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that Wang and his coauthors used to find out the conditions for a solution to a
nonlinear differential equation of the fractional order, see [13]. Due to its impor-
tance in various fields, it has received increasing attention and occupied a central
place in the interest of researchers and mathematicians.

Recently, great attention has been paid to the existence of solutions to the
problem of boundary value problem and boundary conditions of implicit fractional
differential equations and integral equations with a partial Caputo derivative. See
[9, 10, 11, 12, 32]. In [14], Benchohra and Lazreg established the existence and
uniqueness of the solution to a class of boundary value problems of implicit frac-
tional differential equations with the Caputo fractional derivative. The arguments
are based on the Banach contraction principle, Schauder’s fixed point theorem and
the nonlinear alternative of Leray-Schauder type.

In [15], Some sufficient conditions for the existence and uniqueness of the solu-
tion to the following boundary value problem of the implicit fractional differential
equations are obtained as a result of applying the Arzela Ascoli’s theorem and
Banach contraction theorem with the topological degree theorem.{

cDγv(t) = F(t, v(t),cDγv(t)), t ∈ I = [0, 1], γ ∈ (0, 1],
v(0) = λb(v) + λv(ξ), ξ, λ ∈ (0, 1)

where F ∈ C([0, 1] × R × R) and the nonlocal function b : C(J,R) → R is
continuous. They have also developed results for Hyers-Ulam and generalized
Hyers-Ulam type stabilization for the aforementioned to above BVP under some
specific conditions.

In [14],using the Banach contraction principle, Schauder’s fixed point theorem
and a nonlinear alternative of type Leray Schauder , Benchohra and Lazreg inves-
tigated the existence and uniqueness of the results of nonlinear implicit fractional
differential equations with boundary conditions of the type:{

cDαy(t) = f(t, y(t),c Dαx(t)), t ∈ J = [0, T ], T > 0, 1 < α ≤ 2,
y(0) = y0, y(T ) = y1,

where cDα is the Caputo fractional derivative, f : J × R × R → R is a given
function and y0, y1 ∈ R.

In [24], Tate and Dind investigated the existence and uniqueness of solutions to
the boundary value problem of nonlinear implicit fractional differential equations
involving the standard Riemann–Liouville fractional derivative. The results were
based on Banach’s contraction mapping principal and Krasnoselskii’s fixed point
theorem.

In [22], Nanware et al. studied the existence and uniqueness of the follow-
ing nonlinear initial value problem for a system of implicit fractional differential
equations{

Dα
1 x(t) = f(t, x(t),Dα

1 x(t)), t ∈ J = [1, T ], T > 1,
x(k)(1) = xk, xk ∈ Rn, k = 0, 1, 2, ...,m− 1,
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for some α ∈ (m − 1,m],m ∈ N , where f : J × Rn × Rn → Rn be a nonlinear
continuous function, x : J → Rn and Dα

1 denotes the Caputo-Hadamard derivative
of order α.

In this paper, we demonstrate the existence and uniqueness of the results of
the following implicit fractional differential equation in Banach space X :{

cDqx(t) = ξ(t, x(t),cDqx(t)), t ∈ J = [0, T ], T > 0, 1 < q ≤ 2,
x(0) = α, x(T ) = β,

(1)

where cDq is the fractional Caputo derivative, ξ : J × X × X → X is a given
function. C(J ,X ) will be a Banach space of all continuous functions from J into
X with the norm ∥x∥ := sup{∥x(t)∥ : x ∈ C(J ,X )} for t ∈ J , and α, β ∈ X .

2 Preliminaries

In this section, we recall some of the basic definitions, propositions, lemma and
basic theorems that will be used in this paper.

Definition 2.1. [21] The qth fractional order integral of a continuous function ξ
in the closed interval [a, b], is defined by

Iq
aξ(t) =

1

Γ(q)

∫ t

a

(t− s)q−1ξ(s)ds, (2)

Where Γ is the gamma function.

Definition 2.2. [21] The qth Riemann- Liouville fractional-order derivative of a
continuous function ξ in the closed interval [a, b], is defined by

(Dq
a+ξ)(t) =

1

Γ(n− q)
(
d

dt
)n

∫ t

a

(t− s)n−q−1ξ(s)ds. (3)

Where n = [q] + 1 and [q] is the integer part of q.

Definition 2.3. [21] For a given continuous function ξ in the closed interval [a, b],
the Caputo fractional order derivative of ξ, is defined by

(cDq
a+ξ)(t) =

1

Γ(n− q)

∫ t

a

(t− s)n−q−1ξ(n)(s)ds, (4)

where n = [q] + 1 .

Lemma 2.1. [30] Let n− 1 < q ≤ n , then

Iq(cDqξ)(t) = ξ(t) + c0 + c1t+ c2t
2 + · · ·+ cn−1t

n−1

, for some ci ∈ X , i = 0, 1, 2, ..., n− 1, n = [q] + 1 .
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Definition 2.4. ([25], [33]) Let Ω ⊂ X and F : Ω → X be a continuous bounded
map. One can say that F is α-Lipschitz if there exists k ≥ 0 such that

α(F(B)) ≤ kα(B) (∀) B ⊂ Ω bounded.

In case, k < 1, then we call F is a strict α-contraction. One can say that F is
α-condensing if

α(F(B)) < α(B) (∀) B ⊂ Ω bounded with α(B) > 0.

We recall that F : Ω → X is Lipschitz if there exists k > 0 such that

∥Fx −Fy∥ ≤ k∥x− y∥ (∀) x, y ⊂ Ω,

and if k < 1 then F is a strict contraction.

Theorem 2.1. (Banach contraction mapping principle)[33]
Let X be a complete metric space, and ψ : X → X is a contraction mapping with
a contraction constant K, then ψ has a unique fixed point.

Theorem 2.2. (Schaefer’s fixed point theorem)[33]
Let K be a nonempty convex, closed and bounded subset of a Banach space X . If
ψ : K → K is a complete continuous operator such that ψ(K) ⊂ X , then ψ has at
least one fixed point in K.

Proposition 2.1. ([25], [33]) If F ,G : Ω → X are α-Lipschitz maps with the
constants k, k

′
respectively, then F + G : Ω → X is α-Lipschitz with constant

k + k
′
.

Proposition 2.2. ([25], [33]) If F : Ω → X is compact , then F is α-Lipschitz
with zero constant.

Proposition 2.3. ([25], [33])) If F : Ω → X is Lipschitz with a constant k, then
F is α-Lipschitz with the same constant k.

3 Main Results

Definition 3.1. The function x ∈ C(J ,X ) is said to be the solution to the problem
(1) if it satisfies the equation cDqx(t) = ξ(t, x(t),cDqx(t)) on J , and conditions
x(0) = α, x(T ) = β.

In order to discuss the existence and uniqueness of the IFDE (1) solution, we
need the following assumptions:

H1 The function ξ : J × X × X → X is continuous.
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H2 There exist constants K > 0 and L > 0 such that

∥ξ(t, x, y)− ξ(t, x̄, ȳ)∥ ≤ K∥x− x̄∥+ L∥y − ȳ∥

for any x, y, x̄, ȳ ∈ X and t ∈ J .

H3 There exist positive values p, r, s ∈ C(J ,X ) with s∗ = supt∈J s(t) < 1 such
that for t ∈ J and x, y ∈ X

∥ξ(t, x, y)∥ ≤ p(t) + r(t)∥x∥+ s(t)∥y∥,

where p∗ = supt∈J p(t) and r
∗ = supt∈J r(t).

Lemma 3.1. Let 1 < q ≤ 2 and ψ(t) =c Dqx(t) be continuous. The function x
is the solution to the IFDE (1) if and only if, x is the solution to the fractional
integral equation

x(t) =
1

Γ(q)

∫ t

0

(t−s)q−1ψ(s)ds− t

TΓ(q)

∫ T

0

(T−s)q−1ψ(s)ds+(1− t

T
)α+

t

T
β. (5)

Proof. First, suppose that x ∈ C(J ,X ) satisfies the IFDE(1), then we need to
show that x is also a solution of FIE(5). By Lemma (2.1), we can reduce problem
(1) to equation

x(t) = Iqψ(t) + c0 + c1t =
1

Γ(q)

∫ t

0

(t− s)q−1ψ(s)ds+ c0 + c1t (6)

For the constants α, β ∈ X , the conditions x(0) = α and x(T ) = β give x(0) =
α = c0 and

x(T ) = β =
1

Γ(q)

∫ T

0

(T − s)q−1ψ(s)ds+ α + c1T

⇒ c1 =
1

T
β − 1

T
α− 1

TΓ(q)

∫ T

0

(T − s)q−1ψ(s)ds

Then the solution to problem (1) is given by

x(t) =
1

Γ(q)

∫ t

0

(t− s)q−1ψ(s)ds+ α + t[
1

T
β − 1

T
α− 1

TΓ(q)

∫ T

0

(T − s)q−1ψ(s)ds]

=
1

Γ(q)

∫ t

0

(t− s)q−1ψ(s)ds− t

TΓ(q)

∫ T

0

(T − s)q−1ψ(s)ds+ α +
t

T
β − t

T
α

=
1

Γ(q)

∫ t

0

(t− s)q−1ψ(s)ds− t

TΓ(q)

∫ T

0

(T − s)q−1ψ(s)ds+ (1− t

T
)α +

t

T
β

Conversely, suppose x ∈ C(J ,X ) satisfies FIE(5). If t = 0 then x(0) = α and
x(T ) = β. For t < T ∈ J using the facts that the Caputo fractional derivative
cDq

t is the left inverse of the fractional integral I
q
t and the Caputo derivative of the

constant equal to zero. Hence we get cDqx(t) = ξ(t, x(t),c Dqx(t)) which completes
the proof.
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From expression (5), we can turn the problem (1) into a fixed point problem.
Define the operator H : C(J ,X ) → C(J ,X ) by;

H(x)(t) = ι(t) +

∫ T

0

ϖ(t, s)ψ(s)ds, (7)

where ψ(t) ∈ C(J ,X ) which satisfies the implicit functional equation ψ(t) =
ξ(t, x(t), ψ(t)),

ι(t) = α +
(β − α)t

T
, (8)

and

ϖ(t, s) =
1

Γ(q)

{
(t− s)q−1 if 0 ≤ s < t

−t
T
(T − s)q−1 if t ≤ s < T

}
(9)

Lemma 3.2. The operator ι(t) ∈ C(J ,X ) is α− Lipschitz with zero constant.
Moreover, ι is completely continuous.

Proof. Using the definition (2.4), we have ∥ιx(t) − ιy(t)∥ = 0 for each x, y ∈
C(J ,X ) which means ι is a Lipschitz with a constant zero. By Proposition (2.3),
ι is α− Lipschitz with zero constant. It is clear that for every sequence {xn} of
a bounded set Bk(k > 0) ⊆ C(J ,X ), we get ι is continuous and bounded for
0 ≤ t ≤ T .
For 0 ≤ t1 ≤ t2 ≤ T , we have

∥ι(t2)− ι(t1)∥ =
|β − α|
|T |

∥t2 − t1∥

As t2 → t1, the right hand side of the inequality tends to zero. Hence, ι is
equicontinuous. As a result of the Arzela Ascoli theorem, we conclude that ι is
completely continuous.

Lemma 3.3. The operator ζ : J × X → X defined by;

ζ(x)(t) =

∫ T

0

ϖ(t, s)ψ(s)ds,

is continuous and compact. Consequently ζ is α-Lipschitz with the zero constant.

Proof. Clearly, ϖ is continuous on [0, T ]× [0, T ]. Denote by

ϖ∗ = sup{∥ϖ(t, s)∥, (t, s) ∈ J × X}.

In order to proof the compactness of ζ , we consider several steps, as follows:
Step 1: ζ is continuous.
Let {xn} be a sequence such that xn → x in C(J ,X ). Then for each t ∈ J

∥(ζxn)(t)− (ζx)(t)∥ =

∫ T

0

∥ϖ(t, s)∥∥ψn(s)− ψ(s)∥ds (10)
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where ψn, ψ ∈ C(J ,X ) such that ψn(t) = ξ(t, xn(t), ψ(t)) and ψ(t) = ξ(t, x(t), ψ(t)).
By (H2), we get

∥ψn(t)− ψ(t)∥ = ∥ξ(t, xn(t), ψ(t))− ξ(t, x(t), ψ(t))∥
≤ K∥xn(t)− x(t)∥+ L∥ψn(t)− ψ(t)∥

Then

∥ψn(t)− ψ(t)∥ ≤ K

1− L
∥xn(t)− x(t)∥.

Since xn → x then for each t ∈ J , we get ψn(t) → ψ(t) as n → ∞. Let µ > 0 be
integrable on J such that, for each t ∈ J , we have ∥ψn(t)∥ ≤ µ and ∥ψ(t)∥ ≤ µ.
Then we have

∥ϖ(t, s)∥∥ψn(s)− ψ(s)∥ ≤ ∥ϖ(t, s)∥[∥ψn(s)∥+ ∥ψ(s)∥] ≤ 2µ∥ϖ(t, s)∥

Thus for each t ∈ J , the function s→ 2µ∥ϖ(t, s)∥ is integrable on J . The sense
of Bochner integral and (10) indicate that ∥(ζxn)(t) − (ζx)(t)∥ → 0 as n → ∞.
Hence ζ is continuous.

Step 2: ζ maps bounded sets into bounded sets in C(J ,X ).
It suffices to show that for any δ > 0, there is a positive ε such that for x ∈ Bδ =
{x ∈ C(J ,X ) : ∥x∥ ≤ δ}, we have ∥ζ(x)∥ ≤ ε. For x ∈ Bδ, we have, for each
t ∈ J .

∥(ζx)(t)∥ ≤
∫ T

0

∥ϖ(t, s)∥∥ψ(s)∥ds

Then

∥(ζx)(t)∥ ≤ ϖ∗
∫ T

0

∥ψ(s)∥ds (11)

By (H3), for each t ∈ J , we have

∥ψ(t)∥ = ∥ξ(t, x(t), ψ(t))∥
≤ p(t) + r(t)∥x(t)∥+ s(t)∥ψ(t)∥

≤ p(t) + r(t)δ + s(t)∥ψ(t)∥
≤ p∗ + r∗δ + s∗∥ψ(t)∥

Then

∥ψ(s)∥ ≤ p∗ + r∗δ

1− s∗
:=M∗

Thus (11) implies that

∥(ζx)(t)∥ ≤ ϖ∗M∗T := ε.

Hence ζ maps bounded sets into bounded sets in C(J ,X ).
Step 3: ζ maps bounded sets into equicontinuous sets of C(J ,X ).

Let t1, t2 ∈ J , t1 < t2, and let x ∈ Bδ.
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Then

∥(ζx)(t2)− (ζx)(t1)∥ ≤
∫ T

0

∥ϖ(t2, s)−ϖ(t1, s)∥∥ψ(s)∥ds

≤ p∗ + r∗δ

1− s∗

∫ T

0

∥ϖ(t2, s)−ϖ(t1, s)∥ds

As t1 → t2, the right hand side of the inequality tends to zero. Hence ζ(Bδ) is
relatively compact.

As a result of step 1 to 3 together with the Arzela Ascoli theorem, we con-
clude that ζ is continuous and compact. As consequence of proposition (2.2), we
conclude that ζ is α− Lipschitz with a constant of zero.

Theorem 3.1. Assume (H1)-(H3) hold. If

r∗Tϖ∗

1− s∗
< 1, (12)

then the IFDE (1) has at least one solution and the set of solutions is bounded.

Proof. Obviously, that having a fixed point that satisfies the operator H is also
equivalent to having a solution for IFDE (1). As we explained in Lemma (3.2),
ι is α− Lipschitz with a constant zero and by Lemma (3.3), we get ζ is also α−
Lipschitz with a constant zero therefore, one can get that H is α− condensing with
a constant zero. As a result of Krasnoselskii’s fixed point theorem, we conclude
that H has at least one fixed point that corresponds to the IFDE (1) solution.

Now, consider

S = {x ∈ C(J ,X ) : ∃λ ∈ [0, 1] such that x = λHx}

For x ∈ S, we have

∥x(t)∥ = λ∥ι(t) +
∫ T

0

ϖ(t, s)ψ(s)ds∥

≤ λ[2|α|+ |β|+ϖ∗M∗T ] =: K∗.

The above inequality shows that S is bounded which means that the set of IFDE
(1) solutions is bounded.

Theorem 3.2. Assume (H1) and (H2) hold. If

KTϖ∗

1− L
< 1, (13)

then there exists a unique solution for IFDE (1).
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Proof. Obviously, the fixed points of the operator H are solutions to problem (1).
Let u, v ∈ C(J ,X ). Then for t ∈ J , we have

∥(Hu)(t)− (Hv)(t)∥ =

∫ T

0

∥ϖ(t, s)∥∥ψ(s)− φ(s)∥ds, (14)

where ψ, φ ∈ C(J ,X ) such that ψ(t) = ξ(t, u(t), ψ(t)), and φ(t) = ξ(t, v(t), φ(t)).
By (H2) we have

∥ψ(t)− φ(t)∥ = ∥ξ(t, u(t), ψ(t))− ξ(t, v(t), φ(t))∥
≤ K∥u(t)− v(t)∥+ L∥ψ(t)− φ(t)∥.

Thus ∥ψ(t)− φ(t)∥ ≤ K
1−L

∥u(t)− v(t)∥.
By (14), we have

∥(Hu)(t)− (Hv)(t)∥ ≤ K

1− L

∫ T

0

∥ϖ(t, s)∥∥u(t)− v(t)∥ds

≤ KTϖ∗

1− L
∥u(t)− v(t)∥.

Then ∥Hu−Hv∥ ≤ KTϖ∗

1−L
∥u− v∥. The assumption (13) and the above inequality

give that the operator H is a contraction map with the contraction constant KTϖ∗

1−L
.

Thus, according to Banach’s Contraction Principle, H has a unique fixed point
that represents a unique solution to the problem (1).

Example 3.1. Consider the following fractional boundary value problem{
cD 3

2x(t) = 2+|x(t)|+|cD
3
2 x(t)|

10et(1+|x(t)|+|cD
3
2 x(t)|)

, t ∈ [0, 1],

x(0) = 1, x(1) = 2
(15)

Set ξ(t, x, y) = 2+|x|+|y|
10et(1+|x|+|y|) , t ∈ [0, 1], x, y ∈ R. It is clear that the function ξ is

jointly continuous. For each x, y, x̄, ȳ ∈ R and t ∈ [0, 1], we have

|f(t, x, y)− f(t, x̄, ȳ)| ≤ | 2 + |x|+ |y|
10et(1 + |x|+ |y|)

− 2 + |x̄|+ |ȳ|
10et(1 + |x̄|+ |ȳ|)

|

=
1

10et
| |x|+ |y| − |x̄| − |ȳ|
(1 + |x|+ |y|)(1 + |x̄|+ |ȳ|)

|, t ∈ [0, 1]

≤ 1

10
|x− x̄|+ 1

10
|y − ȳ| ⇒ K = L =

1

10
.

Also, we have, for each x, y ∈ R and t ∈ [0, 1]

|f(t, x, y)| = | 2 + |x|+ |y|
10et(1 + |x|+ |y|)

|

≤ 1

10et
(2 + |x|+ |y|).
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