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Abstract

The aim of this present paper is to obtain a common fixed point for three
mappings in a fuzzy 2-metric spaces which generalizes a result of A. K.
Sharma et. al. [9].
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Preliminaries
We quote some definitions and statements of a few theorems which will be needed in
the sequal.

Definition1.1 [11]: A fuzzy set A in X is function with domain X and values in [0, 1].

Definition1.2 [11]: A binary operation *: [0.1] x [0,1] X [0,1] = [0, 1] is called
a t-norm of {[0, 1],*} is an abelian topological monoid with unit 1 such that a; * b; *
1< az* by * ¢y whenever
a; < az by < by,c; < ¢, forall aq,a,, by, by,cq,c, €10,1].

Definition1.3 [11]: The 3 — triple (X, M,* ) is said to be fuzzy 2-metric space if X is
an arbitrary set, * is a continuous t — norm and M is a fuzzy set in X3 X [0, ©)
satisfying the following conditions:

Forallx,y,z € Xands,t > 0
[FM-1] M (x,y,2z,0) = 0,
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[FM-2] M (x,y,z,t) = 1 forallt > 0 and when at least two of the three
points are equal,

[FM-3] M(x,y,z,t) = M (y,x,z,t) = M (z,x,y,t) symmetry about three
variabls,

[FM-4] M (x,y,u,t;)* M (x,u,zt,) * M (u,y,zts3) < M(x,y,zt; +
t, + 63),Vx,y,z,u € Xand ty,t;,t3 > 0

[FM-5] M (x,y,z.):[0,00) — [0,1] is left continuous,

[FM-6] lim,,,M(x,y,zt) =1

The function value M (x, y, z, t) may be interpreted as the probability that the area
of triangle is less than t.

Definition1.4 [11]: Let (X, M,*) be a fuzzy 2 — metric space.
A sequence {x,} in fuzzy 2 — metric space X is said to be convergent to a point
x € Xif
lim,_,M(x,y,zt)=1foralla€ Xandt > 0

A sequence {x,} in fuzzy 2 — metric space X is called Cauchy sequence if
lim M (xp4p, Xp,w,t) =1foralla € Xandt > 0,p > 0
n—-oo

A fuzzy 2-metric space in which every Cauchy sequence is convergent is said to
complete.
The mapping f and g of a fuzzy metric space (X, M, *) into itself are R-weakly
commuting provided there exists some positive real number R such that
M(fgx,gfx,a,t) = M(fx,gx,a,t/R)forall x € X

Theorem 1.5: Let (X,M,x)be a complete fuzzy 2-metric space and let
f and g be R — weakly commuting self mappings of X satisfying the conditions:

M(fx, fy,w,t) = r(M(gx,gy,w,t/R)), for x,y in X

Where r: [0,1] = [0, 1] is a continuous function such that r(t) > t for each 0 <
t<1
The sequence {x,} and {y,,} in X are such that x,, = x y, = y,t > 0 implies that
M (xp, yp, W, t) > M(x,y,w,t) asn — oo

If the range of g contains the range of f and if
either f or g is continuous, then f and g have a unique common fixed point in X.

Now if let (X, M,*) be a complete fuzzy 2-metric space and let f, g and h be R —
weakly commuting mappings of X into X satisfying the conditions;

FEX) N GX) S h(X) o e (LD)
M(fx,gy,w,t) = r(M(hx, hy,w t)) for allx y mX ......................... (1.2)

where r: [0,1] — [0,1] is a continuous function such that r(t) >t for each 0 <
t<1
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Then for any x, € X,by (1.1), we choose a point x; € X such that fx, =
hx; and for thisx;; there exists a point x, € X such that gx; = hx, and so on.
Continuing in the manner, we can choose a sequence {y,} in X such that

Yon = fxz-n = hx2n+1, Yon+1 = 9Xon+1 = thrH_z’ fOT n= O, 1, 2 e e (13)

The sequence {x,} and {y,} in X are such that x,, - x y,, - y,t > 0 implies that
M(xn'yniw; t) - M(x,y,w, t)asn - o

Lemma 1.6. Let (X,M,x)be a complete fuzzy 2-metric space and let
f,g and h be R — weakly commuting self mappings of X into X satisfying the
conditions (1.1) and (1.2) then the sequence {y,} defined in (1.3) is a Cauchy
sequence in X.

Proof: Fort > 0

M (Y2n: Yan+1, Wi t) = M(fX2n, 9Xo2n11, W, t)
= 1{M (hxzn, hxoni1, W, £)}

T{M (Von—1, Vo Wy E)} oo (1.4)
M(yZn—ll Yo W, t)

v v

1.6.M(Y2n, Yant1, Wy t) > M(Y2n-1, Y20, W, t) foralln = 0.

Thus {M (y,,, Y2n+1, W, t)},n = 0 is a increasing sequence of positive numbers in
[0, 1] and therefore to a limit 1<1. We claim that 1=1. For if 1<1, on letting n—co in
(1.4), we have 1>r(1)>1, which is a contradiction. Hence 1=1

Similarly MY2nt1, Yonsz W, £) > M(Yon, Yans1, W, t) v n=0
{M(Vont1, Vansz W, t)},n = 0 is a increasing sequence of positive numbers in [0, 1]
and therefore to a limit 1=1.therefore for everyn € N

M Yns1, W, 8) > M(Yno1, Y, W, ) and M (Vy, Vi1, W, t) = 15t > 0.

Now for any positive integer p,

M()’n' Yn+ps W, t) = MYV Ynep Wi E/D) * e e ---M(J’n+p—1'yn+p' W, t/p)
> MV, Vs Wo /D) * e v e e MV, Ve 1, W, t/D)
>1x1=*...... * 1

i.e. M(yy, Ynip W, t) = 1. thus {y,} is a cauchy sequence in X.

Main Result

Theorem 2.1: Let f,g and h be three self mappings on a fuzzy 2 —
metric space (X, M,*) satisfying (1.1) and (1.2). Suppose that h is continuous and
pairs (f,h) & (g, h) are R — weakly commuting on X. Then f,gand hhave a
unique common fixed point in X.

Proof: For any arbitrary point x, € X by (2.1), we can choose x; € X: fx, = hx; and
for this x; € X, there exist x, € X: gx, = hx, and so continue in this manner we can
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choose a sequence {y,} in X such that
Yon = fX2n = MXons1, Yons1 = 9X2ns1 = MXonyp, forn=0,1,2........

Then by lemma 1.2, sequence {y,} is a Cauchy sequence in X. But X is complete
and so by completeness of X, {y,,} is converges to some point u in X. Consequently
the sequences

{Fx2n} thxons1 3 {g%2ne1} {hx2n42 } of {yn} also converges to uin X.

Suppose that h is continuous and let pairs (f, h) is R — weakly commuting then
it follows that

t
M(fhxy, hf %, w, £) = (M <fxn, hx,,w, E) for all x in X.

On letting n—oo we get
t
M(fhx,hu,w,t) - M (u, u,w, E) hence fhx, = hu

From (1.2) M(fhx,y,, gXons1, W, t) = r{M(hhx,,, hx,,,1, W, t)} on letting n -
o, we get
M (hu,u,w,t) = r{M(hu,u,w, t)}
> M(hu,u,w,t) which is contradiction.

Hence, hu = u

Also by (1.2) M(fu, gxsns1, W, t) = r{M(hu, hxyp.q, W, t)}

On letting n—»oo, we get M(fu,u,w,t) = r{M(hu,u,w,t)}

=r{M(u,u,w,t)

=r{l}i.e. 1

Hence, fu = u.

Now consider M (u, gu,w,t) = M(fu, gu,w, t)

> r{M(hu, hu,w, t)

=r{l}i.e.1

Hence gu = u, thus u is common fixed point of f,g and h.

Uniqueness: Suppose that v # u is another common fixed point of f, g and h.
Then there exists

t > 0suchthat M(u,v,w,t) <1

M(u,v,w,t) = M(fu, gv,w,t)

> r{M(hu, hv,w, t)}

=r{M(u,v,w,t)} > M(u,v,w,t), which is a contradiction.

Hence, v = u and so u is unique common fixed point of f, g and h.
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