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Abstract

In this work , the reduced differential polynomial is combined with the Elzaki
transform to obtain the approximate solutions to the nonlinear Klein- Gordon
equations which is expressed in series form. Four examples of the equations are
considered to show the effectiveness and performance of the method. Graphs of
the solution of the illustrated examples were also plotted to show shapes of the
obtained solutions which are compared with those in the references and found to
agree. The comparison between the reduced differential polynomial and the Elzaki
transform method with other known methods showed the method is very effective
and powerful in the solution of nonlinear equations.
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1. INTRODUCTION

The Klein Gordon model is one of the most essential models in quantum mechanics.
This model is also applicable in condensed matter physics, initial state recurrence,
nonlinear wave equations and in the collision plasma for interaction of solution[24].
The Klein Gordon equation is also very important in mathematical physics such as
chemical kinetics, fluid dynamics and solid state physics.[10],[13] ,[16]. Generally, the
Klein Gordon equation is of the form;

Ut — k2ux:p + g(U) = h(l’,t) (1)
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with the initial conditions

u(z,0) = f(x), w(x,0) = m(z) (2)

where u is a function of x and t and h(x,t) a known analytic function [1].
Many developed methods are in existence to obtain the approximate solutions of
the Klein-Gordon equations and nonlinear equations. This include the Homotopy
perturbation method[9],[25] Variation iterational method [19],[29],[30], Adomian
decomposition method [13],[16],[23],[42], exponential function method[22] and the
homotopy analysis method [28] .

In this work, the solutions of the Klein Gordon nonlinear equations are gotten by
the reduced differential polynomial and the Elzaki transform method. The method
expresses the solution in series form which yields the analytical solution with few
iterations. The paper is highlighted as follows: Section 2 displays the definitions and
basic properties of the method proposed, section 3 has the theoretical approach of the
method used on the considered equations and the reduced differential polynomial with
the Elzaki transform method is applied to solve four equations so as to show its potency
in section 4.

2. PROPERTIES OF ELZAKI TRANSFORM METHOD

The Elzaki Transform [5] [7] [8] [12] [32] defined for functions of exponential order
and is given in a set R as;

R = {f(gb) M, 01,00 > 0,|f(9)| < Me%'l,ifgb € (—1) x [O,oo)}

Where M is a constant that must be an infinite number and 0,02 may be either finite or
infinite. The Elzaki transform according to Tarig [6] is expressed as:

E[f(¢)] = T(v) = v / T R f(@)do, 62 0,u€ (01,00) 3)

where u is used to factor ¢ in the analysis of function f.
Let T(v) be the Elzaki transform of f¢ such that E[f(¢)] =T(v). Then,

@) BL'(9))=,T(0) ~ 0/ (0)
) BL"(0)}=25T(0) = 1(0) = of'(0)

(i) B fk(gb)]zvikT(U) 5L ke 0 )
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T(v) is the Elzaki transform of f(¢) and f(¢), the inverse Elzaki transform of T(v) :

f(¢)=E[T(v)]

Integration by part is applied on the definitions of the Elzaki transform to obtain the
Elzaki transform of a partial derivative as[9];

08 | L] ) - uf@,0)
P f(x Of(x
(i) E {%] =%T(:c, o) — f(@,0) — v%
52 02
(i) E {—J;(;;’ ¢)} :ﬁ [T(:E, U)]

3. THEORETICAL APPROACH OF THE ELZAKI TRANSFORM AND THE
REDUCED DIFFERENTIAL POLYNOMIAL

The focus of this paper is on the solution of the nonlinear partial differential equations
of the Klein-Gordon type. The reduced differential polynomial is combined with the
Elzaki transform method to obtain the approximate solutions of the aforementioned
equations.

Considering [27] ,

o"u(x, ¢
)+ Ru(e.0) + Nu(w,0) = f(5.0) @
where r=1,2,3 and the initial conditions as;
0" u(z, 9)
W = grq(w) (5)
d’r‘
The partial derivatives of the function u(z, ¢) of the r* is given as g;;qﬁ) , where

R indicates the linear differential equation, N is the nonlinear terms of the differential
equations and f(z, ¢) the source terms.
Applying the Elzaki transform into equation(5) then;

[ et

T} + E[Ru(z,9)] + E [Nu(z, )] = E |f(z,6)] (©)

where,

p[Fund)] _ Elizo) $ rorandulz:0) -

ST ¢

n=0
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Substituting equation (7)into (6) we have;
K ? — —r+n o" ) 0
Ul e D B (e, )] + B Nu(w, )] = E1S(2.0)] ®)

n=0

Thus,

E [u(x,9)] _ E[f(x,¢)]+iv2”"w—{3 [Ru(z, )]+ E [Nu(z, )]} (9)

v(r) o don
Thus, Simplifying equation(9) we obtain;
o 0
B fu(e, ¢)] = N+ Z e LU0 (B R, )] + B [Vule, )
(10)
Applying the inverse Elzaki transform on equation (10) gives ;
-1 r — 2+n5n (:E’O) —17,r
n=0 (1 1)
Equation (11) can then be written as;
u(z,¢) = F(x,¢) — B [v'{E[Ru(z, $)] + E [Nu(z, ¢)]}] (12)

where F'(z,¢) is the expression that arises from the initial conditions given and the
source terms after it has been simplified. The solution will be expressed as:

m=0
The nonlinear part is reduced as;
Nu(z,¢) =Y An (14)
m=0

where A,, is define as the reduced differential polynomial which can be gotten by using
the formula;
Ay =Upn(2)Up—p(z), m=0,1,...

Substituting equations(14)and (15)into equation(13) to obtain;

ium(x,qﬁ):F(a:,(b)— ! UT{E Rium(xgzﬁ E iAm
m=0 m=0

m=0

(15)

}
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Then from equation(15) we have;

uo(z,¢) = F(x,¢), {m =0} (16)

The recursive relation is expressed as;

Um41 = —E7! [V {E [Rup(r, )] + E[An]}]

where r=1,2,3 and m > 0
The analytical solution u(z, ¢) can be approximated by the truncated series;

x¢—llm2um$¢

4. APPLICATIONS TO THE KLEIN-GORDON EQUATIONS

4.1 : Ilustration One
Considering the nonhomogenous nonlinear Klein Gordon equation [2];

Ugt — Ugy + U2 = T2c0s*t — x cost (17)

with the conditions:
u(x,0) =z, uz,0) =0
Applying the Elzaki transform on Equation (17) we obtain;

2
%U(az,v) —u(z,0) — v/ (2,0) + E[u?] = E [xQCOSQt —  cost] — %E[ | (18)

Taking the inverse Elzaki transform of Equation (18) with the given conditions we have;

d2
u(z,v) = E-Y{0*E [t 4+ 2*cos’t — xcos| +v WE[ u) — v E[u®] + 20?}  (19)
From equation(19);
uy = E"Hv*E [1‘20082t — T cos t}} (20)
x? 22
Uy = xcost + 5752 — Et4

Therefore, the recursive relation is expressed as;

Uy = B {UQ (dd—;E [Un] — E [Am]) } (21)

when m=0 then equation (21) becomes;

u = E! {v ( d‘i;E [Uo] — E [AO])} (22)
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Thus, simplifying equation (22) gives;

2 2
Too | Xy
=% - 2
Uy 2t + 1225 (23)
The series solution is;
u(x,t) = ug +up + ... (24)

x? x? x? x?
w(z,t) = xcost + —t2 — —t* — 2 4 ¢4
( ’ ) + 2 12 2 + 12

Thus,

u(z,t) = xcost (25)

Figure 1: Numerical Solution for Application One

Illustration Two
Considering the nonlinear Klein Gordon equation [4];

Upy — Ugy + u* = 6t(2? — t?) 4 25¢° (26)

with the conditions:
u(z,0) =0, u(z,0)=0

Applying the Elzaki transform on Equation (26) gives;

1 d?
—U(z,0) —u(x,0) — vi/(2,0) = E [6xt(z® — ) + 2°° — u?] + WEM (27)
v T
where 1
Eluy] = su(z,v) —u(z,0) — vug(z, 0)

V2
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Taking the inverse Elzaki transform of Equation (27) with the given conditions we have;

2

u(z,v) = E-Y{0*E [6xt(2* — £7) + 2%°] + U2%E[U] — v*Eu’]} (28)

From equation(28):

up = E7Y{0*E [6at(a”® — t°) + 2°t°]} (29)
Uy = 33 — %xtS + %9367523
Therefore, the recursive relation is expressed as:
2
Uy = B {v2 (@E [Un] — E [Am]) } (30)
when m=0 then equation (30) becomes:
pe
u = E1 {v2 (wE [Uo] — E [AO]) } (31)
Thus, simplifying equation (31) we obtain:
uy = 13—090155 — %mﬁts (32)

The series solution is:

Hence,

u(z,t) = 233 (33)

) RN
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Figure 2: Numerical Solution for Application Two
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Illustration Three
Considering the homogenous nonlinear Klein-Gordon equation [2];

Ut + Qg + U+ U =0 (34)
with the conditions:

u(z,0) = Btan(kx), wu(z,0) = bck sec®(kx)

where B = \/> K=
\/ a+02

Applying the Elzaki transform on Equation (34) we obtain;

1 d? 3
UL 0) = u(e0) — wie.0) = [z < 1] Bl - Bl 69
Taking the inverse Elzaki transform of Equation (35) with the given conditions we have;

u(z,v) = E~Hv?*B tan(kz) +v° Bek sec®(kx) + av d—E[ | —v*E[u] — yv?E[u’]}

dx?
(36)
From equation(36);

ug = E{v? B tan(kx) + v®Bck sec®(kx)} (37)
uy = B tan(kx) + tBck sec?(kx)

Therefore, the recursive relation is given as:

Upy1 = B {v (add—;E [Un] — E[um]) —vE [Am])} (38)

when m=0 then equation (38) becomes:

u = E~ {v add—ZE (U] — v2E[ug] — Bv*E [AD]} (39)

Thus, simplifying equation (39) at a=-2.5 and y=1.5 gives:

Bck
Uy = —1—62253 [1+4.5B% — 20K* + cos(2Kx) + 10K cos(2Kx)| x sec*(kx)

B
—ZtQ [1+1.5B% = 10K* + cos(2Kx) — 1.5B%cos(2Kx)] x sec*(Kz)tan(Kz)

L 5B3¢ 3K3 cosh?z —2 ,

K 40
20 sec( z) = S8cosh3x (40)
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The series solution is:
u(x,t) = ug +ug + ...

Thus,

u(z,t) = Btan(K(x + ct)) 41)

Figure 3: Numerical Solution for Application Three

Illustration Four

Considering the nonlinear Klein-Gordon equation [1];
3 3 4
— Ugg -u—- = - 42
Uyt Ugg + 4U 2U 0 ( )

with the conditions:
1
u(z,0) = —sechx, u(x,0) = isechx tanhx

Applying the Elzaki transform on Equation (42) we obtain;
1 3 3
EU@’U) —u(z,0) —vu'(x,0) = E[u] [@ — Z] + §E[u3] (43)
Taking the inverse Elzaki transform of Equation (43) with the given conditions we have;

00 9 o d? v, 3P
u(z,v)=F {Esechx tanhx—v*sechr+v @E[u]—TE[u ]—i—TE[u 1} 44)

From equation(44);

3
Uy = E’l{ %sechx tanhx — v%echx} } (45)
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t
Uy = §sech1‘ tanhx — sechx

Therefore, the recursive relation is expressed as:

d? 3 3

when m=0 then equation (46) becomes:

d? 32 3v?
w = E! {02@]_@ (U] — TE[UO] + 7E [AO]} 47)

Thus, simplifying equation (47) gives:

sinhz(cosh*x — 6) 5 cosh’z —2 ,

- 48
t 48coshx Scosh3x (43)

The series solution is:
u(z,t) =ug 4+ ug + ... (49)

(2.1) 1 N sinhx cosh?x —2 ,  sinhz(cosh*r — 6) n
’ coshx  2cosh?x Scosh3x 48coshix
Thus,
1

u(x,t) = —sech(x + 515) (50)

Figure 4: Numerical Solution for Application Four
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S. DISCUSSION OF RESULTS

The Elzaki transform method combined with the reduced differential transform
polynomials has been used to solve the nonlinear aspect of the partial differential
equation illustrated. Four examples of the Klein-Gordon equations were solved with
the scheme. The obtained results are in series solutions which are in concordance with
the analytical solution and hence showed the efficiency of the scheme. The considered
equations showed the method is effective in solving nonlinear partial differential
equations as the result gotten agree with those in the references. Figures 1,2,3,4
also shows the three dimensional graphs of the examples considered to give detailed
explanation of the behaviour and shape of the equations. The small computational
size illustrated show that the proposed scheme is suitable and can be applied to other
nonlinear partial differential equations.

6. CONCLUSION

In this work, the approximate solutions of the Klein-Gordon equations have been gotten
with the reduced differential polynomial and Elzaki transform method. The obtained
solution agree with the solutions gotten by the modified Adomian decomposition and
novel expansion methods as given in the references. The problems considered showed
that the reduced differential polynomial and Elzaki transform method is a very effective
tool in the solution of Klein-Gordon equations. Therefore, the proposed method is
powerful in solving nonlinear differential equations which provides the results in form
of series.
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