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Abstract

The purpose of this paper is to find the partially invariant solutions riant solutions of
the Navier-Stokes equations. These solutions are constructed based on the 4-
dimensional algebra that admitted the Navier-Stokes equations. The transformation
from the Cartesian coordinate system to the polar coordinate system is presented and
some partially invariant solutions are also found.
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1. INTRODUCTION

Many physical phenomena are described by differential equations. Physical and mathematical
modeling are very closely related. Physical phenomena are used to construct mathematical
models, and on the other hand, the solutions of mathematical models are used to explain the
physical phenomena. Almost all fundamental equations of physics are nonlinear equations,
and in general, are very difficult to solve explicitly. Group analysis is a method for
constructing exact solutions of differential equations. This method uses symmetry properties
for constructing exact solutions. There are two types of solutions, the class of invariant
solutions and partially invariant solutions which can be obtained by group analysis.
Constructing of invariant and partially invariant solutions consists of some steps: choosing a
subgroup of the admitted group, finding a representation of solution, substituting the
representation into the studied system of equations and the study of compatibility of the
obtained reduced system of equations. A survey of this method can be found in [11, 19].

In this manuscript, we construct partially invariant solutions of the Navier-Stokes
equations by using the polar coordinate system. These solutions are constructed based on the
4-dimensional algebra that admitted the Navier-Stokes equations. Example of some partially
invariant solutions are also found. They can return to new solutions of the Navier-Stokes
equations.
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2. INVARIANT AND PARTIALLY INVARIANT SOLUTIONS

Group analysis is one of the methods for constructing exact solutions of partial differential
equations. This method uses the symmetry properties of differential equations. Symmetry
means that any solutions of a given system of partial differential equations is transformed by a
Lie group of transformations to a solution of the same system. Moreover, a symmetry allows
finding new solutions of the system. There are two types of solutions, the class of invariant
solutions and partially invariant solutions which can be obtained by Group analysis. The
notion of invariant solution was introduced by Sophus Lie in 1895.

The notion of a partially invariant solution was introduced by Ovsiannikov [20]. This
notion of partially invariant solutions generalized the notion of an invariant solution and
extends the scope of applications of group analysis for constructing exact solutions of partial
differential equations. The algorithm of finding invariant and partially invariant solutions
consist of the following steps.

Let L™ be a Lie algebra with the basis X,,..., X, . The universal invariant J consists of
s=m+n—r. functionally independent invariants
J =(J'(x,u),I%(x,u),..., J™" " (x,u)), (1)

where n,m are the numbers of independent and dependent variables respectively and r, is the

total rank of the matrix composed by the coefficients of the generators X, (i=12,...,r). If the

8(3*%,..., 3™ ")
o(u*,...,.u™

invariants J,...,J% such that the rank of the Jacobi matrix

rank of the Jacobi matrix is equal to g, then one can choose the first g<m

8(3%,..,39
o(u,,...,u.)
partially invariant solution is characterized by two integers: >0 and & >0. These solutions
are also called H(o,o)-solutions. The number o is called the rank of a partially invariant
solution. This number gives the number of the independent variables in the representation of
the partially invariant solution. The number & is called the defect of a partially invariant
solution. The defect is the number of the dependent functions which can not be found from
the representation of partially invariant solution. The rank o and the defect 5§ must satisfy
the conditions

is equal to q. A

c=0+n-12>0,620,
p<o<n max{r.—nm-q,0}<5<min{r. -1, m-13},

where p is the maximum number of invariants which depends only on the independent
variables. Note that for the invariant solutions, §=0 and q=m.

For constructing a representation of a H(o,5)-solution one needs to choose I =m-¢6
invariants and separates the universal invariant in two parts:

j:(Jl,_..,Jl), \T:(J|+1’J|+2,.""]m+n7r*).

The number | satisfies the inequality 1<I1<q<m. The representation of the H(c,?)-
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solution is obtained by assuming the first | coordinates J of the universal invariant are
functions of the invariants J :

T=w(@). )

Equation (2) is a form of the invariant part of the representation of a solution. The
next assumption about a partially invariant solution is that Equation (2) can be solved for the
first | dependent functions, for example,

u' =¢' " u"? L umx), (=1, D). (3)

It is important to note that the function W', (i=1,...,1) is involved in the expression for
the functions ¢', (i=1,...,1). The functions u"**,u'*?,...,u™ are called superfluous. The rank and
the defect of the H(o,d)-solutionare s=m-1 and c=m-+n-r.—l=5+n-—r. respectively.

Note that if =0, then the above algorithm is the algorithm for finding a
representation of an invariant solution. If 5=0, then Equations (3) do not define all
dependent functions. Since a partially invariant solution satisfies the restrictions (2), this
algorithm cuts out some particular solutions from the set of all solutions.

After constructing the representation of an invariant or partially invariant solution (3),
it must be substituted into the original system of equations. The system of equations obtained
for the functions W and superfluous functions u*,(k=1+12,...,m) is called the reduced

system. This system is overdetermined and requires an analysis of compatibility.
Compatibility analysis for invariant solutions is easier than for partially invariant
solutions. Another case of partially invariant solutions which is easier than the general case

occurs when J only depends on the independent variables
J 1+1 — \JI+1(X), J 1+2 — J |+2(X) ''''' J m+Nn—F. — J m+Nn—F. (X)

In this case, a partially invariant solution is called regular, otherwise it is irregular. The
number o — p is called the measure of irregularity.

The process of studying compatibility consists of reducing the overdetermined system
of partial differential equations to an involutive system. During this process different
subclasses of H(c,d) partially invariant solutions can be obtained. Some of these subclasses

can be H,(o;,8,)-solutions with subalgebra H, = H . In this case o, >0, 5, <5. The study of
compatibility of the partially invariant solutions with the same rank o, =o, but with smaller
defect o, <5 is simpler than the study of compatibility for H(o,d8)-solutions. In many
applications, there is a reduction of a H(c,d)-solution to a H,(c,0) solution. In this case the
H (o, ) -solution is called reducible to an invariant solution. The problem of reduction to an
invariant solution is important since the invariant solutions are usually studied first.

3. THE UNSTEADY NAVIER-STOKES EQUATIONS

Unsteady motion of incompressible viscous fluid is governed by the
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Navier-Stokes equations
U +UVu=-Vp+Au, V-u=0, (4)
where u=(u,u,,u,)=(u,v,w) is the velocity field, p is the fluid pressure, V is the gradient

operator in the three-dimensional space x=(x,X,,X;) =(x,¥,z) and A is the Laplacian. A

group classification of the Navier-Stokes equations in the three-dimensional case! was done
in [2]. The Lie group admitted by the Navier-Stokes equations is infinite. Its Lie algebra can
be presented in the form of the direct sum L* @ L*, where the infinite-dimensional ideal L~ is

generated by the operators?
X4 =400, +4 )0, —¢ %0, X, =y (1)d,
with arbitrary functions & (t), (i=1,2,3) and w(t). The subalgebra L° has the following basis:

Y = Ztﬁ‘ '|-XiaxI _uiau, _Zpap; Zo :8“
Z, =%0, —X0, +u;0, —udy;, (i<k<3).

The Galilean algebra L™ is contained in L” ®L°.

Several articles [1,3,4,8,13,15,25,27] are devoted to invariant solutions of the Navier-
Stokes equations®. While partially invariant solutions of the Navier-Stokes equations have
been less studied?, there has been substantial progress in studying such classes of solutions of
inviscid gas dynamics equations [5,9,17,18,19,21,23,24,28].

4. PARTIALLY INVARIANT SOLUTIONS BY USING POLAR COORDINATE
SYSTEM

In this section analysis of compatibility of regular partially invariant solutions with defect 1
and rank 1 of the subalgebra based on the 4-dimensional algebra is given. This subalgebra is
taken from the optimal system constructed for the gas dynamics equations [22]. Partially
invariant solutions of the gas dynamics equations for this subalgebra were considered in [24].

The Navier-Stokes equations are used in the component form:

U +uu, +vu, +wWu, =—p, +U,_ +U. +U_, 5
t X y z X XX vy 7z

V HUV, + W, WY, =P, +V, +V +V,, (6)

LA classification of the two-dimensional Navier-Stokes equations was studied in [26].

2There is still no complete classification of the subalgebras of the Lie algebra . Classification
of infinite-dimensional subalgebras of this algebra was studied in [14].

3Short reviews devoted to invariant solutions of the Navier-Stokes equations can be found in
[4,6,7,16,27].

*Firstly the approach of partially invariant solutions to the Navier-Stokes equations was
applied in [27].
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W, -+ UW, +VW, +WW, =—p, +W, +W, +W,, @)
u,+v, +w, =0. (8)
The dependent variables u,v,w and p are functions of the space variables x,y,z and
time t.
The basis of generator that admit the Navier-Stokes equations is
X,=0,, X,=0,, X,=0,,
X, =10, +0,, X,=t8,+0,, X,=10,+0,,
X,=Yy0,-120,+Vv0, —wWo,, Xy=10,—X0,+Wo,—Uod,,
Xq=X0, - Y0, +U0, —V0,, X,, =t0,.

(9)

The construction of a partially invariant solution consists of several steps. First,
choose a subgroup from the equation (9). Then find a representation of a partially invariant
solution. After that substitute the representation of the solution into the Navier-Stokes
equations. Finally, one needs to study the compatibility of the obtained (reduced) system of
equations. As a result, one obtains an exact solution of the Navier-Stokes equations.

For the sake of convenience, some problems require a special coordinate system. A
coordinate transformation is a conversion from one system of the independent variables to
another. In this paper, the polar coordinate system is used.

The simplest one is the Cartesian coordinate system. In this system X = (x,y,z) is the
vector of the independent variables, u=(u,v,w) is the vector of the dependent variables.

Relations of polar coordinate systems with the Cartesian coordinate system are given as
follows.

The transformation from the Cartesian coordinate system to the polar coordinate
system is presented by

X=(X,Y,2), U=(u,gcose,qsine)

or

u=u, q=vv>+W?, g=arctan (w/v).

This coordinate system is used for convenience of writing a representation of partially
invariant solutions. Analysis of partially invariant solutions is presented in detail for four
examples.

Subalgebra generated by: {X,, X,, X,, X,}
The basis of this subalgebrais 0,, o,, t6, +0,, yo, —20, +vo,, —Wo, .

In order to find an invariant solution, one needs to find a universal invariant of this
subalgebra. Let a function J =J(t,x,y,z,u,v,w, p) be an invariant of the generator X,and X,.

This means that (6,)J =0 and (9,)J =0. So, the function J does not depend on y and z, it
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means that J =J(t,x,u,v,w, p). After substituting it into the equation (X,)J =(to, +9,)J =0,
one obtains the equation tJ, + J, =0. The characteristics system is

dt _dx_du_dv_dw_dp
0O t 1 0 0 o0

Then J =J(t,u—x/t,v,w, p). After substituting it into the equation
(X;)Jd =(yo, -z0, +vo, —wo,)J =0,
one obtains the equation vJ, —wJ, =0. The characteristics system is

dt du-x/t) dv dw dp
0 1 -w v 0

Then J=J(t,u-x/t,q,p) , where
q=~V? +W?, Vv =(cosep, w=(qsing, ¢ =arctan (w/v).

Thus, invariants of the Lie group corresponding to this subalgebra in the polar
coordinate system are

t,u—x/t,q, p.

Hence, a representation of the partially invariant solution is
X

u =U(t)+? p=p®), a=q(t),

and the function ¢(t,x,y,z) depends on all independent variables.

After substituting this representation into the Navier-Stokes equations (5)-(8), it can
be written in the polar coordinate system as

tU’'+U =0, (10)
[(pu t @, + 0, —o —dp, sinp)t — (x+tU)p, Jgsing

2 2 2 2 H (11)
+H[q(p, + ) +9;)+d" —q ¢, singp]cosp =0,
[(pn + @, + 0, —@ —dp, sinp)t — (X +tU ), Jqcos ¢ 12)
—t{[a(¢f +¢; + 9?) +'Isinp+q°p, cos” p] =0,
qt(e, sinp— g, cosp) —1=0. (13)

Solving the equation (10), we have U =C,/t where C, is constant. Taking the
combination of equations (11) and (12) by excluding the derivative ¢,, one has

q(ef + @} +¢)+q'=0. (14)

For the compatibility analysis of systems (11)-(14), it is convenient to use an implicit
representation of the function ¢(t,x,y,z). Assume that there is a function F(e,t,s,y,z) such



Partially Invariant Solutions of the Navier-Stokes Equations by Using ... 231
that F, =0 and

F(e(t,s,y,2),t,s,y,2)=0. (15)

Taking the total derivatives of equation (15) with respect to t,x,y,z, one has
DF=F,p +F =0D,F=Fg¢ +F =0,
D,F=F,p, +F, =0,D,F =F,p, +F, =0,
2 2
D;F = F¢¢xx + @, FW + ZFquX +F, =0,
2 2
D)F=Fo, +oF, +2F,0, +F, =0,
D’F = F0. +goZZFW +2F,, 0, +F, =0.
All derivatives of the function ¢(t,x,y,z) can be found through the derivatives of the
function F(e,t,x,y,z) from these equations:
¢, =-FIF, o =-FIF, 0 =-F,IF, ¢,=-F,IF,
Dy = —(FW(PXZ + 2F¢x(/)x + Fxx)/ F(p!
Py = _(wapqu +2F, o, + Fy)! Fy
0, = _(F¢¢¢22 + 2F(pz(pz + Fzz)/ F(p'

Substituting these derivatives into equation (13), one obtains

F,sinp—F,cosp+aF, =0, (16)

where the function a = (qt)"*only depends on t.
The characteristics system of the last equation is
dt_dx_dy _ dz _dg
0 0 sing -cosp a

The universal invariant is t, x, j, j, where j =cosep+ay and j,=sing+az. Thus,

the general solution of equation (16) is F =¢(t,x, j,, j,)- Changing the function ¢(t,x,y,z) in
the equation (14) through the function F =g(t,x, j,, j,), it becomes in this form

a,Ccos’ p+a, cospsing+a, =0 (17)
where
, ¢ 09\ 0p Of
=(ta'+a)(—+= )= —=)
i a. " o, d o,

'y oy 0P OF
a, = (ta + a)—_—_,
i 9, 0,

— %2_ I%Z 3%2 2 %2
as—t(a(ax) a(ajl) +fﬂt(ajz))Jra(t«’i 1)(aj1)'
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After splitting equation (17) with respect to cos’¢ and cosgsing we get
a =0, (1=123).
Consider case gq=0.

If ta’+a=0, then a=C,/t where C, is constant. Then the equation a,=0 becomes

tz(%)2 + sz((a—_¢)2 + (6—7})2) =0. We get that % _ a—_¢ = a—_¢ =0, which is contradiction.
OX , a, ox a, d,

op 04,0 O op . O¢ .
If (—=—+-2)(—---)=0, then —~=+—. Thus the equation =0and =0
3, a3, 3, d, " "

become % = a—_¢ = 6—_¢ =0, which is contradiction.
ox d, J,

So, there is no partially invariant solution in this case.
Consider case q=0.

A representation of the partially invariant solution is
X
u =U(t)+? p=p(t), q=0,

and the function ¢(t,x,y,z) depends on all independent variables. After substituting this

representation into the Navier-Stokes equations (5)-(8), one obtains tU’'+U =0 and -1=0
,which is also contradiction. Thus, there is no partially invariant solution of the Navier-Stokes
equations in this subgroup.

Subalgebra generated by: {X,, X,, X, 8X, +X,, B=0}
The basis of subalgebra is 9,,0,,0,, B0, +0,) + Y0, — 20, +V0,, —W0,.

Do the same as the previous example, so invariants of the Lie group corresponding to
this subalgebra in the polar coordinate system are

t, u—-/go, q, p.
Hence, a representation of the partially invariant solution is
U=U(®)+Bp, p=P(t), a=q(t),

where qzm, v=qcosep, W=qsing and ¢ =arctan (w/v).

After substituting this representation into the Navier-Stokes equations (5)-(8), one
obtains the system of ordinary differential equations

U’ + B(d(e, sinp+@, cosp) — o, —p,, — ¢, + ¢, +(Bp+U)p,) =0, (18)
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(P + @y + 0, =@ — e, SiN@— (B +U)g,)asing

19
+A(@f + @] +92)+q' =0, sing)cosp =0, (19)
[(pu + @, + 0, — @ —dp,sinp—(Bp+U)p, Jqcose 20)
—[(a(e? + @3 +¢}) +q'1sinp+ g g, cos® p] =0,
Po, —d(p,sing—g, cosg) =0. (21)

Taking the combination of equations (19) and (20) by excluding the derivative ¢,, one
has

(e} + ¢} +¢)+q'=0. (22)

Changing of the function ¢(t,x,y,z) through the function F(e,t,s,y,z), the equation
(21) becomes,

F,sinp—F, cosp—aF, =0, (23)
where the function a= gq*only dependson t.

The characteristics system of the last equation is

o dy _ d _do
0 a sing -cosp O

The universal invariants are t, j,, j,, » where j =xsing+ay and j, =xcos¢+az.

Changing the function ¢(t,x,y,z) in the equation (21) through the function
F =4, j,, i,,¢), it becomes in this form

a, cos’ p+a, cospsing+a, =0 (24)
where

¢ , ¢ 0p _0f
Oy 81 )(811 2)

0429
ol i,

a = (x*a’ +a)(

=(x’a’ +a)—

a, = p(0ca +a)( Dy —a@® + ()2,
0, Oy
After splitting the equation (24) with respect to cos’p and cosgsing we get
a =0, (1=123).
Consider case q=0.

If x?a’+a=0, then a=0. This is contradiction.



234 Sopita Khamrod
If (%+8—_¢)(%—%)=0, then 8—?:18—?5. From the equation a,=0, we get
9, d, d, d, d,

o _99 _ 0, which is contradiction.

% 0,
Consider case q=0.
A representation of the partially invariant solution is
u=U()+pe, p=p(t), =0,

and the function ¢(t,x,y,z) depends on all independent variables.

After substituting this representation into the Navier-Stokes equations (18)-(21), one
obtains

U'= B0y + 0y + 0, —— (Bp+U)p,) =0 (25)
Bo, =0. (26)
So ¢ does not depend on x, that is o=y (t,y,z). Thus the equation (25) becomes

U'= By, +v, —v)=0. (27)

In particular case, if U'=0 then we get U =C, where C, is constant, thus the last
equation is

Wy tW, —w, =0 (28)
Solving the equation (28), one obtains
w =e(C,e’™ +CeV%)(C,sin[C, —C,z +C, cos,[C, —C,2)

where C,,i=2,...,7 are constants.

So, there is no partially invariant solution of the Navier-Stokes equations in case
q=0. For q=0, the partially invariant solution of this subgroup is

u=C, + Be% (C,e¥ +CeV&)(C, sin,/C, —C,z+C, cos,/C, - C,2),
v=0, w=0, p=p(t),

where C,,i=1,...,7 are constants.

Subalgebra generated by: {X,, X,, X,, X, + X,}
The basis of this subalgebra is 0., 9,, t6, +0,, 0, +yd, —20, +vd,, —Wo,.

Invariants of the Lie group corresponding to this subalgebra in the polar coordinate
system are
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t,Lu+(p—x)/t,q, p.
Hence, a representation of the partially invariant solution is
U=U(t)-(p—x)/t, p=P(t), a=q(),

where ¢ =W rw? v=qcosp, W=qsing and ¢=arctan (w/V).

After substituting this representation into the Navier-Stokes equations (5)-(8), it can
be written in the polar coordinate system as

ttU'+U + o, + 9, + @, — ¢ —qp, Cosp -y, sing)

(29)

—(X+tU —p)p, =0,
[(goxx +¢yy +9, —¢ — 4o, Sln(p)t _(X+tU _§0)¢x]q5in¢

2 (30)
+[q(p; + @) +¢])+q'—gp,sinp]cosp =0,
[((oxx +¢yy +9, —¢ —do, Sln¢)t _(X+tU _¢)¢x]q Cosp (31)
—t[[a(e; + @] +9)+a'lsing+q’p, cos” p] =0,
at(e, sing— @, cosg) + ¢, —1=0. (32)

Taking the combination of equations (30) and (31) by excluding the derivative ¢, , one
has

(@} + ¢} +¢?)+q'=0. (33)

Changing of the function ¢(t,x,y,z) through the function F(e,t,x,y,z), the equation
(32) becomes,

F,sinp—F, cosp+aF, +aF, =0, (34)
where the function a = (qt)"*only depends on t.

The characteristics system of the last equation is
ot_dx_dy _dz _do
0 a sing -cosp a
The universal invariants are
bz ds
where j =cosg+ay, j,=singp+az and j,=¢p—x.

Changing the function ¢(t,x,y,z) in the equation (33) through the function
F =4, i, J,, J5), 1t becomes in this form

a,CoSs’ ¢ +a, Cospsing+a,cosg+a,sing+a, =0 (35)
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where

8¢ o, ,0¢ 8¢
Oy 5]2)(811 )

09 09
), 6]

o¢ ¢ 6¢8¢
a, = (ta+a)a e =(ta’+a)—

2 3 aJl JS

a, =(ta'+ a)(

=(ta"+a)—

OPra . 2,00, 091, 1(9Pv2 | (02
=a((ta” -1)(z-)* +ta’ (Z5)* + (t-D(5H)?) —ta'(ZH)* +(50)?)-
* a, " a, a, a, " a,
After splitting the equation (35) with respect to cos® ¢, cosgsing, cosg and sing, we
get a =0, (i=12,34,5).
Consider case q=0.

If ta’+a=0, then a=C,/t where C, is a constant. Then equation a, =0 becomes

c, ((a‘”) +<a¢) )+t (a‘”) ~0.

It implies that o9 _94 _2¢ =0, which is contradiction.
O, 8]2 813

If (6¢ 8¢)(6¢ 8¢) 0, then %

:J_ra—_‘b. Thus the equation a,=0 becomes
A, O, G d,

L O,

9% _% _o. Since a,=0, a,=0 and a; =0, we get 99 _o which is contradiction.
% 0, s

Consider case gq=0.

Hence, a representation of the partially invariant solution is
u=U()—(p—x)/t, p=p(®)., 9=0,
and the function ¢(t, x, y, z) depends on all independent variables.

After substituting this representation into the Navier-Stokes equations (18)-(21), we
obtain

t(tU'+U+¢xx+¢yy+(pzz_(pt)_(x+tu_¢)(px:0’ (36)
_1-0. 37)

Solving the last equation, one obtains ¢ =x-+w/(t,y,z). Substituting ¢ in the equation
(36), we get

U +ty,, +v, —w) +y =0. (38)
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In particular case, if U'=0 then we find U =C, where C, is a constant, thus the last
equation becomes

tyyy +v, —y) +y =0. (39)
Solving the equation (39), one obtains
w =t (C,e¥™ +Cee V™)(C,sin[C, ~C,z +C, c0s[C, —C, 2)

where C,,i=2,...,7 are constants.

So, there is no partially invariant solution of the Navier-Stokes equations in case
q=0. For q=0, the partially invariant solution of this subgroup is

u=C, —e%(C,e’™ +ce)(c,sin,/C, —C,z+C, cos[C, —C,2),
v=0, w=0, p=p(t),

where C,, i=1..,7 are constants.

Subalgebra generated by: {X,, X,, X,, X,;}
The basis of this subalgebrais o,, 9,, 6,, yo,—20, +Vvd, —Wo,.

Invariants of the Lie group corresponding to this subalgebra in the polar coordinate
system are

X, U, q, p.

Hence, a representation of the partially invariant solution is

u=U(x), p=P(x), q=0q(x),

where g =V2 +W, Vv =(Cos@, W=qsing, ¢ =arctan (w/ v).

After substituting this representation into the Navier-Stokes equations (5)-(8), one
obtains the system of ordinary differential equations

P'—U"+UU’ =0, (40)
(o + 0, + 0, 9, —@,asin)q + (29’ -Ug)g, ]sing (41)
-[9"-Uq' ~ (¢} + ¢} + ;) +q°p, sing]cosp =0,

(o + 0, + 9, -9, —9,asing)q + (29" -Ug)e, Jcos g 42)
+q"-Uq' —a(¢} + ¢} + ¢;)Isinp—q’p, cos® ¢] =0,

(e, sinp—p, cosp)—U' =0. (43)

Notice that for q=0 the general solution of equations (40)-(43) is
Uu=C,P=C,,v=0,w=0,
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where C, and C, are constants.

Therefore, the partially invariant solution of this case is

u=C,v=0, w=0, p=C,,
where C, and C, are constants.

Further consideration is given for q=0.

Integrating equation (40) with respect to x, one finds P=U’'-2"U?+C,.

Taking the combination of equations (41) and (42) by excluding the derivative ¢, , one
has

q"-Uq'—a(g; +¢; +¢;)=0. (44)

Changing of the function ¢(t,x,y,z) through the function F(e,t,x,y,z), equation (43)
becomes,

F,sinp—F,cosp+aF, =0, (49)
where the function a=q"U’ only depends on x.

Case 1. Let a=0, or U=C,. Notice that if ¢ is a constant, then the general solution of
equations (40)-(43) is P=C,, q=C,+C,e“*,where C,,C,,C, and C, are constants.

Assume that ¢ is not a constant. The universal invariants are

t1 X! ya @ ]
where y=ycosp+zsing.

Thus, the general solution of equation (45) is F=¢(t,x¥,¢). Since
F,=(-ysinp+zcosp)g, +¢,+#0, this gives that ¢ +¢>#0. Substituting the function
F =4(t,Xx,¥,p) into equation (44), one obtains

az’+a,z+a,=0 (46)
where

a,=—(0"-Cq)g;,

a, =—2(9" - C,9')[¢, cosp — Yg, sinplg,

2, =-{(q"-C,a)¢, —ag; —(9°(a" - C,a') +a)g; ]cos’ ¢

+(9"-C,a')(24, cospsing — Y,) Y4,

The coefficients a, a, and a, do not depend on z. Splitting (46) with respect toz,
one finds a =0, (i=1,2,3).

If ¢, =0, then the equation a =0 implies that q"~-C,q' = 0, and the equation a, =0
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becomes q(¢4; +4;)=0. Because of ¢;+¢; =0, one has gq=0 which contradicts the
assumption q=0.

If ¢, =0, the equation a, =0 implies that (9" —C,q')#. —ag; =0.
The general solution of the last equation is ¢ =g(t, ), where @=gp+H(X),
H(x) = [h(x)ax, h=+((@"-C,a)/ a)"*,

and ¢, =4, =0. Substituting ¢=4(t,$) into equation (41), one obtains

bl(x)&;@ +b, (X)&p +&t =0, (47)
where b =h* b,=-q*(29'-C,q)h—h’. Let us analyze this equation. Differentiating it with
respect to x, one obtains bg,; +b;é, =0.

Assume first that b/ =0. Then the last equation can be rewritten as @3«3/5@ =-b) /b/.
Differentiating it with respect to x, one obtains (—b;/b’)'=0. Thus b,=-C,b +C,. This
relation, after substituting representations for the coefficients b, and b, becomes

((@"-C,a)9)"*(C,(a"~C,a) +C,q) +(a" - C,a)(2q' - C,q)

-[(@"-Ca")a-(q"-C,a)q’]2" =0.

In this case the solution of equation (47) is ¢ =C,e%“" 4 C,. Returning back to the
solution of equations (41)-(43), one gets ¢=C,t—H(x)+C, where C=C,(C,C,)™".

For the case b/ =0, then b, =0 , or b, =C, >0 and b, =C,. This means that

@' -Ca)/q=C,, ((29'~Ca)C;*)/q==C,.

Let C,=0, then C,=0, and hence q=C, +C.e“*. Equation (47) becomes ¢ =0. This
means that the function ¢ only depends ong. Returning back to the solution of equations
(41)-(43), one has ¢=—H (x)+C,.

If C,>0, then q=C,e™’?, where C=C, +C,C,”* and the constants C,,C,,C, and C,
are related by the equation CZ—C,(C? +4C,)=0. The solution of equation (47) is ¢=g(t,)
where the function #(t,@) is a solution of the linear parabolic equation with constant
coefficients

Cof;5 +Caf, + 6 =0.

Solving the last equation, one obtains

¢j_ e (C e—(ca—\/(czz‘*"‘czcs)(77/(292) +C e—(cs—\//(‘332+402‘35)(7’/(292))
- 6 7 !

where C,,C, and C, are constants.
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Case 2. Assume that a=0.
The characteristic system of the equation (45) is

@ b &y _dy
0 0 sing -cosp a

Hence, the universal invariants of this system are

LX Y Ys,
where y, =cosp+ay and y, =sinp+az.

Thus, the general solution of equation (43) is F=g(t,x,y,,y,), where ¢’ +¢’ =0.
Substituting the derivatives of the function ¢(t,x,y,z) through the derivatives of the function
F(o,t,%,y,2) into equation (42), one obtains

a,Cos’ ¢ +a, Cospsing+a,cosg+a,sing+a, =0 (48)
where

a,=[(q"-Uq")a’ +q(a)’1(g, +9¢,,)(8, —4,),

a, =2[(q"-Uq)a’ +q(a)’1¢, 9,
aS = _2[(yjl_¢y1 + y2¢y2 )al + a‘¢x]qa'¢y1 ]
a4 = _2[( yl¢y1 + y2¢y2 )a’ + a¢)<]qa"¢y2 ’
a; =[[2(y,8,, + Y., )a'é +(a’¢, +4;)ala -
(9" -Uq'-qa*)ag; Ja+[(y,8, + Y.9,)* +¢; 1a(a)*.

Note that a,a,,a,,a, and a, does not depend on ¢. Splitting (48) with respect to

cos® @, cosgsing, cosg, sing, one obtains a =0, (i =1,2,...,5).
Noting that ¢; +¢; =0, the equations a, =0, a, =0 imply that
(@"-Uga’ +q(a)* =0,
and the equations a, =0, a, =0 imply
[(yl¢y1 + y2¢y2 )a' + a¢x]a, = O (49)
The last equation is split into two cases.
Case 2.1. Assume that a’=0, then equation (49) gives
(y1¢y1 + y2¢y2 )a’ + a’¢x = O

The general solution of this equation is ¢= f(t,g,,9,), where g,=v,/y,, g,=aly,
and f+f’ =0. Substituting the function ¢ into the equation a;=0, one obtains

(@"-Ug'—qa)[(g, f, +9,T,)" + f;1=0.



Partially Invariant Solutions of the Navier-Stokes Equations by Using ... 241

Since f;+f2 =0, then (g,f, +g,f, )*+f = 0. It means that q"-Ug'-ga®=0.
Finding g" from this equation, and substituting it into the equation (q”-Uq")a’+q(a’)> =0,
one has (a')> +a* =0. This gives a=0, which contradicts the assumption a = 0.

Case 2.2. Assume that a’'=0. Substituting a'=0 into the equation a,=0, one obtains
(9" -Uq'—qa*)¢; —q(a’s; +¢;)=0. Using here the equation (q"-Ug’)a* +q(a’)* =0, one finds
a’g; +a’g; +¢; =0. Hence, ¢, =¢, =¢, =0, which is a contradiction to the condition
¢, +4; #0. Therefore, there is no partially invariant solutions in case a=0.

6. CONCLUSION

This manuscript devoted to the construction partially invariant solutions of the Navier-Stokes
equations by using the polar coordinate system. This coordinate system is used for
convenience of writing a representation of partially invariant solutions. Subgroups for
studying are taken from the optimal system constructed for the gas dynamics equations [22].

The algorithm of obtaining partially invariant solutions were applied to the Navier-Stokes
equations. As a result of this study some exact partially invariant solutions corresponding to
some subalgebras are presented. These possibilities extend an area of using Group analysis for
constructing new exact solutions.
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