, β) is a normalization function such that B(α, β) = N(α + β − 1).

Definition 5. Let f ∈ H1(a, b), a < b, 0 ≤ α, β ≤ 1 then, the SABR fractional
derivative [8] is defined by

SABR
aD

α,β
t f(t) =

B(α, β)

2− α− β

d

dt

∫ t

a

f(τ)(t− τ)β−1Eα,β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

(6)



Modified Definitions of SABC and SABR Fractional Derivatives and Applications 89

3. MODIFIED SABC AND SABR FRACTIONAL DERIVATIVES

The kernel tβ−1Eα,β

[
− (α+β−1)tα

2−α−β

]
in SABC fractional derivative (5) and SABR

fractional derivative (6) of two parameters is replaced by the new kernel
t1−βEα,2−β

[
− (α+β−1)tα

2−α−β

]
to obtain the modified SABC and modified SABC fractional

derivatives of two parameter as follows:

Definition 6. Let f ∈ H1(a, b), a < b, α, β ∈ [0, 1], α+β ̸= 2 then, the modified SABC
fractional derivative SABC∗

aD
α,β
t f(t) is defined as below:

SABC∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∫ t

a

f
′
(τ)(t−τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ.

(7)

Definition 7. Let f ∈ H1(a, b), a < b, α, β ∈ [0, 1], α+β ̸= 2 then, the modified SABR
fractional derivative SABR∗

aD
α,β
t f(t) is defined as below:

SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

d

dt

∫ t

a

f(τ)(t−τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

(8)

Obviously, equations (7) and (8) have a non-local, non-singular kernel.

Lemma 1. Let f ∈ H1(a, b), a < b, α, β ∈ [0, 1], α+β ̸= 2. For a given normalisation
function B(α, β) = N(α + β − 1), the modified SABR derivative SABR∗

aD
α,β
t f(t) and

the modified SABC derivative SABC∗
aD

α,β
t f(t) are well-defined for any function f if

and only if the R. L. integral D−(1−β)
a f(t) is well-defined.

Proof. From the equation (8) in the definition 7, we have

SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

d

dt

∫ t

a

f(τ)(t−τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

By differentiating the integral on the right side using fundamental theorem of calculus,
we get

SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

[
f(t)(t− t)1−βEα,2−β

[
−(α + β − 1)(t− t)α

2− α− β

]
+

∫ t

a

f(τ)
d

dt

(
(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

])
dτ

]
=

B(α, β)

2− α− β

∫ t

a

f(τ)
d

dt

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− τ)αn−β+1

Γ(αn− β + 2)
dτ
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⇒ SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∫ t

a

f(τ)
∞∑
n=0

(
1− α− β

2− α− β

)n
(t− τ)αn−β

Γ(αn− β + 1)
dτ.

(9)
The Mittag-Leffler function (t − τ)1−βEα,2−β

[
− (α+β−1)(t−τ)α

2−α−β

]
and its t-derivative,

considered as functions of τ , are holomorphic at all points in the interval [a, t). Also,
the interval of integration is finite, and so the only way that the integral could have the
possibility of divergence is due to its behaviour near τ = t. Therefore, the conditions
for the modified SABR derivative to be well-defined are exactly that the integral in (9)
should behave well as τ → t from below.

When τ → t, we have (t− τ)αn−β+1 → 0 and hence
∞∑
n=0

(
1− α− β

2− α− β

)n
(t− τ)αn−β+1

Γ(αn− β + 2)
∼ (t− τ)1−β

Γ(2− β)

giving us
d

dt

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− τ)αn−β+1

Γ(αn− β + 2)
∼ (t− τ)−β

Γ(1− β)
.

Therefore, the integral in (9) converges if and only if∫ t

a

f(τ)(t− τ)(1−β)−1dτ

converges, i.e., if and only if the R. L. integral D−(1−β)
a f(t) is well-defined.

Now, from the equation (7) in the definition 6 of modified SABC fractional derivative,
we have

SABC∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∫ t

a

f
′
(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

Here also, the function (t− τ)1−βEα,2−β

[
− (α+β−1)(t−τ)α

2−α−β

]
is holomorphic at all points

in the interval [a, t). Also, the interval of integration is finite, and hence, the conditions
for the modified SABC derivative to be well-defined are precisely that the integral in
(7) should behave well as τ → t from below.

When τ → t, we have (t− τ)αn−β+1 → 0 and hence

(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
∼ (t− τ)1−β

Γ(2− β)

Therefore, the integral in (7) converges if and only if∫ t

a

f
′
(τ)(t− τ)1−βdτ = (t− a)1−βf(a) + (1− β)

∫ t

a

f(τ)(t− τ)−βdτ

converges, i.e., if and only if the R. L. integral D−(1−β)
a f(t) is well-defined.
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Before we take the applications of this new derivative, we will introduce some of its
basic mathematical properties.

4. PROPERTIES OF THE NEW DERIVATIVES

It follows directly from the definitions 6 and 7 that, if f(t) = C, then

SABC∗
aD

α,β
t f(t) = 0 and SABR∗

aD
α,β
t f(t) = 0.

The new derivatives are the generalization of Atangana Baleanu fractional derivatives
because these can be obtained from the new derivatives by appropriate substitution
stated in the following property.

Theorem 1. If β = 1, the derivatives SABC∗
aD

α,β
t f(t) are equal to ABC

aD
α
t f(t) and

SABR∗
aD

α,β
t f(t) are equal to ABR

aD
α
t f(t).

Proof. If β = 1, the equations (7) and (8) respectively reduces to

SABC∗
aD

α,1
t f(t) =

B(α, 1)

1− α

∫ t

a

f
′
(τ)Eα,1

[
−α(t− τ)α

1− α

]
dτ, (10)

and
SABR∗

aD
α,1
t f(t) =

B(α, 1)

1− α

d

dt

∫ t

a

f(τ)Eα,1

[
−α(t− τ)α

1− α

]
dτ. (11)

Since B(α, 1) = N(α), the formulas in the equations (10) and (11) are respectively
equivalent to the formulas of ABC

aD
α
t f(t) and ABR

aD
α
t f(t) given in the equations (3)

and (4).
Thus, we have obtained ABC and ABR derivatives respectively from modified SABC
and modified SABR derivatives by substituting β = 1.

Now, in the next theorem, we present the relation between both derivatives defined by
equations (7) and (8) using Laplace transform.

Theorem 2. Let f ∈ H1(a, b), a < b and α, β ∈ [0, 1] then the following relation is
obtained:

SABC∗
0D

α,β
t f(t) = SABR∗

0D
α,β
t f(t) +H0(t) (12)

Proof. If we take the Laplace transform on both sides of the equation (7) using the
formula for Laplace transform, we get

L
{

SABC∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
L
{∫ t

0

f
′
(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ, p

}
.



92 S. M. Chinchole

Hence by formula for Laplace transform of convolution of two functions, we get

L
{

SABC∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
L
{
f

′
(t), p

}
L
{
t1−βEα,2−β

[
−(α + β − 1)tα

2− α− β

]
, p

}
.

Using the properties of Laplace transform, we get

L
{

SABC∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
[pL{f(t), p} − f(0)]

p−(2−β)

1− −α+β−1
2−α−β

pα

,

∣∣∣∣∣−
α+β−1
2−α−β

pα

∣∣∣∣∣ < 1.

⇒L
{

SABC∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β

pα+β−2 [pL{f(t), p} − f(0)]

pα + α+β−1
2−α−β

,

∣∣∣∣ α + β − 1

pα (2− α− β)

∣∣∣∣ < 1.

Therefore, we have

L
{

SABC∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β

pα+β−1L{f(t), p}
pα + α+β−1

2−α−β

− B(α, β)

2− α− β

pα+β−2f(0)

pα + α+β−1
2−α−β

.

(13)
Similarly, if we take the Laplace transform on both sides of the equation (8) using the
formula for Laplace transform, we get

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
L
{

d

dt

∫ t

0

f(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ, p

}
.

Using the property of Laplace transform, we get

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
pL

{∫ t

0

f(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ, p

}
−

[∫ t

0

f(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

]
t=0

.

Hence by formulas for Laplace transform of convolution of two functions, we get

L
{
SABR∗

0D
α,β
t f(t), p

}
=

B(α, β)

2− α− β
pL{f(t), p}L

{
t1−βEα,2−β

[
−(α + β − 1)tα

2− α− β

]
, p

}
− 0.
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Hence, using the property of Laplace transform, we get

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
pL{f(t), p} p−(2−β)

1− −α+β−1
2−α−β

pα

.

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
p

pα+β−2

pα + α+β−1
2−α−β

L{f(t), p} .

Therefore, we have

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β

pα+β−1L{f(t), p}
pα + α+β−1

2−α−β

. (14)

Using equation (13), we have

L
{

SABC∗
0D

α,β
t f(t), p

}
= L

{
SABR∗

0D
α,β
t f(t), p

}
− B(α, β)

2− α− β

pα+β−2f(0)

pα + α+β−1
2−α−β

. (15)

Applying the inverse Laplace transform on both sides of equation (15) we obtain

SABC∗
0D

α,β
t f(t) = SABR∗

0D
α,β
t f(t)− B(α, β)

2− α− β
f(0)t1−βEα,2−β

(
−α + β − 1

2− α− β
tα
)
.

(16)
This implies that

SABC∗
0D

α,β
t f(t) = SABR∗

0D
α,β
t f(t) +H0(t).

where

H0(t) = − B(α, β)

2− α− β
f(0)t1−βEα,2−β

(
−α + β − 1

2− α− β
tα
)
.

This completes the proof.

Theorem 3. Let f ∈ H1(a, b), a < b and α, β ∈ [0, 1]. Then the following inequality is
obtained on [a, b]: ∥∥∥SABR∗

0D
α,β
t f(t)

∥∥∥
2
<

B(α, β)

2− α− β
K. (17)

Proof. For a < b, f ∈ H1(a, b) implies that f ∈ L2(a, b) and ∂f ∈ L2(a, b). Hence,
we have∥∥∥SABR∗

0D
α,β
t f(t)

∥∥∥
2

=

∥∥∥∥ B(α, β)

2− α− β

d

dt

∫ t

0

f(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

∥∥∥∥
2

=
B(α, β)

2− α− β

∥∥∥∥ d

dt

∫ t

0

f(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

∥∥∥∥
2

.
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Using ∥h(t)∥2 = maxa≤t≤b |h(t)|, and the lemma of behaviour of Mittag Leffler
function [19], we have∥∥∥∥(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]∥∥∥∥
2

= max
a≤t−τ≤b

∣∣∣∣(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]∣∣∣∣ < K0.

(18)

where, K0 is constant.
Therefore the above equation becomes∥∥∥SABR∗

0D
α,β
t f(t)

∥∥∥
2
< K0

B(α, β)

2− α− β

∥∥∥∥ d

dt

∫ t

0

f(τ)dτ

∥∥∥∥
2

= K0
B(α, β)

2− α− β
∥f(t)∥2 .

This implies that ∥∥∥SABR∗
0D

α,β
t f(t)

∥∥∥
2
<

B(α, β)

2− α− β
K.

where

K = K0 ∥f(t)∥2 .

This completes the proof.

Theorem 4. The modified SAB derivative in Riemann and Caputo sense satisfies the
Lipschitz condition. In other words, for a given functions f and h, the following
inequalities are established∥∥∥SABR∗

0D
α,β
t f(t)− SABR∗

0D
α,β
t h(t)

∥∥∥
2
≤ H(t) ∥f(t)− h(t)∥2 . (19)

and ∥∥∥SABC∗
0D

α,β
t f(t)− SABC∗

0D
α,β
t h(t)

∥∥∥
2
≤ H(t) ∥f(t)− h(t)∥2 . (20)

Proof. From the definition (8) of modified SABR fractional derivative, we have∥∥∥SABR∗
0D

α,β
t f(t)− SABR∗

0D
α,β
t h(t)

∥∥∥
2

=

∥∥∥∥ B(α, β)

2− α− β

d

dt

∫ t

0

f(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

− B(α, β)

2− α− β

d

dt

∫ t

0

h(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

∥∥∥∥
2

.



Modified Definitions of SABC and SABR Fractional Derivatives and Applications 95

Using the inequality (18), we will get a positive constant ϕ1 such that:∥∥∥SABR∗
0D

α,β
t f(t)− SABR∗

0D
α,β
t h(t)

∥∥∥
2

<
B(α, β)ϕ1

2− α− β

∥∥∥∥∫ t

0

f(τ)dτ −
∫ t

0

h(τ)dτ

∥∥∥∥
2

. (21)

Using the Lipschitz condition of the first order derivative, the following result is
obtained∥∥∥SABR∗

0D
α,β
t f(t)− SABR∗

0D
α,β
t h(t)

∥∥∥
2

<
B(α, β)ϕ1

2− α− β
∥f(t)− h(t)∥2 t

= H(t) ∥f(t)− h(t)∥2 .

where,

H(t) =
B(α, β)ϕ1

2− α− β
t.

which produces the requested result. The proof of (20) can be obtained similarly.

Theorem 5. For given any natural number n ≥ 1, the modified SABC fractional
derivative of bi-order (α, β), α, β ∈ (0, 1) of tn is given by

SABC∗
aD

α,β
t (tn) =

B(α, β)

2− α− β

n∑
k=1

n!

(n− k)!
an−k(t− a)k+1−β

Eα,k+2−β

(
1− α− β

2− α− β
(t− a)α

)
.

(22)

Proof. From the definition (7) of modified SABC fractional derivative, we have

SABC∗
aD

α,β
t (tn) =

B(α, β)

2− α− β

∫ t

a

nτn−1(t− τ)1−β

Eα,2−β

(
1− α− β

2− α− β
(t− τ)α

)
dτ

=
B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n

n

∫ t

a

τn−1 (t− τ)αn−β+1

Γ(αn− β + 2)
dτ
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Hence, using integration by parts rule, we get

SABC∗
aD

α,β
t (tn) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n

n

{[
τn−1 (t− τ)αn−β+2

Γ(αn− β + 3)

]τ=a

τ=t

+

∫ t

a

(n− 1)τn−2 (t− τ)αn−β+2

Γ(αn− β + 3)
dτ

}
=

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n

n

{
an−1 (t− a)αn−β+2

Γ(αn− β + 3)

+(n− 1)

{[
τn−2 (t− τ)αn−β+3

Γ(αn− β + 4)

]τ=a

τ=t

+

∫ t

a

(n− 2)τn−3 (t− τ)αn−β+3

Γ(αn− β + 4)
dτ

}}

⇒ SABC∗
aD

α,β
t (tn) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n {
nan−1 (t− a)αn−β+2

Γ(αn− β + 3)

+n(n− 1)an−2 (t− a)αn−β+3

Γ(αn− β + 4)

+n(n− 1)(n− 2)

{[
τn−3 (t− τ)αn−β+4

Γ(αn− β + 5)

]τ=a

τ=t

+

∫ t

a

(n− 3)τn−4 (t− τ)αn−β+4

Γ(αn− β + 5)
dτ

}}
= · · · = B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n {
n!

(n− 1)!
an−1

(t− a)αn−β+2

Γ(αn− β + 3)
+

n!

(n− 2)!
an−2 (t− a)αn−β+3

Γ(αn− β + 4)

+
n!

(n− 3)!
an−3 (t− a)αn−β+4

Γ(αn− β + 5)
+ · · ·+ n!

1!{[
τ

(t− τ)αn−β+n

Γ(αn− β + n+ 1)

]τ=a

τ=t

+

∫ t

a

1
(t− τ)αn−β+n

Γ(αn− β + n+ 1)
dτ

}}
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=
B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n {
n!

(n− 1)!
an−1

(t− a)αn−β+2

Γ(αn− β + 3)
+

n!

(n− 2)!
an−2 (t− a)αn−β+3

Γ(αn− β + 4)

+
n!

(n− 3)!
an−3 (t− a)αn−β+4

Γ(αn− β + 5)
+ · · ·

+
n!

1!
a

(t− a)αn−β+n

Γ(αn− β + n+ 1)
+

n!

0!

(t− a)αn−β+n+1

Γ(αn− β + n+ 2)

}
=

B(α, β)

2− α− β{
n!

(n− 1)!
an−1(t− a)2−βEα,3−β

(
1− α− β

2− α− β
(t− a)α

)
+

n!

(n− 2)!
an−2(t− a)3−βEα,4−β

(
1− α− β

2− α− β
(t− a)α

)
+

n!

(n− 3)!
an−3(t− a)4−βEα,5−β

(
1− α− β

2− α− β
(t− a)α

)
+ · · ·

+
n!

1!
a(t− a)n−βEα,n+1−β

(
1− α− β

2− α− β
(t− a)α

)
+
n!

0!
(t− a)n+1−βEα,n+2−β

(
1− α− β

2− α− β
(t− a)α

)}
.

This completes the proof.

5. NEW MODIFIED FRACTIONAL INTEGRAL

Let for a natural number n, f be an n-times differentiable and f (k)(0) = 0, for
k = 1, 2, 3, . . . , n, then by observation we get

SABC∗
0D

α,β
t

[
dn

dtn
f(t)

]
=

dn

dtn

[
SABR∗

0D
α,β
t f(t)

]
. (23)

Let
SABR∗

0D
α,β
t f(t) = u(t). (24)

⇒ B(α, β)

2− α− β

d

dt

∫ t

0

f(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ = u(t).

⇒L
{

B(α, β)

2− α− β

d

dt

∫ t

0

f(τ)(t− τ)1−β

Eα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ, p

}
= L{u(t), p} .
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Using the convolution theorem, we get

B(α, β)

2− α− β

pα+β−2 [pL{f(t), p}]
pα + α+β−1

2−α−β

= L{u(t), p} .

B(α, β)

2− α− β
pα+β−1L{f(t), p} = pαL{u(t), p}+ α + β − 1

2− α− β
L{u(t), p} .

⇒ L{f(t), p} =
2− α− β

B(α, β)

1

pβ−1
L{u(t), p}+ α + β − 1

B(α, β)

1

pα+β−1
L{u(t), p} .

By taking the inverse Laplace transform, we get the unique solution

f(t) =


2−α−β

B(α,β)Γ(β−1)

∫ t

0
u(y)(t− y)β−2dy+

α+β−1
B(α,β)Γ(α+β−1)

∫ t

0
u(y)(t− y)α+β−2dy β ̸= 1

1−α
N(α)

u(t) + α
N(α)Γ(α)

∫ t

0
u(y)(t− y)α−1dy β = 1

. (25)

Definition 8. The modified S fractional integral in two parameters corresponds to the
new fractional derivative with non-local and non-singular kernel is defined as

S∗
a Iα,βt f(t) =


2−α−β

B(α,β)Γ(β−1)

∫ t

a
f(y)(t− y)β−2dy+

α+β−1
B(α,β)Γ(α+β−1)

∫ t

a
f(y)(t− y)α+β−2dy β ̸= 1

1−α
N(α)

f(t) + α
N(α)Γ(α)

∫ t

a
f(y)(t− y)α−1dy β = 1

. (26)

When α = 0, β = 1 we recover the initial function, and if α = 1, β = 1, we obtain the
ordinary integral.

Remark 1. The formula of S∗
a Iα,βt f(t) can be expressed as

S∗
a Iα,βt f(t) =

2−α−β
B(α,β)

RL
a Iβ−1

t f(t) + α+β−1
B(α,β)

RL
a Iα+β−1

t f(t) β ̸= 1

1−α
N(α)

f(t) + α
N(α)

RL
a Iαt f(t) β = 1

. (27)

Theorem 6. The modified SABR fractional derivative can be expressed as

SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+1

t f(t)
)
. (28)

Proof. As two parametric Mittag-Leffler function Eα,β(x) is an entire function of x, the
modified SABR fractional derivative will be rewritten as follows:

SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

d

dt

∫ t

a

f(τ)
∞∑
n=0

(
1− α− β

2− α− β

)n
(t− τ)αn−β+1

Γ(αn− β + 2)
dτ.
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⇒SABR∗
aD

α,β
t f(t)

=
B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n
d

dt

(
1

Γ(αn− β + 2)

∫ t

a

f(τ)(t− τ)αn−β+1dτ

)
.

⇒ SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n
d

dt

(
RL
a Iαn−β+2

t f(t)
)
,

This implies the relation

SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+1

t f(t)
)
.

where the integral RL
a It is the standard Riemann–Liouville fractional integral defined in

(11).

Theorem 7. The modified SABC fractional derivative can be expressed as

SABC∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+2

t f
′
(t)

)
. (29)

Proof. As two parametric Mittag-Leffler function Eα,β(x) is an entire function of x, the
modigied SABC fractional derivative will be rewritten as follows:

SABC∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∫ t

a

f
′
(τ)

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− τ)αn−β+1

Γ(αn− β + 2)
dτ.

⇒SABC∗
aD

α,β
t f(t)

=
B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
1

Γ(αn− β + 2)

∫ t

a

f
′
(τ)(t− τ)αn−β+1dτ

)
.

⇒ SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+2

t f
′
(t)

)
,

This implies the relation

SABR∗
aD

α,β
t f(t) =

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+2

t f
′
(t)

)
.

where the integral RL
a It is the standard Riemann–Liouville fractional integral defined in

(11).
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Theorem 6 allows us to derive the formula for Laplace transforms of modified SABR
fractional derivative in a way different from that used in theorem 2. The following
identity is equation (14) in theorem 2:

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β

pα+β−1L{f(t), p}
pα + α+β−1

2−α−β

.

Now, we will prove this by taking Laplace transforms of modified SABR fractional
derivative using the series in (28) as follows:

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n

L
{(

RL
0 Iαn−β+1

t f(t)
)
, p
}
.

Using the formula for the Laplace transform of the Riemann Liouville fractional
integral, we get

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n

(
p−αn+β−1L{f(t), p}

)
.

(30)

Hence (30) reduces to

L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

pα (2− α− β)

)n

pβ−1L{f(t), p} .

⇒ L
{

SABR∗
0D

α,β
t f(t), p

}
=

B(α, β)

2− α− β
pβ−1L{f(t), p} 1

1− 1−α−β
pα(2−α−β)

.

This implies the identity in equation (14) as required.

Theorem 8. The modified S. fractional integral operator S∗
a Iα,βt defined by (25) is an

inverse to the modified SABR fractional differential operator SABR∗
aD

α,β
t defined by

(8).
In other words,

SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
= f(t). (31)

and
S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
= f(t). (32)

Proof. We will proceed the proof as follows:
Case (1): Suppose β ̸= 1. Then from the remark 1 and definition 7 we have

SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
= SABR∗

aD
α,β
t

(
2− α− β

B(α, β)
RL
a Iβ−1

t

+
α + β − 1

B(α, β)
RL
a Iα+β−1

t

)
f(t).
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Hence using equation (28), we get

SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+1

t

)
(
2− α− β

B(α, β)
RL
a Iβ−1

t +
α + β − 1

B(α, β)
RL
a Iα+β−1

t

)
f(t).

SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+1

t

)(
RL
a Iβ−1

t

)
f(t)

+
α + β − 1

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+1

t

)(
RL
a Iα+β−1

t

)
f(t).

⇒ SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαnt

)
f(t)

−
∞∑
n=0

(
1− α− β

2− α− β

)n+1 (
RL
a I

α(n+1)
t

)
f(t).

⇒ SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαnt

)
f(t)

−
∞∑
n=1

(
1− α− β

2− α− β

)n (
RL
a I

α(n)
t

)
f(t).

⇒ SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

[(
1− α− β

2− α− β

)n (
RL
a Iαnt

)
f(t)

]
n=0

.

This proves the identity (31).

Also, by using equation (28), we get

S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

(
2− α− β

B(α, β)
RL
a Iβ−1

t +
α + β − 1

B(α, β)
RL
a Iα+β−1

t

)
B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+1

t

)
f(t).

⇒S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iβ−1

t

)(
RL
a Iαn−β+1

t

)
f(t)

+
α + β − 1

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iα+β−1

t

)(
RL
a Iαn−β+1

t

)
f(t).
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⇒ S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαnt

)
f(t)

−
∞∑
n=0

(
1− α− β

2− α− β

)n+1 (
RL
a I

α(n+1)
t

)
f(t)

= f(t).

This proves the identity (32).

Case (2): Suppose β = 1. Then from the remark 1 and definition 7 we have

SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
= SABR∗

aD
α,1
t

(
1− α

N(α)

+
α

N(α)
RL
a Iαt

)
f(t).

Hence using equation (28), we get

SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

B(α, 1)

1− α

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

)
(
1− α

N(α)
+

α

N(α)
RL
a Iαt

)
f(t).

Since B(α, 1) = N(α), we get

SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

)
f(t)

+
α

1− α

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

) (
RL
a Iαt

)
f(t).

⇒SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

)
f(t)

−
∞∑
n=0

(
−α

1− α

)n+1 (
RL
a I

α(n+1)
t

)
f(t).

⇒SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

)
f(t)

−
∞∑
n=1

(
−α

1− α

)n (
RL
a Iαnt

)
f(t).

⇒ SABR∗
aD

α,β
t

(
S∗
a Iα,βt f(t)

)
=

[(
−α

1− α

)n (
RL
a Iαnt

)
f(t)

]
n=0

.

This proves the identity (31).
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Also, by using equation (28), we get

S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

(
1− α

N(α)
+

α

N(α)
RL
a Iαt

)
B(α, 1)

1− α

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

)
f(t).

Since B(α, 1) = N(α), we get

⇒ S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

)
f(t)

+
α

1− α

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

) (
RL
a Iαt

)
f(t).

⇒ S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαnt

)
f(t)

−
∞∑
n=1

(
−α

1− α

)n (
RL
a Iαnt

)
f(t)

= f(t).

This proves the identity (32).

Example 1. In this example, we will verify the result of theorem 8 for the function
f(t) = 1. Let us calculate SABR∗

aD
α,β
t (1) as below:

SABR∗
aD

α,β
t (1) =

B(α, β)

2− α− β

d

dt

∫ t

a

(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ

=
B(α, β)

2− α− β

d

dt

∫ t

a

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− τ)αn−β+1

Γ(αn− β + 2)
dτ

=
B(α, β)

2− α− β

d

dt

∞∑
n=0

(
1− α− β

2− α− β

)n ∫ t

a

(t− τ)αn−β+1

Γ(αn− β + 2)
dτ

=
B(α, β)

2− α− β

d

dt

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− a)αn−β+2

Γ(αn− β + 3)

=
B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− a)αn−β+1

Γ(αn− β + 2)

=
B(α, β)

2− α− β
(t− a)1−βEα,2−β

[
−(α + β − 1)(t− a)α

2− α− β

]
.
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Hence, by using equation (27), we get

S∗
a Iα,βt

(
SABR∗

aD
α,β
t

)
(1) = RL

a Iβ−1
t (t− a)1−βEα,2−β

[
−(α + β − 1)(t− a)α

2− α− β

]
+

α + β − 1

2− α− β
RL
a Iα+β−1

t (t− a)1−β

Eα,2−β

[
−(α + β − 1)(t− a)α

2− α− β

]

S∗
a Iα,βt

(
SABR∗

aD
α,β
t

)
(1) = RL

a Iβ−1
t

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− a)αn−β+1

Γ(αn− β + 2)

+
α + β − 1

2− α− β
RL
a Iα+β−1

t

∞∑
n=0

(
1− α− β

2− α− β

)n
(t− a)αn−β+1

Γ(αn− β + 2)

Using the definition of Riemann-Liouville fractional integral [6], we get

S∗
a Iα,βt

(
SABR∗

aD
α,β
t

)
(1) =

1

Γ(β − 1)

∫ t

a

(τ − a)β−2

∞∑
n=0

(
1− α− β

2− α− β

)n

(τ − a)αn−β+1

Γ(αn− β + 2)
dτ +

α + β − 1

2− α− β

1

Γ(α + β − 1)∫ t

a

(τ − a)α+β−2

∞∑
n=0

(
1− α− β

2− α− β

)n
(τ − a)αn−β+1

Γ(αn− β + 2)
dτ

Using the definition and properties of the gamma function and the beta function, we
will get the conclusion: S∗

a Iα,βt

(
SABR∗

aD
α,β
t

)
(1) = 1.

Theorem 9. The modified S. fractional integral operator S∗
a Iα,βt defined by (26) and the

modified S A BC fractional differential operator SABR∗
aD

α,β
t defined by (7) satisfy the

Newton–Leibniz formula. In other words,

S∗
a Iα,βt

(
SABC∗

aD
α,β
t f(t)

)
= f(t)− f(a). (33)

Proof. We will proceed the proof as follows:
Case (1): Suppose β ̸= 1. Then from the remark 1 and identity (29), we have

S∗
a Iα,βt

(
SABC∗

aD
α,β
t f(t)

)
=

(
2− α− β

B(α, β)
RL
a Iβ−1

t +
α + β − 1

B(α, β)
RL
a Iα+β−1

t

)
B(α, β)

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn−β+2

t

)
f

′
(t).
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⇒S∗
a Iα,βt

(
SABC∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iβ−1

t

)(
RL
a Iαn−β+2

t

)
f

′
(t)

+
α + β − 1

2− α− β

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iα+β−1

t

)(
RL
a Iαn−β+2

t

)
f

′
(t).

⇒ S∗
a Iα,βt

(
SABC∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
1− α− β

2− α− β

)n (
RL
a Iαn+1

t

)
f

′
(t)

−
∞∑
n=0

(
1− α− β

2− α− β

)n+1 (
RL
a I

α(n+1)+1
t

)
f

′
(t)

=
(
RL
a I1t

)
f

′
(t)

= f(t)− f(a).

This proves the identity (33).

Case (2): Suppose β = 1. Then from the remark 1 and identity (29), we have

S∗
a Iα,βt

(
SABC∗

aD
α,β
t f(t)

)
=

(
1− α

N(α)
+

α

N(α)
RL
a Iαt

)
B(α, 1)

1− α

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαn+1

t

)
f

′
(t).

Since B(α, 1) = N(α), we get

⇒ S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαn+1

t

)
f

′
(t)

+
α

1− α

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαn+1

t

) (
RL
a Iαt

)
f

′
(t).

⇒ S∗
a Iα,βt

(
SABR∗

aD
α,β
t f(t)

)
=

∞∑
n=0

(
−α

1− α

)n (
RL
a Iαn+1

t

)
f

′
(t)

−
∞∑
n=1

(
−α

1− α

)n (
RL
a Iαn+1

t

)
f

′
(t)

=
(
RL
a I1t

)
f

′
(t)

= f(t)− f(a).

This proves the identity (33).

6. SOLUTIONS OF FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we study some simple but useful fractional differential equations.
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Lemma 2. Let 0 < α, β < 1 and let f be a solution of the following fractional
differential equation,

SABC∗
0D

α,β
t f(t) = 0, t ≥ 0.

Then, the function f is a constant function.

Proof. Taking Laplace transform on both sides of differential equation, we get

L
{

SABC∗
0D

α,β
t f(t), p

}
= 0, p > 0. (34)

Hence from equation (13), we have

B(α, β)

2− α− β

pα+β−1L{f(t), p}
pα + α+β−1

2−α−β

− B(α, β)

2− α− β

pα+β−2f(0)

pα + α+β−1
2−α−β

= 0, p > 0.

⇒ L{f(t), p} =
1

p
f(0).

After taking inverse Laplace transform on both sides, we get

f(t) = f(0) ∀t ≥ 0.

This proves that f is a constant function.

Theorem 10. Let 0 < α, β < 1. Then, the unique solution of the initial value problem:

SABC∗
0D

α,β
t f(t) = σ(t), t ≥ 0. (35)

f(0) = f0; (36)

is given by

f(t) = f0 + Pα,β

∫ t

0

σ(y)(t− y)β−2dy +Qα,β

∫ t

0

σ(y)(t− y)α+β−2dy (37)

where
Pα,β =

2− α− β

B(α, β)Γ(β − 1)
, Qα,β =

α + β − 1

B(α, β)Γ(α + β − 1)
. (38)

Proof. Suppose that the initial value problem defined in the equations (35)) and (36)
has two solutions, f1(t) and f2(t). Then, we have

SABC∗
0D

α,β
t f1(t)− SABC∗

0D
α,β
t f2(t) = σ(t)− σ(t) = 0, t ≥ 0.

and
f1(0)− f2(0) = f0 − f0 = 0.
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This means that

SABC∗
0D

α,β
t (f1 − f2) f(t) = 0, t ≥ 0

and

(f1 − f2) f(0) = 0.

Hence, by Lemma 2, we get the conclusion that f1−f2 = 0. Therefore, f1(t) = f2(t) for
all t ≥ 0. From equation (13), by taking Laplace transform on both sides of differential
equation (35), we get

B(α, β)

2− α− β

pα+β−1L{f(t), p}
pα + α+β−1

2−α−β

− B(α, β)

2− α− β

pα+β−2f(0)

pα + α+β−1
2−α−β

= L{σ(t), p} , p > 0.

L{f(t), p} =
1

p
f(0) +

2− α− β

B(α, β)

1

pβ−1
L{σ(t), p}

+
α + β − 1

B(α, β)

1

pα+β−1
L{σ(t), p} .

After taking inverse Laplace transform on both sides, we get

f(t) = f0 +
2− α− β

B(α, β)Γ(β − 1)

∫ t

0

σ(y)(t− y)β−2dy

+
α + β − 1

B(α, β)Γ(α + β − 1)

∫ t

0

σ(y)(t− y)α+β−2dy.

Remark 2. For β = 1, we have

f(t) = f0 +
1− α

N(α)
σ(t) +

α

N(α)Γ(α)

∫ t

0

σ(y)(t− y)α−1dy. (39)

Remark 3. For α = β = 1, we have the solution of (35) is the usual antiderivative of
σ(t).

Corollary 1. Let 0 < α, β < 1. Then, the unique solution of the initial value problem:

SABC∗
0D

α,β
t f(t) = λf(t) + u(t), t ≥ 0 (40)

f(0) = f0.

where λ ∈ R, λ ̸= 0 (λ = 0 corresponds to the case in theorem 10 is given by

f(t)− λ Pα,β

∫ t

0

f(y)(t− y)β−2dy − λQα,β

∫ t

0

f(y)(t− y)α+β−2dy

= f0 + Pα,β

∫ t

0

u(y)(t− y)β−2dy +Qα,β

∫ t

0

u(y)(t− y)α+β−2dy. (41)
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Proof. From Theorem 10, it is clear that solving equation (40) is equivalent to find a
function f such that

f(t) = f0 + Pα,β

∫ t

0

(λf + u)(y)(t− y)β−2dy

+ Qα,β

∫ t

0

(λf + u)(y)(t− y)α+β−2dy, t ≥ 0.

This gives the unique solution as given in the equation (41).

7. APPLICATIONS

7.1 Thermal Science

Fractional time Fourier’s law equation The Fourier’s law [10, 12, 15] is defined by
the classical parabolic equation as

χ
∂2T (x, t)

∂x2
− ∂T (x, t)

∂x
= 0 (42)

where
χ =

k

ρCp

is the thermal diffusivity, with the thermal conductivity k, density ρ, and the specific
heat capacity Cp. T is the temperature conduction in a planar medium with constant
properties.

Assuming that time derivative is fractional and space derivative is ordinary. Then,
taking into consideration equation (42), the temporal fractional equation will be as
follows:

SABC∗
0D

α,β
t T (x, t)− χ

∂2T (x, t)

∂x2
= 0 (43)

A particular solution to the equation (43) will be in the following form

T (x, t) = T0e
−ik̄xu(t) (44)

Substituting the equation (44) into the equation (43), we get

T0e
−ik̄xSABC∗

0D
α,β
t u(t)− χ(−ik̄)2T0e

−ik̄xu(t) = 0

⇒ T0e
−ik̄x

[
SABC∗

0D
α,β
t u(t) + χk̄2u(t)

]
= 0

SABC∗
0D

α,β
t u(t) + ωu(t) = 0 (45)
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where ω = χk̄2σ2−α−β
t is the angular frequency.

The numerical approximation to the equation (45) is given by

B(α, β)

2− α− β

∫ t

0

u′(τ)(t− τ)1−βEα,2−β

[
−(α + β − 1)(t− τ)α

2− α− β

]
dτ + ωu(t) = 0

By taking Laplace transform on both sides, we get

L
{

SABC∗
0D

α,β
t u(t), p

}
+ ωL{u(t), p} = 0.

⇒ B(α, β)

2− α− β

pα+β−2 [pL{u(t), p} − u(0)]

pα + α+β−1
2−α−β

+ ωL{u(t), p} = 0.

⇒ B(α, β)

2− α− β

[
pα+β−1L{u(t), p} − u(0)pα+β−2

]
pα + α+β−1

2−α−β

+ ωL{u(t), p} = 0.

⇒ B(α, β)pα+β−1

(2− α− β)pα + α + β − 1
L{u(t), p} − B(α, β)pα+β−2u(0)

(2− α− β)pα + α + β − 1

+ ωL{u(t), p} = 0.

⇒
[

B(α, β)pα+β−1

(2− α− β)pα + α + β − 1
+ ω

]
L{u(t), p}− B(α, β)pα+β−2u(0)

(2− α− β)pα + α + β − 1
= 0.

⇒
[
B(α, β)pα+β−1 + ((2− α− β)pα + α + β − 1)ω

(2− α− β)pα + α + β − 1

]
L{u(t), p}

− B(α, β)pα+β−2u(0)

(2− α− β)pα + α + β − 1
= 0.

⇒
[
B(α, β)pα+β−1 + ((2− α− β)pα + α + β − 1)ω

]
L{u(t), p}
= B(α, β)pα+β−2u(0).

⇒ L{u(t), p} =
B(α, β)pα+β−2u(0)

B(α, β)pα+β−1 + ((2− α− β)pα + α + β − 1)ω
.

⇒ L{u(t), p} =
u(0)

p

1

1 +
((2−α−β)p2−β+(α+β−1)p2−α−β)ω

B(α,β)

.

⇒ L{u(t), p} =
u(0)

p

∞∑
k=0

[
−
(
(2− α− β)p2−β + (α + β − 1)p2−α−β

)
ω

B(α, β)

]k

.

⇒ L{u(t), p} = u(0)
∞∑
k=0

[
−ω

(2− α− β)

B(α, β)

]k (
1 +

α + β − 1

2− α− β
p−α

)k

p2k−βk−1.
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⇒ u(t) =u(0)
∞∑
k=0

[
−ω

(2− α− β)

B(α, β)

]k ∫ t

0

[
δ(τ) +

k(α + β − 1)

Γ(α)(2− α− β)
τα−1

]
(t− τ)(β−2)k

Γ(βk − 2k + 1)
dτ.

⇒ u(t) = u(0)
∞∑
k=0

1

Γ(βk − 2k + 1)

[
−ω

(2− α− β)

B(α, β)

]k
{(

tβk−2k+1 − tβk−2k
)
+

k(α + β − 1)

Γ(α)(2− α− β)

Γ(α)Γ(βk − 2k + 1)

Γ(α− 2k + βk + 1)
tα−2k+βk+1

}
.

⇒ u(t) = u(0)
∞∑
k=0

[
−ω

(2− α− β)

B(α, β)

]k
{

(t− 1) tβk−2k

Γ(1 + βk − 2k)
+

k(α + β − 1)

(2− α− β)

tα+βk−2k+1

Γ(α + βk − 2k + 1)

}
.

⇒ u(t) =u(0)

{
(t− 1)Eβ−2,1

[
−ω

(2− α− β)

B(α, β)
tβ−2

]
+
α + β − 1

2− α− β
tα+1Eβ−2,α+1

[
−ω

(2− α− β)

B(α, β)
tβ−2

]}
.

Therefore, the relation (44) gives us

T (x, t) = T0e
−ik̄xu(0)

{
(t− 1)Eβ−2,1

[
−ω

(2− α− β)

B(α, β)
tβ−2

]
+
α + β − 1

2− α− β
tα+1Eβ−2,α+1

[
−ω

(2− α− β)

B(α, β)
tβ−2

]}
.

(46)

This is an alternative representation of the fractional-time Fourier’s law equation using
the concept of derivative with two fractional orders α and β.
For α = 1, we have

T (x, t) = T0e
−ik̄xu(0)

{
(t− 1)Eβ−2,1

[
−ω

(1− β)

B(1, β)
tβ−2

]
+

β

1− β
t2Eβ−2,2

[
−ω

(1− β)

B(1, β)
tβ−2

]}
.

(47)

Now, by substituting ω = χk̄2σβ−1
t = k̄2

Tβ
, where χ is a time constant or thermal

diffusion coefficient, we get

T (x, t) = T0e
−ik̄xu(0)

{
(t− 1)Eβ−2,1

[
−k̄2 (1− β)

TβB(1, β)
tβ−2

]
+

β

1− β
t2Eβ−2,2

[
−k̄2 (1− β)

TβB(1, β)
tβ−2

]}
.

(48)

This equation represents the fractional-time Fourier’s law equation using the concept of
the derivative with only one fractional order β.
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8. CONCLUSION

This paper aimed to suggest a modified SABC and SABR fractional derivative with
a Mittag-Leffler kernel of two parameters. We made some changes in the formulae
of SABC and SABR fractional derivatives so that the new modified formulae are well
defined. Many applications of modified definitions are also explained in this paper. We
derive many results and gave some examples in this paper.
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