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Abstract

A general Ostrowski’s type inequality in two dimensions for double integrals over
a rectangular region is developed. We utilize a function whose second order partial
derivatives are bounded. Applications to cubature rules are given.
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1. INTRODUCTION

In 1975, G. Milovanovi¢ [2] proposed the following generalization of Ostrowski’s
inequality [1] for a function f of several variables whose first order partial derivatives
are bounded:

Theorem 1 Let f: R™ — R be a differentiable function defined on D and let
i (M; >0;i=1,---, m) in D. Then, for every X = (x1, - ,x,) €

D,

f(xla'”7xm)_m / /f Y,y Ym dyl dym
1:[ b—az

i (_az_+bz

)2
—2 > ] (b — a;) M;. (1)
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In 1998, N. Barnett and S. Dragomir [3] established the next Ostrowski’s type inequality
ler real functlons of twg vartab de w1ﬁl€ bounded seconf c’)ﬁle; ]fgrgfl ﬂgrlv_atlgels exists

heorem 2 €l continuous on |a

on (a,b) x (c,d) and is bounded, i.e.,

Pf(x,y)

0zxdy =0

Ifille = sup
(z,y)€(a,b)x(c,d)

Then we have the inequality

b d d b
//f(s,t)dsdt— |:(ba)/f(x,t)dt+(dc)/f(s,y)ds(dc) (ba)f(x,y)”

o232

1 b\
< [4(b—a)2+<x—a_2|_ >

forall (z,y) € [a,b] X [c,d].

"
175l

2

In a recent paper, W. Alshanti [4] proposed the next Ostrowski’s type inequality for
double integrals utilizing a function whose partial derivative of order four exists and is
bounded.

Theorem 3 Let f: [a,b] x [c,d] — R such that f € C*([a,b] x [c,d]) be an absolutely
continuous function such that the partial derivative of order four exists and is bounded,

ie.,
OYf (t,s) Of(t,s)
_ e Sup _
8t2882 o (t,5)€(a,b)x (c,d) 8752852

forall (t,s) € [a,b] X [c,d]. Then for all (x,y) € [a,b] X [c,d], we have

s (S22 (22 0) o+ (S0 ) e
+<c;d_y>fs<x,y)_(bia)<c+d >{/fsty ]
() L/dm,sms] )
_ {(b1“>a/bf(t’y)dt+<dlc>c/df<””73>d8] +a/bc/df<t,s>dsdt

Si((b];)z N (x_‘;bf) <(d;2c)2 X <y_c;d)2>‘

For other related work, we refer the reader to [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15,

9

O'f (t,s)
0t20s2
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16, 17, 18, 19, 20, 21, 22, 23]. In the present paper, we point out a new inequality
of Ostrowski’s type for double integrals and apply it in numerical integration to obtain
a cubature rule. We employ the kernel given in [8] to develop our Ostrowski’s type
inequality of two dimensional integrals.

2. MAIN RESULTS

Theorem 4 Let f: [a,b] X [c,d] — R be an absolutely continuous function such that
the partial derivative of order two exists and is bounded, i.e.,

‘ 0*f (t, s) 0*f (t,s)

O0tos 0tds
forall (t,s) € [a,b] x [c,d]. Then for o, B; € [0,00) such that o; + 3; # 0 (1 = 1,2)
and for all (x,y) € [a,b] X [c,d], we have

(1 + By) (a2 + B5) f(z,y)

= sup
00 (t,s)€(a,b)x(c,d)

Y

(02 4 ,) x_a/ftydtJr(bﬁ )/f@,y)dt

— (o1 + By) ﬁ/f(x,s)ds—k /fxs

+ (x—ZIQQ—c //ftsdsdt—i—(x_alﬁ2 //ftsdsdt
. b_§10‘2_c //ftsdsdt+( e //ftsdsdt

< Now@—a)+8 (02 [0z (y— ) + B ([ — )] | furllo )

W

Proof: Define the mappings K (¢; x) : [a,b] x [a,b] — R and Ks(s;y) : [¢,d] X [¢, d] —

R as (t )
U (=) t€[a, ],
Ki(t;z) = @ jema (5)
{%(% . tE (0],
and
aOQ s:i)a s € [C7y]7
Ka(siy) = "5 p0 " (6)
5 (), se .

where o, ; € [0,00) such that o; + 8, # 0 and ¢ = 1, 2. Then, by definitions of both
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K (t;x) and Ks(s;y), we have

b od
_ O f(ts)
//K1(t,$)K2(5,y)mstdt

_ (a1+501[;?62vz+62) /x/y (i:i) (Z:Z) aQaftg;S)det
+(a1+ﬁjl(§22+62)jj(iz> (Z:;) 82§t(€;5;s)dsdt
+(a1+ﬂ_§1(222+62) /b/y (::;) (;:D 82(;5;; ) dsat
+(a1+,6’/f)1?;2+52) jy/d (5:;) <;l:;) 82£tg;8>dsdt. )

Therefore, we deduce:

b d

2
//Kl(t;fﬂ)Kz(S;y)a gt(at;s)dsdt

= 1@ - [ /ftydt+ 2 /fty ]
y
a2+52 |:ya2c deS] (a1 +B1) ( a2+52>x
z y z d
La //ftsdsdt+ x_(;‘lﬁ? //ftsdsdt
by “byd
b= ) (y— 0 //ftsdsdt+ ﬂﬁ2 //ftsdsdt] ®
z Yy
But,
b d ) )
// (t;2)Ka(s;y) 8(,];5(8 )dsdt <//]K1 (t; )| | Ka(s;y) agtg;) dsdt

8t8 /\Kltac\dt /\Kgsy\ds )
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such that
b X
‘ B aq t—a
/|K1(ta$)|dt = a1+ﬁ1/ T —a a1+ﬁ1/‘b—x
1
N m[a1(m—a)+51(b_mﬂ7 (10)
and
J y
‘ _ a9 S—¢C
/’K2(5ay)‘d5 - a2+ﬁ2/ y—c 042"‘52/‘
1
Sl Trremn] IR AR (

Now, by considering (8)-(11), inequality (4) can be obtained and hence, the proof is
completed.

Theorem 5 Let f : [a,b] X [c,d] — R be an absolutely continuous function such that
the partial derivative of order two exists with for all (t, s) € [a,b] X [c,d]. Then for «;,
B; € 10,00) such that o; = B; # 0 fori = 1, 2 and for all (z,y) € |a,b] x [c,d] we
have

|f(2,y) — ;{ /ftyﬁ+ )/f(mﬁ]

1 1 i 1
-3 (yC)c/f(x,s)der(dy)y/f(x,s)ds]

+% -Wjjf(t,s)dsdt—i—m/xjf(t s)dsdt

b d
—|— //ftsdsdt+ //ftsdsdt]
b—x)(y—c) —:):d Y)
Ty

<”““>Hfsuoo, TIS) € Lo (e, d] % [e,d]) ;

()
(b—a)(d—c) T Ifstl, € Ly ([e,d] x [e,d]),
<
<\ | } T %+%—1p>1 (12)
9%(t,5)
||fst||17 “Dids €l ([C,d] X [C,d])

where ||w||. are the classical Lebesgue norms for w € L. ([c,d] x [c,d]) with

|wllo == ess sup lw(m,n)| < oo,
(m,n)€(a,b)x(c,d)
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and
1
p
lwll,, - (//wmnpdndm> .1 <p < o0

Proof: By considering both Theorem 4 and the result obtained by [8] in Theorem 2, it
is easy to show that (12) holds.

Corollary 1 Under the assumption of Theorem 5 with x = a+b and y = d , we have
b d 1 / d 1 ) b
a+o c+ c+ a—+
— t dt — d
FOG ) = G [ = s [ 12 s
. b od
_— t,s)dsdt
“Gomag ] [ S
—a)(d—c) 2y
L Ml S € L () x )
S |:(b a)( C)i| ||f9t” 6t358 EL ([C d] [C d])a (13)
(¢+1)° 4 7 ——|———1p>1
2 S
[ farlly TIeD € Ly ([e,d] x [e,d]).

This result (13) gives an Ostrowski’s type inequality in which double and single
integrals are involved together with a function evaluation at the middle point. We should
point out that a similar inequality to the first inequality of (13) was obtained earlier by

[3].

Remark 1 In Theorem 4, if we choose f (t,s) = h (t) h(s) such that h : [a,b] — R is

continuous and ||I'|| . < oo, then for x =y we have
b 2

xT

2
h(x)—% ! /h(t)dtntbix/h(t)dt S(bz(),a) In%- a4)

T —a
a T

3. APPLICATION FOR CUBATURE FORMULAE

Letl,:a=2y<11 <1< ..<xp1<z,=bandJ,:c=y<y1 <y <..<
Ym—1 < Ym = d be two arbitrary partitions such that ¢, € [z;, x;11] (i =0,1,...,n — 1)
and n; € [y;,y;41] (j=0,1,...,m — 1) be intermediate points. Also, assume that
51‘ = Tijr1 — T4 (l = 0, 1, = 1) and Aj =Yj+1 — Yj (] = 07 1, e, — ].) Consider
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the following sum:

n—1lm—1 Yit1 n—1lm—1 Tit1

S(f, Iny T, o) = }:})5/p z,ﬁk+§:§:Aj/jmu%)ﬁ

zO]O‘
Yj

n—1 m—1

=D 6 (Gomy) s (15)
i=0  j=0

for which we assume that the involved one-dimensional integrals can more easily be
computed than the original double integral that is

b d
D= / / F(t,s)ds.

Remark 2 If the one-dimensional integrals, in (15), are not known or difficult to be
evaluated, then appropriate rules can be employed to approximate them.

Now, using the above assumption, we can state the next cubature rule.

Theorem 6 Let [ : [a,b] X [c,d] — R be as in theorem (4) and 1,,, J,,,, ¢ and n be as

above. Then for o; = B; (i = 1,2) with x = “+b and y = ﬂ, we have the cubature
formula
b d
[ [ st = S (f. L oG+ R UL Lo T o), (16
where the remainder term R (f, I,,, J,,, C,n) satisfies the estimation
-1 m—1
R (f; Ln; T, G, ) 0 (17)
i=0 j=0

Proof: Applying Theorem 4 on the interval [z;, x;41] X [y}, yj41] With oy, = 5, (1 = 1,2),

r =% and y = <4 yields
Tit1 Tit+1 Yj+1
5.0 F(Comy) — /fﬂu /#17w+//}www
HfstH 2 A2
< =S A 1
< 16 ———0; (18)

forall (¢ =0,1,...,n—1)and (j =0,1,...,m» — 1). Summing over i from 0 to n — 1
and over j from 0 to m — 1 and using the generalized triangle inequality deduces (17).
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